A VARIANT OF HOPF LEMMA FOR SECOND ORDER
DIFFERENTIAL INEQUALITIES

YIFEI PAN AND MEI WANG

ABSTRACT. We prove a sequence version of Hopf lemma, which is essentially
equivalent to the classical version. We show the applications of the new ver-
sion, especially in characterizing zeros of solutions of second order ordinary
differential inequalities.

The classical Hopf Lemma is a fundamental result in the theory of differential
equations. In this paper, we prove a Hopf Lemma with weaker assumptions and
we will show its applications, especially its usefulness in characterizing zeros of
solutions of second order ordinary differential inequalities. Our work is motivated
in part by recent research and development in this area [2, 3, 4].

In the first section we state main results and two examples. The proofs of the main
theorem and its lemmas are provided in the next section, followed by a section
containing the proofs of the rest results.

1. CrLAssicAL HOPF LEMMA AND MAIN RESULTS

The classical Hopf Lemma can be stated as the following [5].

Hopf Lemma. Let u € C?(a,b) ,u € C'(a,b] and u”(x) + a(x)u'(z) + B(z) <0 for
x € (a,b), where |a(x)] < C, |B(x)] < C for some constant C. If u(x) > 0 for
x € (a,b) and u(b) =0, then u'(b) < 0.

The main result Theorem 1 is a sequence version of the Hopf Lemma. First we
state a concise version parallel to the stated classical version.
Theorem 1*. Let u € C%(a,b), u € C'(a,b]. Assume
L(u)(z) = u"(z) + a(z)u/(z) + B(z)u(z) <0, x € (a,b)
where |a(x)|, |B(x)| < C. If there exists a sequence
{z} C (a,b), xp —b, wu(xg)>0 and u(b) =0,
then u'(b) < 0.
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The more general version with weaker assumptions is stated below as Theorem
1, which is a more practical form for applications. We also added the statement
corresponding to the left endpoint of the interval. Theorem 1* is a special case of
Theorem 1 when v exists at the endpoint.

Theorem 1. Let u € C?(a,b). Assume
L(u)(z) = u"(z) + a(z)u/(z) + B(z)u(z) <0, z € (a,b) (1)
where |a(x)|, |8(z)] < C. If u € C(a,b] and if there exists a sequence
{zx} C (a,b), =z —b, wu(xzg) >0 and u(b) =0,
u(z)

b < 0. If u € Cla,b) and if there exists a sequence

then lim sup
z—b—

{zr} C (a,b), =z —a, u(zg)>0 and u(a) =0,

u(x
then lim sup (7)
z—a+ LT —Q

> 0.

It is clear that if the classical Hopf lemma holds with u(xz) > 0 on (a,b), then
Theorem 1 and Theorem 1* hold. Corollary 2 shows that the reverse is true in
a neighborhood of b, therefore Theorem 1 (consequently Theorem 1*) and the
classical Hopf lemma are essentially equivalent.

Corollary 2. Let u € C*(a,b), u € C(a,b]. Assume u(b) = 0 and (1) holds. If
there is a sequence {xp} C (a,b) such that x, — b, u(zy) > 0, then there exists
d > 0 such that u(z) >0 for z € (b—9,b) C (a,b).

Theorem 1 is useful in studying zeros of solutions of differential inequalities. First
we define transverse zeros.

Definition 3. Let f(x) be a continuous function on [a,b], f € C!(a,b). If 29 €
(a,b), f(xo) =0, f'(xg) # 0, then zg is called a transverse zero.

We relax the definition of transversality at an endpoint where the one-sided de-

rivative may not exist. If f(b) = 0, if there exists § > 0 such that f(z) > 0,
Vz € (b—4,b) and limsup, ,;_ W < 0,o0r f(x) <0,Vxr e (b—0,b) and
f@)=f()

limsup, ., ===~ > 0, then b is a transverse zero of f. The transversality at

xo = a is defined similarly.

Denote

€ [a,b], f(x) =0}
€ [a,b], f(x) > 0}
€ [a,b], f(x) < 0}
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From the definitions it is clear that J,J_ are unions of disjoint open intervals
(half open at boundaries). Since at a transverse zero in (a,b) the function must
cross x axis from f < 0to f > 0 or from f > 0 to f < 0, a transverse zero in (a, b)
must be a common endpoint of an interval in Jy and an interval in J_.

Hopf Lemma gives the condition when a solution has a transverse zero (not a cross
zero with f/ = 0). The following theorem characterizes the behavior of zeros of
the solutions of differential inequality (1), especially the uniform finiteness of the
number of transverse zeros. The conclusion of Theorem 4 shows that solutions of
differential inequality (1) possess no isolated non-transverse zeros, thus clarifies
certain issues in previous results on zeros of solutions of differential equations as
discussed in [1] (and there mentioned [6, 7]).

Theorem 4. Letu € C%(a,b), u € C[a,b] and (1) holds. Let N_, N1, Ny denote
the numbers of intervals in J_(u), Jy(u), Jo(u) respectively, and let Zy be the
number of transverse zeros of u in [a,b]. Then N_, N4, Ny and Zy are finite, and

N_< (b—a)Lc¢, INy —N_| <1, |INo—N_| <1, |Zo— Ny —N_| <1,
where Lo < 00 s a constant depending only on C, and Lo < %.

Theorem 4 can be in term of non-homogeneous, nonlinear ordinary differential
equations as stated in Theorem 5 below. Although finiteness of zeros of solutions of
homogeneous ordinary differential equations can be obtained from the uniqueness
theorem, it is nontrivial to obtain a uniform bound for the number of transverse
ZETOS.

Theorem 5. Let u € C*(a,b), u € Cla,b] satisfy the differential equation
u'(@) + a2)u'(z) + B@)u(z) = f(z,u), @€ (a,b)
with |a(2)], 18(z)| < C. If
flz,y) <0, V(z,y) € (a,b) XR,
then for any solution u, the number of transverse zeros of u in [a,b] is bounded by

(4C+2)
In(2C+2)

2(b—a)Lc + 2, where Le is a constant depending only on C, and Lo <

Corollary 6 below describes the convexity of u in Theorem 1 at certain critical
points.

Corollary 6. Assume (1) holds for u € C%(a,b), u € Cla,b]. Ifu(zg) = u'(z0) =0

for some xg € (a,b), then u(xg) is a local mazximum.

Notice that under the assumptions of Corollary 6, it is immediate that L(u)(zo) =
u”(zg) < 0 by L(u) < 0. Applying Theorem 1 excludes the case of zy being an
inflection point to obtain the maximum property in Corollary 6.
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More general critical points are discussed in Corollary 7 below, which shows that
L(u) < 0 is not the same as convexity.

Corollary 7. Assume (1) holds for u € C?(a,b), u € Cla,b]. If u'(xg) = 0 for
some g € (a,b) and b(x)u(zo) > 0 in a neighborhood of xq, then u(xo) is a local
mazimum.

Theorem 1, Theorem 4 and Corollary 6 can be applied to nonlinear functionals as
stated in Theorem 8 and Corollary 9 below.

Theorem 8. Let
oF
F(x1,22,13,74) € C'(RY), —— >0.
Oxy
If u,v : [a,b] — R,u,v € C*(a,b), u,v € Cla,b] satisfy
F(x,u,u',u") < F(z,v,v",0"), x € (a,b)

and u(xzo) = v(zo), u'(xo) = v'(x0) for xo € (a,b), then u(z) < v(z) in a neigh-
borhood of xg.

A point xg is a transverse intersection of two functions u and v if and only if g
is a transverse zero of w = u — v.

Corollary 9. Let

OF
F($1,$2,ﬂf3,x4) E CI(R4)7 5 > O
Ox4
If u,v: [a,b] — R,u,v € C?(a,b), u,v € Cla,b] satisfy
F(z,u,u u") < F(z,v,0',0"), x € (a,b),

then the number of transverse intersections of u and v is bounded by 2(b—a)Lc+2,
and the number of u = v intervals is bounded by (b — a)Lo + 1, where L¢ is a
(4C+2)

m(2C+2)

constant depending only on C, and Lo <

The following two examples show the type of applications of the above results.

Example 1. For n > 0, the function

1
u(0) =0, u(z) = 2" sin —
T

is a solution of the differential equation
L(u) =v" + a(z)u' + B(z)u =0
with

a(r) =272 gy = 1HI 0T

xz T
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In addition, u € C%(a,0), u € C[a,0] for any a < 0. For any b € (a,0), the absolute
values of the coefficients |a(x)| and |3(z)| are bounded by C on interval (a, b) for
any C' > (1+ (n? —n)b?)/b%. The conclusions of Theorem 1 and Theorem 4 and
the corollaries hold.

Since a(z) and B(x) are not bounded near x = 0, Theorem 1 and Theorem 4 do
not apply to u on the interval (a,0). Notice that u/(0) = 0, and there are infinitely
many transverse zeros in (a,0).
Example 2. The differential inequality
L(u) =" <0, z e (-1,1)
has many solutions. One of them is
0 <0
u(z) =< "’ - € (2,00),
@ {_ TSy rew
which satisfies the non-homogeneous, non-Lipschitz differential equation
W= —p(p—Du'"?P <0,  wel?-1,1), uec[-1,1].

u satisfies the assumptions in Theorem 1, Theorem 4 and the corollaries for any
C > 0, therefore the conclusions hold. Notice that u has no transverse zeros and
there are uncountably many non-transverse zeros. However the non-transverse
zeros form a closed interval [—1,0] C [-1,1].

2. PROOFS OF LEMMAS AND THEOREM 1

We need three lemmas to assist the proof of the main result Theorem 1.
First we explicitly construct a function h with /(b) > 0. Eventually we will prove
Theorem 1 by showing u/(b) < —eh/(b) < 0.
Lemma 10. Let
L(u)(z) = u"(z) + a(z)u/(z) + f(@)u(z), |o(z)], B@)| < C, € (a,b).
Consider the function
h(z)=e @70 _q, x € [a,b)].
If v > C + 1, then
h(b) =0 and h(z) >0, L(h) >0 for x € (a,b).
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Proof of Lemma 10. Calculation shows that h(b) = 0 and h(x) > 0 for z € (a,b).
L(h)(x) = h"(z) + a(z)W (z) + B(x)h(z)
— 72677(9«“47) _ a(xhe*v(x*b) + B(x) (G*W(ff*b)*l)
> e 52— a(a)ly - [B(2)] (1 - @) |
> @ (2 0y - )

using |1 — @[ <1 and |a(z)|,|B(x)| < C in the last inequality. When C' =0,
it is clear that L(h) > 0 for any v > 0. For C' > 0, by the quadratic formula,

c+veCr+4Cc C C
v > i i = +5V1+4/C

2 .
—Cy—C>0 if
rotrmte ! 2 272

By Taylor’s formula for /1 + z at 0,
V1+4/C=1+2/C—2(146)732/C* <1+2/C, where e (0,4/C).
Hence
%—F% 1+4/C<C+1.
Therefore for the given C,
v>C+1 = V¥—-Cy-C>0 = Lh)>0

This concludes the proof of Lemma 10. O
Next, we construct an auxiliary function m such that m(xz) > 0 on an interval
(b_nvb] C (a’b]'

Lemma 11. Let
L(u)(z) = u"(z) + a(x)u'(z) + f@)u(z),  |a(@)], f@) <C, € (a,b).

Consider the function

m(z) =M — @b, x € [a,b].
If
. [In(2C + 2)
= < b S M AN
v=2C+1, n_mln{ 1C 12 , b a}
then

m(b) >0 and m(z)>0, L(m)<0 for ze€(b—mn,b)C(a,b).
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Proof of Lemma 11. For x € (b—n,b], we have z —b < 0 < 1, €7@ < 7 thus
m(z) > e’ — e’ =0. For z € (b—n,b),

L(m)(z) = m"(z) + a(z)m/(z) + B(z)m(z)
= 2@ _ o (2)ye @Y 4 B(z) (6777 _ ev(ﬂc*b)>

< @b) [_72 1 la(@)|y + |8(2)] (ewﬂ-v(b—x) — 1)}

< V@) (=72 4+ Cy+C (27— 1)]

where we applied b — z < 7 to obtain the last inequality. To make the last
expression < 0, we may choose €277 — 1 <« while v > 2C, so that

—P+ Oy +C (¥~ 1) < =2 + 207 < 0.
Therefore for v =2C + 1 > 2C,
In(2C+2) In(1+7)
TS T40v2 T
for x € (b—n,b) C (a,b). Hence Lemma 11 holds. O

= MM <14+y = L(m)<0

The auxiliary function m in Lemma 11 is used to establish a maximum principle
on small intervals near b, as stated in Lemma 12 below.
Lemma 12. Let u € C*(a,b), u € C(a,b],

L(u)(z) = u"(z) + a(x)u'(z) + B(z)u(z),  |a(z)], Blz)| <C, =z € (a,b)
and let

In(2C + 2)
(d7b)c(a7b)7 a/<d<b—’]’]7 W
If
u(d) >0, uw(b) >0 and L(u) <0 on (d,b),
then

u(z) >0, Vz € (d,b).
Proof of Lemma 12. Let
2(x) = :L((Z)), m(z) =" — @b, x € [d,b].
By Lemma 11, m(x) for x € [d,b]. So z(z) is well defined, and u(xz) > 0

>0
if and only if z(x) > 0. By the differentiability of u(z) and m(x), we have z €
C?(d,b), z € C[d,b] and

L(u) = (m(z)z(x))" + a(z) (m(z)z(2)) + B(z) (m(z)z(z)
=m(xz)z"(z) + [2m/(z) + a(z)m(z)] 2/ (z) + L(m)z(z).
Since L(u) < 0 and m > 0, the above inequality is equivalent to

() 4 @) HoDml@) ;((”;)) 2(x) < 0. (2)

m(z)
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By the continuity of z on [d, b], in order to prove z(z) > 0 we only need to show

i — mind 2(d), z(b), mi > 0. 3
iy +(a) = win {(d), =), min +(o)} ®)
From m(d) > 0, m(b) > 0 and the assumptions u(d) > 0,u(b) > 0 we have

_ u(d)

If z(c) = minge(gp) 2(x) < 0 for some ¢ € (d,b), then 2'(c) = 0,2"(c) > 0.
Evaluating inequality (2) at z = ¢,

ey 4 (o)

m(c)
which would contradict z(c) < 0. Therefore

rr&rz)z(x) >0 = (3)holds = u(x)=z(z)m(x)>0, Vz € [d,b].
xe(d,

2(c) <0, L(m)(c) >0, m(c) >0, 2'(c) >0 = 2(c)<0

This completes the proof of Lemma 12. O

Now we prove the main result Theorem 1.

Proof of Theorem 1. Recall L(u) = u" + a(z)u’ + f(x)u <0, |a(z)|, |B(x)] < C.
Let
w(z) = u(zr) — eh(x), x € [a, b
where € > 0 is to be determined, and let
hiz) =€ 1 y=20+1.
Notice that h(b) = 0, L(h) > 0 for 2 € (a,b) by Lemma 10. When u € C(a,b],
u(b) = 0, we have
w(b) = u(b) — eh(b) =0, L(w) = L(u) —eL(h) <0, =€ (a,b).
By the assumption, there are x; — b such that u(zy) > 0. Since h > 0, we may
choose kg and € such that
In(2C + 2) (k)

b—ap, < X T2 - .
Th="yove 0 € >0

Then
w(xg,) = u(zk,) — €0h(zk,) = 0.
Applying Lemma 12 on (d, b) = (xk,,b),
w(zg,) =w(b) =0, L(w) <0, € (vk,b) = w>0, z€ (x,b).
So
w(z) =w(x) —wb) >0 = u(x)—ud)>ech(x)—nhd), zc(rg,bd).
Consequently,




Taking the limit x; — b,

lim sup ulzr) = u(b) < —eh/(b) = —ey < 0.

Ey—b xp—b
Thus
lim sup M = lim sup M < limsup M <0.
z—b— T — x—b— T — zp—b T — b

If instead we have u € C(a,b], u(a) = 0 and {zx} C (a,b) such that z —
a+, u(xg) > 0, then an analogous argument will lead to

lim sup u(@)
rz—a+ LT —Q

> 0.

This completes the proof of Theorem 1. O

Remarks on Theorem 1.

e The result of Theorem 1 includes the case lim sup u(:z:)b =
z—b— T —

e From the last step of the proof we can see that, under the assumption
u € C(a,b] in Theorem 1*, we have

u'(b) = u’_(b) < limsup u(zg) — u(b)

_ < < 0.
Tr—b xR —0b

Therefore Theorem 1* holds.

3. PROOFS OF COROLLARIES AND OTHER THEOREMS

The following is the proof of Corollary 2, which establishes the equivalence of
Theorem 1 and the classical Hopf lemma.

Proof of Corollary 2. By the assumption, there is a sequence {zx} C (a,b) such
that xx — b, u(xzk) > 0. We need to show u(x) > 0 in a neighborhood of b.

If u(x) > 0 but not u(x) > 0 in any neighborhood of b, there would exist a
sequence {bx} C (a,b), by — b such that u(by) = 0. Then the limit

lim sup 7u(bk) — ulb) < lim sup 7u(x) — ulh)

<0
b —b k — b T—b— x—b

by the result of Theorem 1, contradicting to the fact that the left most term = 0.

If u(x) > 0 did not hold in any neighborhood of b, there would exist a sequence
{br} C (a,b), by — b such that u(by) < 0. By the assumption, there is a sequence
x — b, u(z) > 0, so u(x) would oscillate around 0 in any neighborhood of b. By
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the convergence of by, x to b and the continuity of u, there would exist ky and
b',b" such that b’ < by, < b and
In(2C + 2)
4C +2
Since L(u) < 0, Lemma 12 = u > 0 on (b/,b"), contradicting to u(bg,) < 0.

uw(d') =u(®") =0, vV —b <

We have proved Corollary 2 by proof of contradiction. O

We now prove Theorem 4, which describes the behavior of zeros of u(z) in [a, b].
Proof of Theorem 4. By the definition of J,J_, We my write

(aj,b;) with wu(z) >0 Vz € (a;,bj), Vi,

~
=
Il
NG

<
Il
—

(af, b)) with u(x) <0 Vz e (a},b}), Vj,

N
=

[
s

<.
Il
-

where we allow the interval to be half open if a or b is one of the endpoints. Since
u(r) < 0,Vx € (a},b;) C J- and u(a}) = u(b;) = 0 for any j, Lemma 12 and

(AR
L(u) <0 imply b; —a} > lnfécff). Thus J_ contains finitely many intervals, and

the number of intervals N_ satisfies

.
In(2C + 2) P 4C + 2
(== < —ad)<b— — N.<(h—a)—r'Z
N ( AC +2 >—;(bﬂ @) sb-a N-<C-adyneiy

Next we show that each interval in J; must have its neighbors in J_. For any
(aj,bj) € J4+ and any sequence xj, € (aj,bj), x; — bj, by definition we must have
u(xy) > 0 and u(b;) = 0. If b; < b, then «'(b;) < 0 by applying Theorem 1* to
interval (aj,b;). Therefore u is strictly decreasing at b;, so u(z) < 0 for > b;
in the immediate neighborhood of b;, thus (a;,b;) must be the left neighbor of an
interval (aj,b;) = (b;,b}) C J_ for some i. Similarly, if a < aj, for any sequence
xy € (aj,bj),zy — aj, we must have u(zy) > 0,u(aj) = 0, hence u'(a;) > 0 by
the symmetric version of Theorem 1* (with respect to the left endpoint) applied
on interval (aj,b;). Therefore u is strictly increasing at a;, then (a;,b;) must be
adjacent to an interval (a}, b)) = (a},a;) C J_ for some i. Thus each interval in J,
has its neighbors in J_, hence J4 contains Ny intervals such that [Ny — N_| < 1.

The set Jo = {z € [a,b], f(z) = 0} is compact by definition, so Jy consists of closed
intervals and discrete points. If [ag,bo] C Jo, then ag and by are not transverse
zeros. Thus ag, by are either a or b or the endpoints of some intervals in J_,
because the endpoints of intervals in J; can only be transverse zeros as proved
above. Thus the intervals in Jy are adjacent by intervals in J_, so Jy contains Ny
intervals and |[Ng — N_| < 1.
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By the property of transverse zeros, the set of end points {a;, b;, aj, b;} of J_,J4

includes all transverse zeros of u. Thus the number of transverse zeros Zj is finite
and |Zyp — N_ — N4| < 1.

This concludes the proof of Theorem 4. O

Since
|Zo—N_—N4| <1 = Zy<N_+N;y+1<2N_+2<2(b—a)Lc,

we can see that Theorem 5 is a rephrase of parts of Theorem 4 so no new proof
is needed. We now prove Corollary 6 which describes a type of convexity of u in
Theorem 1.

Proof of Corollary 6. By the assumption, u(xg) = u/(z9) = 0. If v < 0 did not
hold in a neighborhood of z¢, there would exist a sequence z; — z¢ with u(z;) > 0.
We only need to consider either z; < xg,Vj or x; > xo,Vj.

If ; < x0,Vj, Theorem 1* applies to u(z) and {z;} on interval (a,z), thus by
Theorem 1%, u/(xg) < 0, contradicting to the assumption u/(zg) = 0.

If x; > x0,Vj, the same conclusion can be arrived by using the symmetric version
of Theorem 1* (for the case u(a) = 0,z — a,u(xr) > 0) on interval (xq,b).

This concludes the proof of Corollary 6. (]

Below we prove Corollary 7 which is on general critical points.

Proof of Corollary 7. Let u(x) = u(x) — u(xg), then @'(xg) = @(xy) = 0. By
the assumption, there is § > 0 such that g(x)u(xg) > 0 for = € (z¢ — J,xo + 9).
Therefore,

L(a)(x) = L(u)(x) — B(z)u(xo) <0,  x € (xo —b,2z0 +9).

Applying Corollary 6 to (xg — d,z¢o + ) we have @(x) < 0 in a neighborhood of
xo, which implies u(x) < u(zp) in a neighborhood of xy. This concludes the proof
of Corollary 7. (]

Next we prove Theorem 8, which is an application of Theorem 1 and Corollary 6
to nonlinear functionals.

Proof of Theorem 8. Since F € C*(R*), we may write
0> F(z,u,u/,u") — F(z,v,v,0")

1
:/ 21; (2, But (1— 0y, ' + (1 — O), Bu” + (1 — O)") db
0

Lor LoF
_ it o il no__ 0 il
(u—w / (9:1:2d9 + (v =) ; 8x3d9 + (u" =" ; 8ar4d0
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Slnce ~ > 0, we may define

o) = | Md&// dee 3o = [ axgde// @de (@)

Let w = u — v for z € (a,b). ThenweCQ(a b), w € Cla,b] and
w(wg) = w'(xg) = 0, Lw) =w" + a(z)w + B(z)w <0, =z € (a,b).

Corollary 6 implies w(x) < w(xp) = 0 in a neighborhood of x¢, thus u(z) < v(x)
in a neighborhood of xy. This concludes the proof of Theorem 8. O

The beginning of the proof of Corollary 9 is analogous to that of Theorem 8, then
Theorem 4 is applied.

Proof of Corollary 9. Follow the proof of Theorem 8, the assumptions lead to
L(w) = w" + a(x)w’ + B(x)w <0

where w = u — v, w € C?(a,b), w € Cla,b] and a(z),B(x) are as in (4). By
Theorem 4, the number of transverse zeros of w is bounded by 2(b—a) Lo 42, and
the number of identically zero intervals of w is bounded by (b—a)Lc+1. Therefore
the number of transverse intersections of u,v is bounded by 2(b — a)L¢ + 2, and
the number of intervals where u = v is bounded by (b—a)Lc 4 1. This proves the
conclusion of Corollary 9. O
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