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Abstract: Using graph theory, we prove G Unbaum s conjecture [4]:
Every Venn di agramof n curves can be extended to a Venn di agramof n+1
curves by the addition of a suitable sinple closed curve.

1. | ntroduction: A Venn di agramconsi sts of n sinpl e closed curves

in the plane so that all possible intersections (2" many) of the
interiors and the exteriors of these curves are nonenpty and are
connect ed. One can put various restrictions on the di agrans and obt ai n
speci al cl asses of Venn di agrans [4]. The exact definitions usedin
this paper are given in Section 2.

G Unbaumw ote the followi ng [ 3]: "Venn di agrans were i ntroduced
by J. Venn in 1880 [6] and popul arized in his book [7]. Venn did
consi der t he question of exi stence of Venn di agrans for an arbitrary
nunber n of cl asses, and provided in [6] aninductive construction of
such di agrans. However, in his better known book [7], Venn did not
mention the constructi on of di agrans with many cl asses; this was often
m stakenly interpreted as neaning that Venn could not find such
di agrans, and over the past century many papers were published i n whi ch

t he exi stence of Venn diagrans for n classes is proved." Venn's
i nductive constructionis an extension of an exi sti ng Venn di agramby
t he addi ti on of a suitabl e sinpleclosedcurve. This net hod works as

| ong as t he Venn di agrami s a reduci bl e Venn di agram(see Section 2).
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I n 1984 Gr inbaumproved the foll owi ng theorem[3]: For every n$ 5,
t here exi st sinple andirreduci bl e Venn di agrans for n cl asses. 1 n 1984
Peter Wnkl er conjecturedthe follow ng [9]: Every sinple Venn di agram
can be extended to a new si npl e Venn di agramby the addition of a
suitabl e curve. He al so showed that every reduci bl e, sinple Venn
di agramcan be ext ended to a si npl e new Venn di agramby t he addi ti on of
a suitabl e sinpleclosed curve. Finally, in 1992 G inbaum|[4] nodified
Pet er Wnkl er's conj ecture by droppi ng the word si npl e, and conj ect ured
t hat every Venn di agramof n curves can be extended to a Venn di agram
of n+l curves by the addition of a suitable sinpleclosedcurve. In
t hi s paper we prove G unbaum s conjecture. Wnkl er's conjectureis

still open.

2. Definitions and NotationW use graph theory, and we define

sone of the terns that are needed. Thereader isreferredto[1] or any
ot her standard book on graph theory.

A graph that can be drawn in the plane so that its edges are
Jor dan ar cs whose endpoi nts are vertices and no t wo edges neet except

at verticesis called aplanar graph. Such a drawing is aplane graph

G which can be vi ened as a subset of R?, and R>-Gis a uni on of regions
call ed faces of G

A cycl e of the graph Gbounding a faceis called afacial cycle.

A cycle of the graph Gis a separating cycle if its renoval (the




vertices and the edges) results in a disconnected graph.

Asinpletriangulationis aconnected planar graph all of whose

faci al wal ks have |l ength three.

W fol | ow G inbaum[ 4] in the termnol ogy of Venn di agrans. AVenn
diagraminthe planeis acollection of sinple closed Jordan curves ©®
= {C,GC,...,C} such that each of the 2" sets
X;1X,1...1X,is anonenpty and connected regi on; here, X; is either
t he bounded interior or the unbounded exterior of G,

i =1,2,...,n. Wenote that each of the 2"sets can be descri bed by an
n-tupl e of zeros and ones where thei thcoordinateisazeroif X;is
t he unbounded exterior of C, otherwise it is one,

i =1,2,...,n. It is clear that there is a one-one correspondence
bet ween the 2" sets of a Venn diagramand the vertices of the n-
di nensi onal hypercube. If A=X; 1 X,1 ... 1 X,is aset ina Venn
di agram then the corresponding n-tuple in the hypercube is the

descri pti on of A.

A Venn diagramis asinple Venn diagramif at nost two curves

intersect (transversally) at any point in the plane. Anong the
nonsi npl e Venn di agrans, we shal |l consi der only those i n whi ch any two
curves neet (not necessarily transversally) in points and not in
segnments of curves. Wththisrestrictiononthe Venndiagransit is
easy toseethat if two sets Aand Bin a Venn di agramshare a conmon

boundary (i.e., a segnent of a curve) then their descriptions nust
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di ffer exactly inone coordinate. Alsoit isnot hardto seethat if
two sets A and B differ in their descriptions in two or nore
coordi nates then the sets cannot share a segnent of a curve as their
common boundary.

The proj ecti on of a Venn di agramfromthe pl ane to t he sphere via

st ereographi c projection yields aspherical Venn diagram Inthis

articlethereis noloss of generality inworkingwth spherical Venn
di agrans; accordi ngly we assune al |l t he Venn di agrans are drawn on a
sphere. By doing this all of the faces of the Venn di agrans wi || be
finite and sinply connect ed.

A Venn diagramO with n curvesis calledirreducibleif each of

thenfamlies of n-1 curves, obtained fromO by deletinginturn one
of the n curves, fails to be a Venn diagram O herwiseit is called
reduci bl e.

We can associ ate three di stinct graphs (or nultigraphs) with any
Venn di agramon a set of ncurveso ={C;,C,, ..., C}. The Venn di agram
itself can be vi ewed as a graph V(O) where all theintersection points
of the curves in® are the vertices and t he segnents of the curves with
vertices as the end points are the edges. We refer to this graph sinply

as the Venn di agram The Venn di agramV(©O) i s a pl anar graph but it may

have mul ti pl e edges.
The second graph i s t he dual graph of V(®), denoted by D(©). W

note that D( ©) depends on howt he Venn di agramis drawn. We wi | | cal |
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this the Venn graph. W | ater showthat the Venn graph D(©O) is a sinple

pl anar graph. Note that two vertices of the Venn graph are adj acent
only if their descriptions differ exactly at one coordi nate.
Consequently if © is a Venn di agramthen the dual graph D(®) is a
subgraph of the hypercube and hence D(®O) is a bipartite graph.

The third graph we i ntroduce i s theradual graph D(O), whichis

t he uni on of the dual graph and the radi al graph, see [5]. This graph
i s obtained by addi ng a newvertex xgin each face F of the dual graph
D( ©) and joining each xto each vertex y of F by one edge for each
appearance of yinthe facial walk of F. Wewil| call the newvertices

radi al vertices, and the vertices of the Venn graphdual vertices. Note

that the radi al vertex set can be vi ewed as t he vertex set of the Venn

diagram Note also that there are no edges between radial vertices.

S o \(0) Do) Do)

Figure 1
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We prove first that the radual graph associated with a Venn
di agrami s Ham | toni an. W then showthat the Ham Iton cycleitself as
a new curve extends the Venn diagramto a new Venn di agram t hus
proving the minresult of this paper. An exanpl e of a Venn di agram
wi th three curves and t he correspondi ng Venn graph and radual graph are
shown in Figure 1.

3. Properties of Venn graphs and Radual G aphs: We now prove t hat

t he radual graph of a Venn di agramis asinpletriangulationwth no
separating triangles. To achi eve this goal we need several properties
of the dual and radual graphs of a Venn diagram Sonme of these
properties are sinpl e observati ons, however Lemma 1 is a fundanent al
property of Venn diagrans and is used in the enuneration of Venn
di agrans onthree curvesin|[2]. Here, we need the sane result to prove
several properties of dual and radual graphs and we i ncl ude a nodi fi ed
short version of the proof of Lemma 1 for the conpl eteness of this

paper. Throughout this section we assune *o* $ 3.

Lemma 1: No two edges in afaceinaVenndiagrambel ongto the sane
curve.

Proof : Suppose thereis afacef ina Venn diagramV(®) havi ng four or
nor e edges, at | east two of which, say e, and e,, belongto the sane
curveC inO. First suppose that the edges e, and e, are not adj acent.

Let p and g be two poi nts outside the face f but i n a nei ghborhood of
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e, and e, respectively. The regi ons contai ni ng p and g have t he sane
description, differing fromthe description of f exactlyinthei t"
coordi nate, and hence p and g are containedinasingleface hof V(O).
There is a path " contained in h joining p and g, which does not
i ntersect any edges of V(O). Let "; be apathjoiningp and q passing
t hrough the face f. The cl osed curve
"c ";intersects the curve C; and does not i ntersect any ot her curve
inO. Sincee,;and e, are not adj acent, it is easy to see that there
must exi st two distinct curves C; and C, (different fromC;) i n V(O),

such that C; is inthe interior of ";c " and C,is inthe exterior,
contradicting the fact that V(®O) is a Venn di agram Now suppose t he
edges e; and e, are adj acent at a vertex x of V(®). Then choosi ng t he
points pand qarbitrarily closetox, it is easy to seethat one of
theinterior or the exterior of C; does not i ntersect at | east one curve
t hat passes through x, contradicting the fact that V(O) is a Venn
diagram Inthis |ast case we have not used the fact that the face f
has four or nore edges, andsoit is easytoseethat Lemmalis also
true if a face has fewer than four edges. $

Theorem 2: A Venn graph has no nultiple edges.

Proof: Suppose a Venn graph D(O) has multiple edges between the
vertices x andy. Let Xand Y be faces of V(O) correspondingto x and

y respectively. Since x and y are adj acent, the descriptions of the

faces X and Y nust differ in exactly one coordinate, say the jth
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coordi nate. Thus one of theregions Xand Yisintheinterior of C; and
the other isinthe exterior of C;. Thisinplies that all the disjoint
segnent s of curves form ng t he conmon boundary of Xand Y belong to the
sane curve C;. Since x and y have nul tipl e edges, the faces Xand Y each
have at | east two segnents of the sane curve C; on t he conmon boundary
bet ween them This contradicts Lemm 1. $

Theorem3: The del eti on of any two adj acent vertices of a Venn graph

does not di sconnect the graph.

Figure 2

Proof: Suppose x and y are two adj acent vertices in a Venn graph D( O)
whose renoval di sconnects D(O). Let X and Y be the faces of V(O)
correspondingtothe vertices x andy respectivelyinD(®). Thenit
foll ows fromLenma 1 and Theorem2 t hat X and Y have one and only one

edge (one segnent of a curve in®) incomon. Al sothe renoval of faces
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Xand Ytogether with their boundaries fromthe pl ane separates the
pl ane into two or nore regions. Let us assune that the common edge
bel ongs to curve C,. Then the boundary of the region X c Y has a
segnment of the curve C, and at | east one point (or possibly nore, but
a finite nunber of points) incomobn as shown in Figure 2. The curve C;
must pass t hrough these points. There exists a si npl e Jordan curve *©
contained entirelyintheregions Xand Y and t heir comon boundari es
as shown in Figure 2. W can choose the curve®™ sothat it intersects
t he common boundary segnent of C, and a common boundary point p.
There are curves C; and C, in O that intersect the curve C, at the two
ends of the common edge of the face Xand Y. The segnents of the curves
G and C, shown (only schematically) in Figure 2 nust be distinct from
C, (Lenrma 1), and fromeach other, for if not, the point pis aself
intersection point of acurvein®whichisinpossible. Sincetheonly
exit point of C; fromthe interior of "isp, C,iseither entirely
inside of C,or entirely outside of C,. This contradicts the fact that

V(O) is a Venn diagram $

We note that inthe hypot hesi s of Theorem3 t he adj acency of the
vertices x andy isinportant, as can be seen by t he Venn di agramon
two curves for which the 4-cycle is the Venn graph which can be

di sconnected by del eting any two nonadj acent vertices.
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Theorem 4: A Venn graph is sinple and nonsepar abl e.
Proof: By Theorem2, the Venn graph D(®) has no nulti pl e edges, and it
obvi ously has nol oops. It follows fromTheorem3 that it has no cut

vertices. $

Gorollary 5: Al facial wal ks ina Venn graph are sinpl e closed wal ks.
Proof: Suppose thereis a face f in D(®) whose facial walk i s not
sinple. Let x be avertex that repeatsinthe facial wal k of the face
f. Then x is a cut vertex of D(O), contradicting

Theor em 4. $

Theorem6: The radual graph of a Venn di agrami s a sinpletriangulation
with no separating triangles.

Proof: Since the Venn graph D(©®) is sinple and all facial wal ks of
D(O) aresinple, it follows that the radual graph D'(®) is asinple
graph. Fromthe construction of the radual graph D'(©®) it foll ows
imediately that it is asinpletriangulation. Suppose that x, y, and
z are any three vertices of the radual graph D'(®) form ng atriangle
in D(O). W will showthat the triangle xyz is not a separating
triangle of D’(®). Since D(®) is a bipartite graph, not all of the
vertices {x,y,z} can belongto D(®). Furthernore no two radi al vertices
are adjacent in the radual graph. Thus exactly one of the three

vertices is a radial vertex and the other two are dual verti ces.
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W t hout | oss of generality | et us assune that the vertices x andy are
dual vertices andzis aradial vertex. Let uandv be two vertices not
in{x,y,z}. If bothuandv are dual vertices, then by Theorem3 there
is apathjoininguandv whichavoidsthe set {x,y, z}, sincethe graph
D( ©) cannot be di sconnect ed by del eti ng t he adj acent vertices x and y.
If either uor v or bothareradial vertices, thenagainwe canfinda
path joining u and v that avoids the set {x,y, z} since each radi al
vertex i s adj acent to at | east three dual vertices because D(®) has no

two-faces. Thus D'(®O) has no separating triangles. $

4. Proof of the Main Result: W need the follow ng classical theorem

of Whitney concerning Hami lton cycles in sinple triangulations.

Theorem(Whitney [8]): Asinpletriangul ation w thout separating

triangles is Ham | tonian.

Theorem 7: The radual graph of a Venn diagramis Ham | tonian.

Proof: If *OG*=1thentheradual graphD'(O) is atriangle. |If*o&*
=2, thenD(®) is a4-cycleandis unique. The Hanm I tonicity of D'(O)
iseasytoseeinthiscase. If *6*$ 3, thenthe radual graph D*( ©O)
isasinpletriangul ation, without separatingtriangl es by Theorem6,

so Whitney's Theoreminplies that it has a Hanm|lton cycle. $
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Theorem8: Every Venn di agramwi th n curves can be extended to a new

Venn diagramwi th n+l1 curves by the addition of a suitable curve.

Proof: Let © be a Venn di agramwi th n curves. By Theorem7, the radual
graph D'(®) is Ham | tonian. The Ham I ton cycleitself is the newcurve
ext endi ng t he Venn di agram®. Since the Ham |ton cycl e passes t hrough
every vertex of D(®) exactly once, thus dividing every regi on of the
Venn di agrami nto exactly two connected regions, theresulting famly
of n+1l curves is a Venn di agram $

The approach of this paper necessarily results innonsinple Venn
di agranms and therefore this approachis not likelyto be useful for

W nkl er's conj ecture.

5. Acknow edgenent : The aut hors thank the referee for providing very

val uabl e comment s.

Ref er ences:

[1] J. A Bondy and U. S. R Mirty, "G aph Theory Wth Applications,"”
North Hol | and, 1976.

[2] K. B. Chilakamarri, P. Hamburger, and R E. Pippert, "Venn
di agrans and planar graphs,” preprint, (submtted for
publ i cation).

[ 3] Branko Grunbaum "The construction of Venn di agrans, " Col | ege

Mat hematics Journal, 15 (1984), 238-247.




[ 4]

[ 5]

[ 6]

[7]

[ 8]

[ 9]

14

Branko Grinbaum "Venn di agrans |," Geonbi natorics, 1(1992), 5-

12.

O. Oe, "The Four-Color Problem" Acaden c Press, New York,

London, 1967.

J. Venn, "On the di agrammati ¢ and nechani cal representati on of

proposi tions and reasoni ngs, " The London, Edi nburgh, and Dublin

Philos. Mag. and J. Sci., 9 (1880), 1-18.

J. Venn, "Synbolic Logic", Macm ||l an, London, 1881, second edition
1894.

H. Whitney, "Atheoremon graphs”, Ann. of Math., 32 (1931), 378-

390.
P. Wnkler, "Venn diagrans: sonme observations and an open

problem " Congressus Nunerantium 45 (1984), 267-274.




