H96&'()'1*$+,-.(1($! /0,96(1,&12($8+1384'&..)F*$+,-.(. !
5&6%()$1)$!78-.(6+,1+$9!: $4($8& ($4!56(&$B&5/1=>>7;|@8(6+4)
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!
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7TACAID)E!I?R™
@),0GHO.;!CIIJK=>2
!
<)8$ILAIME,,($4%)$
568)),!)N!DO.($&..!
#$9(+$+10$(P&".(%-1Q)R)G)
=K>>I5AIM+.8($4%)$!5%!&8&%
Q)R)G);#SIIF?>JT?>>K
!
!
*H.%'+8%
!
#$!1G+$-1+11,(6+%()$.1)N!%8&!.($4,&! &UO+%()$!, ($&+''&4'&..()$! G)9&,;! %8&! G($(GOG! .0G!)N!
+H.),0%&1&")".I'&4'&..()$!V/5*:W!(.19%68&!&.%(G+%()$!6'(%&'()$!N!68) (6 &AI#$!'&6&$%! %(G&; 1 $&B!
9(+4$).%(6.! +$9! 1). Ml (%! +$+,-. NI %68&!/5*:| G)9&,!8+P&! H&&S! 1'&.&$%&IA! M&! 1')1}1&
1).9%6IN(%! +$+,-.(.1 %8+%! U0+$%(N(&.! %68&! .&$.(%(P(%-1)N! %8&! &.9%(G+%&9! 1+'+G&%&' .| %)! P+
%8&19+%+10.&9!N)"1&.9%(G+%()$AIM&! ($%")906&!.)N%B+&!IR$)B$S!+.1968&!5,(9&'1%8+%!N+6(, (Yo +
+$+,-.(. 1+$9!B&(,,0.%'+%68b.10.8B(%8! +$! &E+GC A& '&N&'1%)1%8&! (BP&. % (4+%()$! +.1 ($%&()'!
+$+,-.()NI9%68&!1/5*%:1.),0%()$!)' IN (%A
!
Q&-!B)'9.X!/0,%(1,&!,($&+"1'&4'&..()$;!G($(GOG!.0G!)N!+H.),0%&!&8")'.I'&4'&..()$;!1).%T
N(%%($4!+$+!-.(.
!
| "HHHSY& () +&S$(Ve
|

@)$. (98 %68&! (34, 818 U0+%6()$! (BEHE...()$IG)9&, ! |
|

I 1 - YIZE [ ANARERIIMN G T 1 T (YIIAIALALLS | ! LAY

|

B8&'&IZ: ;| ARAIH &IOSRS)BS! 1+'+G&Y&I+$t 19&$)%&.1%68&!P+,08&!)N1%8&!'&.1)$.&! P+ (+H,&!
6)"&.1)$9($4! %)! B;! AAAITESE! P+,08&.1 )N! %8&! '&4'&...)'"! V1'&9(BRY\(WH,&.! N)'! %8868!
JH.&P+%()$(Y"  AAAIE!\ ('8&1'&.8$%.!%8&! 03)H.&'P+H,&!"+$9)G! &")V9I(.%0'H+$6RARO!

B 1Y!I"I 1(($9(6+%&.! ($6,0.()$!)N! %8&!6)$.%+$%"\($%&'6&1%! %&'G! ($! %8&! Q)IR&I B AAA;SA
V_RW!(.1%8&! $0GH&)NH.&'P+%()$.!)8) VB8 &)$98$68H& Y B&EMHSE! '&.1)$.&! P+ (+H,&!
+$91968&%!)RI1'&9(6%)' 1P+ (+H,&.1%8+%!1+&!1+P-+(,+H,&!N)"1&.%(GEAMBIHBE "V DRIYo!
Z19&$)%868&! R E! "l P&6%)'! NIAHSRBRA! M&!'&N&'! %)! VABEIAAAL E ;! (Y ;$;1! +.1 %8&!
'86)'9&9!P+,0&.1)N!1%8&!1'8&9(6%)'1+$9!'&.1)$.&! P+'(+H.$91$)%8&!%8+%! ) G&! P-HBDE&IHE!
.0Ha&6%!%)!"&P(.()$!+$91019+%($4!+N%&'1G)9&, 1&.%6(G+%()$A

|

L)' 1+1P+(&%-)NI'&+.)$.:1, &+.9%1 UO+&.. (1968868 ()3 )N!68) (BBIY'18..%6(G+9%6(R48%! (.1 (G1,&!



%)10$9&".%+$9:! B&,,! 9)60G&$%E&I:! &+.(,-! +66&..(H,&! +G)$4! 1)10,+'! JN%B+E&;! #$9! (%
Yo+9%(.%6(6+,11") 1&'%(&! G+068&G+%6(6+, -1 %' +6ASHI B, | R$)BIAO$%(,1%68& !, &+.%! .UO+&..
G)9&,11')906&.10$.+%6(.N+6%)-'8.0,%.:BUES+,-.%.5)$. (9&'! +,%8 ' $+96&! &.%(G-+I{IERG+A!!
M8&S$!%68&-19):1968&!G($(GOG!.0GNI+H.),0%&!1&") . IV/5:WI(.1+$!+ % &' $#96(PEA!

#

#

-.10-1203#.4#150#6789#:2;0<-#0=-0332.:#6.>07 #

|

S+0,+1+$9IME.,,($4%6)$IV"2bCWI)H. & PEBEIN), ) B(S4I'84+9($4I8A'E. . ()$IH-1/5+ A
|

$#H9%!(.10.&NO0,!%)1)H.&'P&1%8+961%68&UB::. ()31 (.196)1%68&! ,&+.%! . UOH&4'&...()$!B8+%!%88&!
+G1,&! GRI(+$! (! %)! %8&! +G1,&! G&+$A! D)%8! %8&IGE3B&+$9! %8&! ,&+.%! .U0+E.!
&.%(G+%& JIN-'&!1 98%8&'G($89! +$9! ($e08$G&IH ,,1968&! H.&'P+%()$.| B8&'&+.!%8&! . +G1,&!
G&I(+$!+$9!968&!/5*:1&.%(G+H68&I+,.)! ($e0&$6&9! H-1+,,))H.&'P+%()$.! HO%! 9&%6&'G($&9! H-!
)$,-1+1.0H.&%!)NRIfI$))H. &' P+%()$.Al <0.%! +.1968&! P+,0&! )N!%8&! .+G1,&! GEI(HSBLARSHN
688! G+4$(%09&! YN! +$! )H.&'P+%()$! 68+$4&.! .068! %8+%! (%! '&G+($.! )$! BBV SH(GHBE.!
+H)P&! )"l H&,)BW! )N! %886G1,&! G&I(+$;! $! +$+,)4)0.! '&.0,%! 8),9) %'0&! N)'I /5!
'&4'&..()$AN

|

#$1/5%1'84'&.. 03B &IR$)BHY%!,&+.9IR)NI%S&ISHH.& PBY($!)$! %8RI %%&IE...()$!
1,438 *11+! +$9! 5G(%8! V"2iKWIBE-! +&! N(%%&9! B(%8! j&')! &4H0!+'&! R$)BS! +.! %8&!
9&N($($4)H.&'P+%()$.Al 11881 &G+($($4!)H.&'P+%()$.! +'&I N(%%89! B(%8! $)$i&)! &")1 +$9! +'&!
'&N&"&9! %Y. %8&! $)SI&N($($4! ) H.&'P+%()$ 1. (%)! V" 2ibW! 8+.!.8)B$! %8+%! %68&! +H.),0%6&!
9(NN&'&$6&! H&YBEES! %8&! SOGHE' NI YH.&'P+%()$.! +H)P&! +$9! H&,)B! %8&!.[5$1! '&4
1,438 (! $)! 4'&+%&'! %8+$INRGN! +,.)! R$)B! %68+%!&b8*:! '&4'&..()$! G)9&,! '&G+($.!
0$68+$489! (N!%8&! P+)08%68&!'8.1)$.82+'(+H,&! N)%68&! $)$I&N($($4! )H.&'P+%6()$.! 68+$4&
.0681968+%! 9B8L+($!)$! %8&! . +G&IY&! NI %688 k%%6&9!'&4' &1 (JHE! +$95)!) %6881 68+$48&!
)660".1($1%68&1)'(4($+,! 9+I0A&.,,($4%)$! +$9! S+0,+1 V" 2bAY6! (.1 +,.)! RS)BS! %68+%6! %8&! /5+:1
'84'&..(0$! G)9&,! (.| (BP+(+$%! %)! +1'+$A&NIN! P+,08&.1+H)0%! ZBEBHEG! N! %68&! $)$I&N ($($4!
)H.&'P+%()$.Al8(.1 (.1 0$,(R&!,&+.%! .UO+&..| ($! BS(68! +$-1 684U SH-$! HD+%0G!)' -D+%60G
B(,,+,%&'1%8&1&.%(G+ZA&N!

|

18&! ($P+(+$68! N1 %688 /5*:1 &.%(G+Y%ZIYbY +!'+$4&! NI P+,0&.1+H)0VB+IE0G! )1 -B+%0G!
0.89! ($! (%.! &.%(G+%()$! (.! 6&$%'+,! %)! %8&! 1)1).89! +$F)6EMN'&.! %)! 6)G10%&! .068!
$4&.1 N)' %8&! .(GLIES$&+' /5%:! '&4'&..($! G)9&,! +'&! 4(P&S! ($! S+0,+; ! 51).(%);! $9!
M&,,($4%)$! V'22KW! +$O1 IG0,%(1,&6%:1 ($&+'! '&4'&..()$ ! ($! S+0,+! +$9! M&,,($4%)$!
V=>>=UB8)! '&N&' %)! %EQBLIV'E . I +.! ($%&'P+,! +$+,-.(8&! ($%&'P+,.| 4(P&! %8&! +$+,-.%!
8&,INO,! ($N)'G+%6()HH0%! Y& 1+6%! %68+%R).IG+%()$! 6)"&6%()$.1)' I '&P(.()$.! %)! %84&!
'8:6)'9&9!9+%6-6)0,9!8+P&!)I68E&!/5*:! &.%(G+%ETIKS!V"W!

|

I

8:#$2?7@31-<12. #6A89HA2E< >#'07<10>#$:10-B<?#8:<?GB23

|

M&I(,,0.%'+9888&.%(G%()$)N!%8&!/5*:! ($&+1'&4'&..()$5)9&, 1+$O($%& P+, I+$+ -.(.|B(%8!
9+%+! N)G! I'+1&' +$95%)$&G+$! V' 2FFW! %8+9%! (.! NO'%8&'! +$+,-i&9! ($! )+4,($! +$9! M&,.68!
V'2ibWH$9!S+0,+1+$9IM&, , ($4%)$!V"?WYB& 19+ £ R$) BS! ($1%68&.! ,(%&'+960'&! +.1999&.! B



H&+G!9+%+A &N |($!]+H,&!"Al

!
&8D:9#! #
E.>#DO<F# )<1<#
#
CHAI(] "I =l Kl J! c! F! i! b! ?! ">1
BN " " " " " " " " " "

E-! >AJ?P >Acch| >AF>] >AJJ"| >Acc*| >Ac=b| >AJ"'d | >AJb*| >AJ>F >AJFi
B! "A">1| bA?%| bAb¥| bA?}| bAb®| ?A?H| "SAi>!| ">SAcH| ">SAcH| ">SA>!
- "A"J 1| "=AIJ! "KA"K| "Ac"!| "=AKb| "=AF*| "A"K!| "Ai> 1| "A>=| "AJ"]
" H$9(6+%&.1%8+%!%88&! ($%&'6&1%!)'16)$.%+$%!%&'G!(./($6,09&9!($!%8&!G)9&,A
| | |

18819+%+)NIJ+H,&BY.10.8919)!&.9%6(G+%&1%8&!, ($&+11'&9(6%)'
|

i!!mu!!!umm!!n!ﬁ;!wu!Hau!![!!&!azu[!HKﬁK!!m!!! ! (Y:AAAS | ! ILEY,
!
0$9&'1%8&!/5*:1 6'(%&'()$!B(%8!%8&!'&10,%
!
LI LY P ASDIHE]I 2 A D2 R A" Egd IIICY ™ AAALH I L L1000 R

BB&'&! ! 9&$)%&.! %8&! 1'&9(6%&9! P+,0&6)N&-1)$9($4! %)! %8&+,08. 5! B! +$9! !
("> AlB&I/G* 1 1+'+G&Y%&' &.%(G+%8&.12A>hJ;1 2A"h ?: TREOT" B&'&! ) HY%o+($&9!N') G1%8&!
),0%()$!%)!%8&IN),,)B($4!27! LR . &&! @8+$&.1+$9! @)) 1&'1V"2cCW! +$9! (&, G+$IV=$>CW
N)'19(.60..0$!)N1%68&!,($&+11)4'+GG($4!N)'GO,+%6()$!)N1%68&!/5*:1'&4'&..()$!1)H,&@.

|

! ! /(. $(G (& ! r8=ri{! B! nort! nert! r8ert]! n: rif! nort! nort{! re> ! 1NHINAY
! ! .0Ha&6%!%)

! ! H [ ISAJ22HI™AH ([ & Y I A" |

! ! H [ 1>AcchHI[bA?RI[I&TYII'=AiJ !

! ! H [ I>AF>JH[NNbADRI[N &Y II'KA"K

! ! H [ I>AJIHI[DA?RI[N& Y I A" |

! ! H N[ I>Acc>HINbADRI[N&NIY IM'=AKh

! ! H [ I>Ac=bHI[!! IPA?KI[N&IYII'=AF3

! ! H [ ISAJ'BHI "> A& Y 11" "A"KI

! ! H N[ 1>AJb>HI>ACH[N &Y 11" "Aj>]

! ! H [ 1I>AJSFHIMSACH[ &NV I AS=]

! ! H [ ISAJFIHNSAIH [ & Y A" |

! ! HTH THI+H$91&1&: 161 & 1& 1 &1 & 1181 &1 8> 110$'&. 90 (690891 ($!. (4$A
|

Expression (4)s thetypical manner in which the solution for the MSAE estimat&!($!V"W!(.!
4(P&&andhow the x, ..., %, ¥ that are available for the estimation determine the rebuilike

the closed form solution of least squares, the MSAE estimaf'&f0,%.! N)G! +3$! (%&'+%(P&!
116&90'&!.068!+.!,($&+"11)4'+GG($4!)"1.1&6(+,!110'1).&!+,4)'(%8G.!%8+%!6)SP&'4&!%)! % 8&!
.),0%()$A



#BIVIW;! %B&H=+$9! Byd +'&! %8&! 6)&NN(6(&$Pb; ! HN! H; ! (Y AAA;"#Pl1%8&! %0&'G($),)4-!)N!
($&+11)4'+GG($4;!%8&-! +'&H08&! ,&BIESI! . (9&NV 215V %&68$(6+,! 6) &NN(6(&$%. AlHER!! -
%8&!'(48B¢-$9! .(9&! V3ISW! 6)&NRIFBE)IN! VIV AAA;"SThe LHS and RHS values are the
constants of any LP problem.

18&1/5%1&") :1& (Y1 :1+..)6(+%&9! B(%BWIKSOPH(,+H,&IN)G1%8E&!.), 0% () Dleah+&!

n&! (Y":;">0 1 Y AFK=;] >A>C>; IBA">C;A=cI>AKCF;! >A>KJ;! > TA"KFOR&YNK;b; 20!
98:$)%& 1 %ERA(6&.))NI%BEN ($($41)H.& P+ I VEHSO';=:J;C;F;i;"> o ($9(6+%BBEFG&!

N)'I %8&)SO&N($($4! )H.&'P+06()$LAY'! %8E&I+%6%08&I" 1 >:1 (Y";=;J;¢;F;i;">! +$91($9(6+%&! %8&!
&"Y1)N! N(%+H)0%! %8&! /5%:1 '&4'&..()$! 1,+$&A! 1 ]8&! .0G! )N! %8&('! +H.),0%&! P+,08.! (.! +!
G&+.0'&N1%8&!1+9&U0+6-1)N1%8&! /51908P%6! 9'(P&.1%8&1)1%(G (j+%()$! 1) H, SXE)VIBE.
9&N($($4! )H.&'P+%()$.{1 8 3! (YK:b;AIM(%8! R$)B,894&! )N! %8&! 9&N($($4! )H. &' P1IRLYS.;!
P+0&.YNIH IH: 1+$91H6)0,9 1H&! HY6+($&OIGIY IW! @HSEN) ) B($4G+$$& N

!
! ! ! ! HU[ISAF>JHI[NDADRIIY I"KAK V(Y KW I W
! ! me HI[I>AJ>HI[I">ACHIYII™MAISL V(YW

! ! ! ! HU[ISAISFHI[I">ACHIYII™ASE V(Y?WA

|

@&+ -;1$-168+$4&! ($1%8&! P+,0&. )N, +$9! ;1 (YK;;2;1%68+%6!1 1)10,+%&! VCW! B(,,! 684+ $4&! H
H.;1+$O AP (P&$!9%68+%61%68&! P+, 08 DNHS9! 1! 98 18$9!)$!%68&! P+,0&. )N B BEL Fi.+ $9!

- O)NI%8&I9&N($($4)H.&'P+%()$.;! (%! .&&G.!'&+.)$+H FBATEL. Y688 P+,0&. NI %8 &IE

B +$9! Bd )N! %688 $)BN($($4! )H.&'P+9%()$.! %8) B) 06+ NNEBEB&! P+,08.) I H;! +$O! HA!

18(.1 (1 %8&!NO$O+GESYo+,! I'&G(.&1N! ($%6&'P+,1+$+,-.(.1 +$9! (%! 9&'(P&.IN)G! %8&! 1) 1&'%(&.!)N!
%88&! ,($8&+' 1)4'+GG($4! N)'GO,+%()$! )N! %8&! /5*1 '&4'&..()$! 1)H,&GE:.! $)%6&9! +H)P&:;!

S+0,+! +$9! M&,,($4%)8/?bc;! =>>=W! +$9! S+0,+;1 51).(%);! +$9! M&,,($4%6)BPK\WB+P&!

8)B $!%8")048! ($%& P+,1 +$+,-.(.| 8)B! %)! (9&$%(N-4IHBRNN! P+,08&..! +H)0%! %8&! '&6)'9&9)!
P+,0&!)N!I&+6FUE%0G!%8+%6!1)9068&!%88IFBE&I%(G+%&NZA

|

18&!" &.0,%.)NBY%&'P+,1+$+.-. (Y 1%8&I0+%HNYS&IPOIH&+G!9+%6+1819(.1,+-&9!($!]+H,&!
=A]88-1B&'& 1%+R&SIN')GIM&,, (4% SBOVIA

#
188!6)$%8$%.!)N!]+H,&!=!.8)BIN)' &8 %60G!)N! %68&! $)$9&N($($4!)H.& P+%6()$.! %88 +$4&!
)N! P+,0&.1 N)'l B8(68! %8&! /5%:1 .),0%()$! (.MHY1?A>bIH Y1 2A D 2E+$01 Hd Yig>A"" Al T L)'
&E+G1,&;! %8&! .),0%()$! %)! VIW! ((HSBHYAIDD! I E! fl >AchJ! %8+%! (.;! (N! %8&! ,($&+'!
1)4'+GG($4!1)H,&G! VIW! (.I'&T),P&9! 0.($41+$-1 P+,0&! )NLE ($!%68&! ($9(6+%89! ($%8& ' P+,;1 %8&!
+G&! P+,08.1 )N! %8&! /5% 1+'+G&%&'! &.%(G+%&.! B)0,9! '&.0,%A! | S)%&! %8&! ,)6+%()$! )N! E
VY>AJ22W! ($! VIWA! L * )1H.&'P&! %8+%! %8&! )B&' H)0$9! >AJbb! )N! %8&! ($%&'P+,! (. 6,).&! %)
'86)'9&9!P+,0&)NIEIVY>AJ??WAI8&!.+G&!(.1%'0&!N)"1%8&.'&:6)'9&9! PH DRI AR W!+$91(%.
011&'1H)0$9!)NI?A>JIA!#$1%688&.&!+$9!)%8&1($.%+$6&..| B8&'&! % ERP&A) YN %688 9+%0G!
(1$8+1&(%8&'IH)0$9;!.G+,,168+$4&! ($!%8&!9+%0G!6)0,9!68+$4&1%8&!/5*:1'&.0, %A |8&! +$+ - %!
G+-IN($91%8(.|(SN)'G+%()$!0. 8MYA&S%(N-($4!B8&'&!+G)$4196B&YE+10.&9! ($!8.% (G+TH($4!
+1.G+,,168+$4&! ($! +1'&6)'089! P+,0&! 8+.1%68&! 1)%EBNE68+$4&! %8&! /5+:| G)9&, Al l @8+$4&!
G+-1+(.&N)G!6)"&6%()$.1)1'&P(.()$.! ($! %8&! 9+%6+! %BEBYIGEHP+(,+H,&! ) G&Y%(G&! +NU%&.!
G)9&,!8.%(G+%(}$A
|



&8D:9#GH#
$;10-B<?#8;<?C323#9<HAP><1 @F.4#150#%.,>042;2;=#(K30-B<12 #34#

E..>#DO<F#)<1< #

#
! ! ! ! ! ! ! !
CH.A| 2)B&'! B! | O11&'" | 2)B&'! | EK | O11&! | -y
(" | D)0$9! | I+%0G| D)0$9! | D)0$9! | I+%0G| D)0$9! | 1+%0G!
"I | >AJbb | >AJ??| >Acbd | "SA2cE | ™A'l | "AbKd [ "A"J!
=l | >AJIK | >Acch| >ACFK | !IbAF>R| DAP | 1RASJD| "=AiJ!
K T >AF>D T T bAb T "KA"K
JU | >AJKY | >AJJT| >Ac=F | UbAicE | bA? | I?Ac'd | "Ac"!
J! ! ! ! " A=cl | "=A>Kb | "Ac"!
c! | >AcKP | >Acc*| >AFKc | !IbAFcF| DbAb | I?ACKE| "=AKb
F | >AJJK | >Ac=b| >AcKP | I?A'Fb | ?AP | ">A>J1 | "=AF3
i1 | SAKKK | >SAJ'H| >AJ=E | "SAc>2 | ">AIl | ">AbJI | "A'K!
b T >AJb® T T ">Ad T A |
7" T >AJ>F T T ">Ad T "AS]
">1 | >AK=F | >AJFi | >AKF' | ">AccR | ">All | ™AJK= | "AJ"
">1 | >AJCF I >Acct ! ! ! "AJ" ]

HITTHTEN($($41) H.& P+%()SA&S6&; P+ (+%()$! ($1+$-19+%0G!B)0, 9168+ $4&!%8&!/5* 11+ + G&I&'1&1%(G+%&.A
!

L)'1$)$9&N($($4! )H.&' P+9%()$L0$) %6 868+%! %8&! /51 1+'+G&Y6&"| & Yo (GHEHEEP+ (+$hI)'!
bAICF! fl Exd fl 2Ac"c! +$91 " A=bc! fl Exd! 1 "=A>KH +$9! N)'1 )H.& P+9%()$! "868&! ($P+(+$6&! (.!
+G)$4! >AK=FIE»-Ifl>AKF1+$9!>AJCK! E-s.= Il >Acc=A(1a) ($%! ($%&'P+,.1+'&!+11&60, (+'(%-!)N!
($%&'P+,!+$+,-.(.All

!

188! '€.0,%.1 )N! ($%&'P+,! +$+-.(.1 '&1)'%&9! ($! [+H,&! =! +'&! '&N&"&96RY6&'(.! 1+'(HO.
G&+$($4! %8HBE! /5*:! &.%(G+%&IINL! (SP+(+$%! %! P+,0&! )N! S4EID+%60G! )N! ($%68.'&.%!
B(%8($%88&! 6)G10%&9! ($%& P+, B($EB! $)! )%68&'! 68+S48G)$4! %88&6)'989! 9+%6-H8+%!
1')906&9!%885*:1&.9%6(G+%&! ) NIAMBES! %68&! +$+,-.9%6! (.| ($%6& &(SHGI $Yo+($($41%68& ! /5+:!
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+$9E)NDH.&'P+%()$.! (Y=;IF$9!i16)0,9!68+$4&!%8&!/5*:!G)9& W+H,&! J(.!+!9(.1,+-!)N
)G&!.6&$+().Al#N!%8&11)6&..18+.1&")" .1 )N P&&1) % ($4! +.14'&+%! +.1"t;]+H,&! c!.8)B.!
%886)$.&U0&$6&! IN(GO,%+$&)0. '&906%()$! )N!"t! (B! %8&P+,0&.! )NE=! +$9! E« N)'!
YJH.&'P+%()$.!(Y:!J;!c;!">Alln each scenario of Tables 4 and 5, small simultaneous percentage
changes in the Xlata beyond the allowable bounds resulted in percentage changes in the values
of by, b, and i between 4.3% and 9.3%ith the exception 017.9%for observation 4 in Table

5.

TABLE 4
Analysis of Select Simultaneous Changes Walues of Nondefining Observations
Wood Beam Data

HG1+69NI"15(GO,%+$&)0. H$6'&+.&! (SIE+$I! ) BIH: ;1 H: TH!

b, b, bs
Perturbed Perturbed
Obsevation Xiz Xis 9.084 9.189 -0.117
[Original] [Original] [% Change] [% Change] [% Change]
=2 0.56358 8.989 8.243 9.864 -0.122
- [0.558] [8.9] [9.3%)] [7.3%)] [4.3%)]
i=6 0.53328 9.999 8.243 9.864 -0.122
- [0.528] [9.9] [9.3%)] [7.3%)] [4.3%)]
i=7 0.42218 10.807 8.243 9.864 -0.122
- [0.418] [10.7] [9.3%] [7.3%)] [4.3%)]




TABLE 5
Analysis of SelectSimultaneous Changes iValues of Nondefining Observatios
Wood Beam Data

#G1+6%!)N!"t!5(G0,%+$&)0.!186'&+ &IERI+$9 ) $! H- ;1 H:

b, b, bs
Perturbed Perturbed

Observation Xi2 X3 9.084 9.189 -0.117
[Original] [Original] [% Change] [% Change] [% Change]

iz1 0.494 10.989 8.243 9.864 -0.122

- [0.499] [11.1] [9.3%)] [7.3%)] [4.3%)]

=4 0.437 8.811 8.529 9.635 -0.138

- [0.441] [8.9] [6.1%)] [4.9%)] [17.9%]

=5 0.545 8.712 8.243 9.864 -0.122

- [0.555] [8.8] [9.3%)] [7.3%)] [4.3%)]

=10 0.462 10.593 8.243 9.864 -0.122

- [0.467] [10.7] [9.3%)] [7.3%)] [4.3%)]

It is interesting to ate in Table 4thatin each casef the 1% simultaneous arease in the
original values of ¥ and x the MSAE modethangedo by = 8.243, b= 9.864, and $=-0.122
for which the defining observations are 3, 4, and Bhe same model resulisith the 1%
simultaneous d&ease in the original values af and x; for observations i=1, 5, 1displayed in
Table 5. The modelwith defining observations 3, 4, andsBpersistent under thscenarios of
Tables 4 and 5 and differs withe defining observationg, 8, 9)of the original model by
observation 4.0bserve in Table 5 that the largest change of 17.9% among,thg bBnd h
ocaurs whenE=!+$9!Ek!+&!.(G0,%+$&)0.,-19&6'&+.&9!H-1"tA!l]+H,&!K!.8)B.!%8&! G+E(GOG!
+,,)B+H,&!9&6'&+.&!%)'H&! >A?FHEAAN, Andre, and Narula (2000) analyzed the wood beam
data and founth the MSAE fit that observation 4 hatte most influence otie values of by,
and h. It may be said thathservation sashigh leveragen that small changes iB-!+$9!Ek!
subsantially influence the values of by, and B. The results of simultanas change analysis
help in understandg the roleobservation 4 plays such in the MSAE fit of the wood beam data.
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FIGURE 1
Slider Interface with Simultaneous Changes invValues of NondefiningObservations
Wood Beam Data

LHSguilwork

Sensitivity Analysis of the MSAE Regression Problem:
Post-Optimality Analysis of the LHS Coefficients

LHS Coefficients

Optimize and Display Results

Obs 1
0.50228: 11.1836

y=s v Solution
Obs 2 > 5 > Onglnal Solution : 20837
0.528 0.558 0.563 8.424 8.9 8.978

y = +9.084 x1 +9.189 x2-0.171 x3

Obs 3 ** <« > « év >
Revised Solution : —
Sl y = +9.084 x1 +9.189 x2 -0.171 x3
6.9389¢-18
Obs 5 °
0.3564
Obs 6 0.0339
Obs 7 °
0.6480
Obs 8 ™ 0
0.1051
Obs 9™ E
Initizfse / Reset 4
Obs 10 0

** Defining Observations



FIGURE 2
Slider Interface with 1% Simultaneous Decrease for Nondefining Observation i=1
Wood Beam Data

Sensitivity Analysis of theMSAE Regression Problem:
Post-Optimality Analysis of the LHS Coefficients

LHS Coefficients
x2 x3 Optimize and Display Results
Obs 1
lution
Obs 2 - L Original Solution :
0.558 0.563 8.424 8.9 8.978 9.8640
= +9.084 x1 +9.189 x2 -0.171 x s
Obs 3 ** Yy 9.08: 9.189 0 3 -
0.604 J J 88 Revised Solution :
S 0.441 048 | | 8814 8.9 y = +8.243 x1 +9.864 x2 -0.122 x3 O,E;
Obs 5 ‘
0.55 058 | | 8722 8.8
Obs 6 - ‘ ' a — - ;ct\;g
0.50 0.528 0.852)] 1:9.508 9.9 9.983 0
459
Obs 7 - - - °
0.418 ol . 10.7 L 0635
Obs 8 ** 0
0.48 C 0 10.5 o 2870017
Obs 9 **
0.406 - ; 10.5 = Initiaé'se / Reset
Obs 10 2 &
0.467 D L 107
** Defining Observations

Refer to Table 5 Changes for i=1are outside of allowable boundaries
resulting in revised solution. Figure indicates values d®dt<;>#Ra-

|
U'HH#H#T*668'L #

#
#$1968(.1 1+1&";1 B&! &EYBBHSY0& ()| +$+,-.(.1%6)! ($6,09&! ($%&'P+,1 +$+,-.(.1 +G)$4! G)'&! %8+$!
)$&! ED+0%60G NI +1$)$9&N($($4)H. & P+UIBAR68$%+481%8&'G ;| B&! (98 $HHBE&EIS4E&!)N!
P+,0&.14H)0%!%8&!'86) 98046+ N!+1$) SBES($4!)H. &' P+%()$!%8+%! 1) GAB&. .+ G &!/5*:]
8.%(G+%&DNI*.1.068;! (%! 1)($%.1)0%! %68&! &E%E&$%! %)! BS(68!'&P(.()$.1)'16)"&6%()F! ($! %8&! E
9+%h+!6+$IH&! +66)GG)9+9689! B(%8)0%! +,%& ($4!%68&! /5*:1 SNEATBBA&H (,(%-1%6)! . 1&6(N-!
688! +66)GG)9+%()$! &E%E&$9.|($%& ()1 +$+,-. (Al#%61+,)B.1+198& 18 ($P&.%(4+%()$)N1%8&!"),&!
%6S&IE+06+! ($! %8&! /5*:1 &.%(G+Y%() AN (%8! R$)B,&94&! )N! %688 1+.%! &")'1 8(.%)'-1 )N! %88&.!
168&..1+$91%8&1'€.0,%. )N! ($%& () 1+$+,:10688&!+$+,-.9%!6+$| G+R&IG&+$($4NO, ! ($.1&6%()$.)N!
688!1)%&$YH-G+,,"'&P(.($.)N!)'16)"&6%6()$.196) 1 % SEUEYo-+1%6)| 68+$481%68&1/5%:1 &.%(G+%6&!
INIZ! ($! %8&! .($4,&! &UO+%6()$! ,($&+'! '&4'&..()$! GYBIZ,! ]8&! 5,(9&'! 4'+18(6+,! ($%& N+6&!
N+6(, (%-+%6&.1($Y6&'()'1+$A - (
|



'9A9'9%+97 #
it
*11+;! pAl +$9! 5G(%8;! @A! V"?IKWAR!I @$8! @8&H-68&P! &.%(G+%(Mdthématical
Programming;!c;iKTiA
|

@8+'$&;! *Al @))1&";! MA! T +$9! L&'40.)$;! BAVI"?2cc WAL 1%(G+,! &.%(G+%()$! )N! &E&60%(P&!
6)G 1&$.+%()$'H-!,($&+"11)4'+GG($4Management Science;!";!"Kbs"c"All

#

1(&,G+$;! JA V=>>c W& +.%! +H.),0%&! P+,0&! '&4'&..()$X! 3&6&3$%! 6)$%'(HJSo()Bah lof
Statistical Computation and Simulation,lic;! =FKs=bFA!

|

)94&;WwAIV"?bi+WH%+%(.%(6+,! [+%+!*$+ - (. X! D+.&9!)$! VoBRL2+$9! 3&,+%&9!/&%8)9.!
VS)'%4),,+$9;!*G.%&'9+GWA!

!

N94&;! wA! V,?biHWAFS! ($%")906%()$! %)!-B)'G! H+.&9! .%+%(.%(6+,! 9+%+! +$+,-.(.Al
Computational Statistics and Data Analysis;!C;'=K?s=cKA!

!

)94&;'WAIV"?2?2=\IRAB%+%/(.%(6+,!*$+,-.(.1+$9!3&,+%&9!/&%8)9.; \IF) 95 WA!

|

94&;! WA V"22IWR T5%+%(.%(6+,! *$+,-.(.! +$9HIR& ! /&%68)9.;! #$.%(%0%&! ) GHIRE+, !
5%+9%(.%(6.;!12&6%0'&!S)%&.!+$9!/)$)4'+18!5&'(&.;'K";IVI+-BH'OWA!

I

)94&; WAIV=>>=\BWH96(.%(6+, 1+$6+11.ID+.&91)$1%8&ITS) G1+$9!3&, +96&9!/&%8)9. ;!
VD('R8+0.&'WA!

!

I'+1&";! SA!! +$915%)$&G+3;! IAV"?FFWA&L.%($4! N)'! %8&! ($6,0.()$! )N! P+'(+H,&.! ($! ,($&+"
'&4'&..()$!H-1+I'+$9)G (j+%()$!%&68F(UAELhnometrics;ib;F?csF??Al

!

p01%-+;! 7Al +$9! 5($48;! SARMAALL)E(G+%&! GO,%(14G&%'(6! .&$.(%(P(%-! +$+,-.(.! )N! %8&!
6)$.%'+($%! G+%'(E! ($! ,($8:0. T($&+1 N'+6%()$+,! 1)4'+GG($4! 1)H,&GA! Applied
Mathematics and Computation,"i?;'FF=TFi=A

!

1+:1 @AIIAI+$9! S+0,+;15Al @A!V17EBBA0MH+%6()$! +$+,-.(.IN)'1 %8&! G($(GME! )NI+H.),0%8&!
&")'.I'&4'&..()$A! |Communications in Statistics - Simulation and Computation;!D"b;!K;Pci s
2i>All

!

N+4,($;AI+$9IM&,.68;!3AI"?2IbWAB&!8+%!G+%'(E! ($!'&4'&..()$!+$HCV*A!The American
Statistician,\IK=;1i s==Al

!

S+'0,+;! 5A3+,9(P+;! TA*$9'&;! @A;! :,(+$;! BA;! L&"&(+1+89! @+1&,)jj(;! VA! V"2?2?\]3&!
G($(GOG! .0G!)N! +H.),0%&! &")".! '&4'&..()$X! *I YHO.%! +,%&'$+% (P! %8&! ,&+.%! .U0+'&.!
'&4'&..()$A!Statistics in Medicine;"'b;!"J>" s"J"iAl !

!

S+'0,+;!5A!1;151).(%) AI+$9'M&,, ($4%)$; | IXTRAK WS % & 'P+,.1B8(68!,&+P&!%8&!G($(G0G!.0G!
INI+H.)0%&!&")".I'&4'&..()$!0$68+$4&9AUpplied Statistics;'\I=N=VKF SKibA!

!



! "F

S+'0, +;1 5Al +$9! M&,, ($4%) HALAPWABE, &6%6()$ IN! P+ (+H,&.1 (B!, ($&+'1'&4'&..()$! 0.($4! %88
G($(GOG!.0G!)N!B&A8%&II+H.),0088).16'(%& () $A!Technometrics, =" VK\¥22sK>FA!
|

S+'0,+;I5AI+$9! M&,,($4%)$INERD=WIB&! G($(GOG!.0G!)N! +H.),0%&! &")'.1'&4'&..()$X! *!
%+%&!N!%8&!+'% ! DiR&kdtional Statistical Review;!/c>IVKVIK!i sSK=FA!

!

S+'0,+;! Al I +$9! M&,,($4%)$;! ¥APLKWABE,&6%()$! )N! P+'(+H,&.! ($! ,($&HI&&()SX! *!
1'+4G+%(6!+11")+688durnal of Statistical Computation and Simulation;!"i;! "c? s"i=All

!

S+0,+;I 5All +$9! M&,,($4%)$NERDCWA! #$%8&'()' +$+ ../ N)'1 %68&! G($(GDG! )N! +H.),0%&!
&").I'&4'&..()$A!! Technometrics;'=i'V=WH" s"bbAl

|

S+'0,+;!5AI+$9IM&,,($4%) S NAB=WBES. (%0 (P (%-! +$+,-.(.IN)"1%8&! 1'&9(B¥j#H,&! ($! %8&!
[5*1'&4'&..()$A!l  Computational Statistics and Data Analysis;\J>;'KccsKiKA!

!

S+'0,+;! 5Al 1 +$9! M&,,($4%)$ 1 ¥A>>IWKHD,%(1,&! 6'(%&'(+! '&4'&..()$! +$+,-.(.AlHuropean
Journal of Operational Research, "b"! V=WF1 sii=Al!

!

51).(%);! VA:! 5G(%8:! MABY! /6@)'G(6R:! @A! V" 2IbWAI(G(($4! %8&! 50G! )N! *H.),0%&!
&P (+9%()$.;Vv+$9&$8)&6R!1+$9!301'&68%: 1p) %% ($4&$; |p&IG+$-WA
|

M+$4:1IAI+$9110+$4:! @AIV"22=WA!I|8&!G+E(G+,1%),&+$6&1+5+,-.(.| NI %8&!6)$.%'+($%! G+%'(E!
($&+'11Y4'+GG($4AYournal of the Chinese Institute of Engineers;!"cVcW;!IcSKC A
|

M+3$4;1 1A +3$9!10+34;! @! V" 2?2 KWRY%(TL+'+G&%' (6! +$+,-.(.! )N!%8&! G+E(GOG! %) B&+-{! +!
(3&+')'(4'+GG($4!1YH,&GA!European Journal of Operational Research;!Fi;lic TiA

!

M&,,($4%)$;! <Al V=>>bWA! 1 5&$.(%(P(%-! +$+,-.(.1 )N! %8&! /5*:1'&4'&..()$! '& . X GH), ¢0-!
+$+,-.(.1)N!%8&! 215! 6) &NN(6(&$%>A!7")6&&9($4.1)N! %8&!&6(.()$! 56 @& #$.%(%0%&! VISHW!
*$$0+,!1/&&%($4/D+,%(G)'&J?=""T?=FA

!

M&$9&,,;!3AIV"?bclB&! %),&'+$6&!+11")+68!%)!.&S.(%(P(%-! +$+,-.(!1 (B!, ($&+"11)4'+GG($4A!
Management Science;'K"'VcW;!CHJbA!

!

M&$9&,,;! SAL:AI V" 22IV2$&+'1 1)4'+GG($4! KX!]8&! %),&'+$6&! +11")+68A! IAidlances in
Sensitivity Analysis and Parametric Programming;!p'&&$HO'4;HIAI+$9!p+,;1JAIV&OAWAIQ,DB&'u.!
#$%&'$+%()$+,!5&'(&.A

!

HHFHHFHHF



