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Modeling Data 

Single equation multiple linear regression model 

 ! i = b1Xi1 + É +  bkXik     i = 1, É, n  

ei  = Yi Ð ! i 

 Minimize "  | ei  | 

LAD, LSAE, L 1, MSAE 
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Interior Analysis 

Investigating important features of the MSAE fit 

¥! Parameter estimates b1, É, bk 

¥! Residuals e1, É, en 

¥! Others 
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Source: Birkes and Dodge, 1993, p.7 

Altera'on of important feature of  MSAE regression 
model   

                    Yi  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Interior Analysis 

     observation level            datum level 

   influential observation             leverage 

     y-direction          x-direction 

              invariance of b1, É, bk 

                  

              !       simultaneous changes in X-data 
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Invariance in Y‐direc'on 
        Yi               

" "                          ! i  = b1 + b2Xi #

 " " " " "   " ! #
         " " " " " " "       

 "        

  ! " " " "       
      !  

              
                Xi 

             Narula and Wellington, Technometrics, 1985 
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Invariance in X‐direc'on 
        Yi                

" "                    "        #

 " " " " " " "              ! #
         " " " "   !    

 ! " "                        
 ! " " " "    !       

       !          ! #
                 

                     Xi  

    Narula and Wellington, Computational Statistics and Data Analysis, 2002 
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Poten'al to alter the MSAE Model   
                         Yi  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At least k observa'ons lie on MSAE regression plane  
        Yi         !        

" "           !          "        #
 " " " " " " "    ! #

         " "   !    " " !                        

 ! " " " "  

       !       ! #

               Xi  

 Appa and Smith, Mathematical Programming, 1973   
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Defining and nondefining observa'ons 
                           Yi  

                 !        
" "           !          "        #

 " " " " " " "    ! #

         " " " "   !    
 ! " "                        

 ! " " " "   !       

       !          ! #

                  Xi 

   Narula and Wellington, Technometrics, 1985     
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Invariance of the MSAE Solution in the X-direction 
Wood Beam Data1 

3! 1     0.604      8.8                defining observations 

8     1     0.480    10.5                e3 = e8 = e9 = 0 

9! 1     0.406    10.5       determined b1 = 9.084, b2 = 9.189, b3 = -0.171            

1     1     0.499     11.1               nondefining observations 

2! 1     0.558      8.9   e2, e6, e7   >  0     

4     1     0.441      8.9   e1, e4, e5, e10  <  0 

5! 1     0.550      8.8           

6   1     0.528      9.9    

7! 1     0.418    10.7         1 Draper and Stoneman (1966) 

10  1     0.467    10.7 

       ! i = 9.084   +   9.189Xi2   -  0.171Xi3 

    i      xi1       xi2        xi3            



!"#"$%&

(&

Invariance of the MSAE Solution in the X-direction 
Wood Beam Data1 

3! 1     0.604      8.8                defining observations 

8     1     0.480    10.5                determined b1 = 9.084, b2 = 9.189, b3 = -0.171  

9! 1     0.406    10.5                

1     1     0.499     11.1                change in value of x12 only 

2! 1     0.558      8.9   [0.488, 0.584] 

4     1     0.441      8.9 

5! 1     0.550      8.8           

6   1     0.528      9.9    

7! 1     0.418    10.7    

10  1     0.467    10.7   1 Draper and Stoneman (1966) 

         ! i  = 9.084   +   9.189Xi2   -  0.171Xi3 

    i      xi1       xi2        xi3            

Invariance of the MSAE Solution in the X-direction 
Wood Beam Data1 

3! 1     0.604      8.8                defining observations 

8     1     0.480    10.5                determined b1 = 9.084, b2 = 9.189, b3 = -0.171  

9! 1     0.406    10.5                

1     1     0.499     11.1                Òsimultaneous changesÓ in the X-data of 

2! 1     0.558      8.9     observation 1 

4     1     0.441      8.9    "  0.805%   #  4.757% 

5! 1     0.550      8.8           

6   1     0.528      9.9    

7! 1     0.418    10.7    

10  1     0.467    10.7   1 Draper and Stoneman (1966) 

        ! i  = 9.084   +   9.189Xi2   -  0.171Xi3 

    i      xi1       xi2        xi3            

Invariance of the MSAE Solution in the X-direction 
Wood Beam Data1 

3! 1     0.604      8.8             defining observations 

8     1     0.480    10.5             determined b1 = 9.084, b2 = 9.189, b3 = -0.171  

9! 1     0.406    10.5                

1     1     0.499     11.1             Òsimultaneous changesÓ in the X-data of 

2! 1     0.558      8.9        observations 1 and 2 

4     1     0.441      8.9       "  10.38%   #  1.39% 

5! 1     0.550      8.8           

6   1     0.528      9.9    

7! 1     0.418    10.7    

10  1     0.467    10.7   1 Draper and Stoneman (1966) 

      ! i  = 9.084   +   9.189Xi2   -  0.171Xi3 

    i      xi1       xi2        xi3            

Invariance of the MSAE Solution in the X-direction 
Wood Beam Data 

  1     1     0.499     11.1             Òsimultaneous changesÓ in the X-data 

  2     1     0.558      8.9   of observations 1 and 2   
       $$$$$$$$$$$$$$$                
                                               -10.38%                                 +1.39%     

        
             
      -10.5%                           +1.5% 

        

      b0 =  8.243                                 b0 =  8.823 
      b1 =  9.864                                 b1 =  9.389 
                         b2 = -0.122                               b2 = -0.156 

          ! i  = 9.084   +   9.189Xi2   -  0.171Xi3 

i      xi1       xi2        xi3            

Invariance of the MSAE Solution in the X-direction 
Wood Beam Data 

  1     1     0.499     11.1             Òsimultaneous changesÓ in the X-data 

  2     1     0.558      8.9   of observations 1 and 2 
       $$$$$$$$$$$$$$$                
                                               -10.38%                                 +1.39%     

        
             
      -10.5%                           +1.5% 

        

      b0 =  8.243                          b0 =  9.084                 b0 =  8.823 
      b1 =  9.864                          b1 =  9.189       b1 =  9.389 
                         b2 = -0.122                          b3 = -0.171      b2 = -0.156 

          ! i  = 9.084   +   9.189Xi2   -  0.171Xi3 

i      xi1       xi2        xi3                 Poten'al to alter the MSAE Model   
                        Yi  

            !       !       
" "                     "        #

 " " " " " " "            #
         " " " "   !    

 ! " "                        
 ! " " " "          

       !           #
                 Xi  
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Invariance of the MSAE Solution in the X-direction 
Wood Beam Data1 

3! 1     0.604      8.8             defining observations 

8     1     0.480    10.5             determined b1 = 9.084, b2 = 9.189, b3 = -0.171  

9! 1     0.406    10.5                

1     1     0.499    11.1             Òsimultaneous changesÓ in all X-data of the 

2! 1     0.558      8.9      nondefining observations 

4     1     0.441      8.9     "   0.89 %  #  1.39 % 

5! 1     0.550      8.8           

6   1     0.528      9.9    

7! 1     0.418    10.7    

10  1     0.467    10.7   1 Draper and Stoneman (1966) 

         ! i  = 9.084   +   9.189Xi2   -  0.171Xi3 

    i      xi1       xi2        xi3            
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Analysis 

¥!MSAE solution, residuals 

¥!Partion the arrays X and y  

¥!Solve 1«!#!X1
-1  $     r «            (order k) 

       -1" !%!X1
-1  $   2!1" - rc" (order k) 
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Summary 

¥! Assess X-sensitivity of MSAE fit 

¥! Uncomplicated analysis 

¥! Grown interior analysis 

¥! Developed Slider software 

¥! www.ipfw.edu/mgmk/about/directory/ 
   wellington.shtml 
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