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1 Æ�B ϕ(z) � |z| < 1 +zl�3 |ϕ(z)| < 1 ��k%� Schwarz Æ�Æ)=sP)8�:I�
|ϕ

′

(z)| ≤ (1 − |ϕ(z)|2)/(1 − |z|2)

1984 ,�i [1] 63�Fu�?u1R8SfI�0 ϕ(z) "4�Q_pF��
|ϕ

′′

(z)| ≤
2!(1 + |z|)

(1 − |z|2)2
(1 − |ϕ(z)|2)W_�i [2] qyX
W, n u1R8�
SfI�

|ϕn(z)| ≤
n!(1 − |ϕ(z)|2)

(1 − |z|2)n

n−1
∑

m=0

I(n,m)|z|m/- I(n, 0) = 1, I(n, 1) = n − 1, I(n,m) =
m
∑

k=1

(

n−1
n−k−1

)

I(n − k,m − k);m ≤ n − 1,m =

1, 2, ...n− 1.�i(8��Z �|ZR n u1R8Q�98�
SfI��
"�lw8 n u1R8SfI�.�yX=s�>L 1.1 B ϕ(z) � |z| < 1 +zl�3 |ϕ(z)| < 1 ��
|ϕ(n)(z)| ≤

n
∑

v=1

Av

|z|n−v

(1 − |z|2)n

n!(n− 1)!

(n− v)!(v − 1)!/- A2m+1 = 1 − |c0|
2 − ...− |cm|2 � A2m+2 = 1 − |c0|

2 − ...− |cm|2 � m = 0, 1, 2, ...

cm = 1
m! [ϕ

(m)(z)(1 − |z|2)m +
m−1
∑

j=1

(−1)j m!(m−1)!
j!(m−j)!(m−j−1)! z̄

j(1 − |z|2)m−jϕ(m−j)(z)].7#m~�-A� (1981.) �-�$sAz;�UL�)MDN�[S��� E-mail: dymdsy@163.com



2 TM 1.1 B ϕ(z) � |z| < 1 +zl�3 |ϕ(z)| < 1 ��
|ϕ(n)(z)| ≤

n!(1 − |ϕ(z)|2)

(1 − |z|2)n
(1 + |z|)n−1TM 1.2 B ϕ(z) � |z| < 1 +zl�3 |ϕ(z)| < 1 ��0 n ≥ 3 F�

|ϕ(n)(z)| ≤
n!(1 − |ϕ(z)|2)

(1 − |z|2)n
(1 + |z|)n−1 −

n!|ϕ′(z)|2

(1 − |z|2)n−2
[(1 + |z|)n−1 − |z|n−1 − (n− 1)|z|n−2]'e�k%`Y���Q?�('Y!-X�38Æ��63�� Bohr?�Q�98Sf�

2 ?�b
 8('g����Q�
sh B = {ϕ(z) : ϕ(z) � D �zl�3 |ϕ(z)| < 1} �/- D g.h��?� 1.1 8('~�s&�OÆ��[L 2.1 (o [3]) B f(z) ∈ B �H(D) = {D �8^zlZR }�h H ′(D)g H(D)�8u}JZ�j��B H ′(D) �8<^u}JZ L �s&8�:I �
|L2(

f(z) − f(ζ)

z − ζ
)| ≤ |L|2(

1 − f(z)f(ζ)

1 − zζ̄
) (2.1)/- L2 �K L2(ϕ) = L(L(ϕ)) � ϕ = ϕ(z, ζ) U� z zl�3U� ζ zl	 |L|2 �K

|L|2(ψ) = L(L(ψ)) � ψ = ψ(z, ζ̄) U� z zl�3U� ζ̄ zl�[L 2.2 (o [3]) B f(z) ∈ B �> f(z) =
∞
∑

n=0
anz

n ��0 n ≥ 0 F�
|a2n+1| ≤ 1 − |a0|

2 − ...− |an|
2,

|a2n+2| ≤ 1 − |a0|
2 − ...− |an|

2.'Æ�� [3] -$�P('�gK��"�k%P"('�^ �Æ� 2.1 )B H ′(D) �8<^u}JZ L � (2.1) I ��
g f(z) =
∞
∑

n=0
anz

n �X

f(z) − f(ζ)

z − ζ
=

∞
∑

n=0

an

zn − ζn

z − ζ
=

∞
∑

n=1

an(

n−1
∑

m=0

zn−1−mζm)

1 − f(z)f(ζ)

1 − zζ̄
= (

∞
∑

n=0

znζ̄n)[1 − (

∞
∑

n=0

anz
n)(

∞
∑

m=0

āmζ̄
m)]

= (

∞
∑

n=0

znζ̄n) − (

∞
∑

n=0

znζ̄n)(

∞
∑

n=0

anz
n)(

∞
∑

m=0

āmζ̄
m)



3Bu}JZ L(F ) = F (0) �
6 F � 0 =8 Taylor  �I8�Rw��
L2(

f(z) − f(ζ)

z − ζ
) = Lζ(Lz(

f(z) − f(ζ)

z − ζ
))

= Lζ(
∞
∑

n=1

an(
n−1
∑

m=0

zn−1−mζm))

= Lζ(

∞
∑

n=1

anζ
n−1) = a1

|L|2(
1 − f(z)f(ζ)

1 − zζ̄
) = Lζ(Lz(

1 − f(z)f(ζ)

1 − zζ̄
))

= Lζ(Lz((

∞
∑

n=0

znζ̄n) − (

∞
∑

n=0

znζ̄n)(

∞
∑

n=0

anzn)(

∞
∑

m=0

āmζ̄m)))

= Lζ(1 − a0

∞
∑

m=0

āmζ̄m)

= Lζ(1 − ā0

∞
∑

m=0

amζ
m)

= 1 − |a0|
2�� (2.1) I6 |a1| ≤ 1 − |a0|

2.Q�
;�>B L(F ) = F (p)(0)
p! �
6 F � 0 =8 Taylor  �I8 p (wqR��

L2(
f(z) − f(ζ)

z − ζ
) = Lζ(Lz(

f(z) − f(ζ)

z − ζ
))

= Lζ(

∞
∑

n=1

an(

n−1
∑

m=0

zn−1−mζm))

= Lζ(

∞
∑

n=p+1

anζ
n−1−p) = a2p+1

|L|2(
1 − f(z)f(ζ)

1 − zζ̄
) = Lζ(Lz(

1 − f(z)f(ζ)

1 − zζ̄
))

= Lζ(Lz((

∞
∑

n=0

znζ̄n) − (

∞
∑

n=0

znζ̄n)(

∞
∑

n=0

anzn)(

∞
∑

m=0

āmζ̄m)))

= Lζ(ζ̄p − (

p
∑

n=0

ζ̄nap−n)(

∞
∑

m=0

āmζ̄m))

= Lζ(ζ
p − (

p
∑

n=0

ζnāp−n)(

∞
∑

m=0

amζ
m))

= 1 −

p
∑

n=0

|ap−n|
2

= 1 − |a0|
2 − ...− |ap|

2



4 �� (2.1) I6 |a2p+1| ≤ 1 − |a0|
2 − ...− |ap|

2.3�Æ)�0 n ≥ 0 F |a2n+1| ≤ 1 − |a0|
2 − ...− |an|

2.s(0 n ≥ 0 F |a2n+2| ≤ 1 − |a0|
2 − ...− |an|

2.� g(z) = zf(z) =
∞
∑

n=0
bnz

n ����Æ)
|b2n+1| ≤ 1 − |b0|

2 − ...− |bn|
2 (n = 0, 1, 2, ...)0�3 b0 = 0 �0 n ≥ 0 F bn+1 = an ��

|a2n| ≤ 1 − |a0|
2 − ...− |an−1|

2 (n = 1, 2, 3, ...)

|a2n+2| ≤ 1 − |a0|

2 − ...− |an|
2 (n = 0, 1, 2, ...),'Æ�6(�s&P"?� 1.1 8('�^ ϕ(z) ∈ B ���

F (z) = ϕ(
z + ζ

1 + ζ̄z
) =

∞
∑

v=0

cvz
v ∈ B/- cv � ζ �U�

ϕ(z) = F (
z − ζ

1 − ζ̄z
) =

∞
∑

v=0

cv(
z − ζ

1 − ζ̄z
)v ∈ B

ϕ(n)(ζ) =

∞
∑

v=0

cv
dn

dzn
(
z − ζ

1 − ζ̄z
)v|z=ζ�0 v ≥ 1 F�� f(z) = (z − ζ)v � g(z) = (1 − ζ̄z)−v ��

dn

dzn
(
z − ζ

1 − ζ̄z
)v =

dn

dzn
[(z − ζ)v(1 − ζ̄z)−v]

=
dn

dzn
(f(z)g(z)) =

n
∑

k=0

(

n

k

)

f (k)(z)g(n−k)(z)

f (k)(z) =

{

v!
(v−k)! (z − ζ)v−k k ≤ v

0 k > v

g(n−k)(z) =
(v + k − 1)!

(v − 1)!
ζ̄k(1 − ζ̄z)−v−kX


dn

dzn
(
z − ζ

1 − ζ̄z
)v|z=ζ =

{

0 n < v
(ζ̄)n−v

(1−|ζ|2)n

n!(n−1)!
(n−v)!(v−1)! n ≥ v



5)#
ϕ(n)(ζ) =

∞
∑

v=0

cv
dn

dzn
(
z − ζ

1 − ζ̄z
)v|z=ζ

=

n
∑

v=1

cv
dn

dzn
(
z − ζ

1 − ζ̄z
)v|z=ζ

=

n
∑

v=1

cv
(ζ̄)n−v

(1 − |ζ|2)n

n!(n− 1)!

(n− v)!(v − 1)!X
 |ϕ(n)(ζ)| ≤
n
∑

v=1
|cv|

|ζ|n−v

(1−|ζ|2)n

n!(n−1)!
(n−v)!(v−1)! .>�

A2m+1 = 1 − |c0|
2 − ...− |cm|2

A2m+2 = 1 − |c0|
2 − ...− |cm|2/- m = 0, 1, 2, ...���Æ� 2.2 8yXB |cv| �|L+�Æ6

|ϕ(n)(ζ)| ≤
n

∑

v=1

Av

|ζ|n−v

(1 − |ζ|2)n

n!(n− 1)!

(n− v)!(v − 1)!0�3 cm N�I1 F (z) = ϕ( z+ζ

1+ζ̄z
) =

∞
∑

v=0
cvz

v �?8��
cm =

1

m!

∂m

∂zm
ϕ(

z + ζ

1 + ζ̄z
)|z=0�i [4] )

∂m

∂zm
ϕ(

z + ζ

1 + ζ̄z
) = ϕ(m)(

z + ζ

1 + ζ̄z
)(

1 − |ζ|2

(1 + ζ̄z)2
)m

+

m−1
∑

j=1

(−1)j m!(m− 1)!

j!(m− j)!(m− j − 1)!

ζ̄j(1 − |ζ|2)m−j

(1 + ζ̄z)2m−j
ϕ(m−j)(

z + ζ

1 + ζ̄z
)�

cm =
1

m!
[ϕ(m)(ζ)(1 − |ζ|2)m +

m−1
∑

j=1

(−1)j m!(m− 1)!

j!(m− j)!(m− j − 1)!
ζ̄j(1 − |ζ|2)m−jϕ(m−j)(ζ)]q ζ ` z 
6?�yX��?� 1.1-t: Av ≤ 1− |c0|

2, v = 0, 1, 2, ...�k%�� 1− |c0|
2 B Av �|L+�63�
 1.1 �s&P"
 1.1 8('�^ �?� 1.1 8yXÆ)

|ϕ(n)(z)| ≤

n
∑

v=1

(1 − |c0|
2)

|z|n−v

(1 − |z|2)n

n!(n− 1)!

(n− v)!(v − 1)!� c0 = ϕ(z) ��



6

|ϕ(n)(z)| ≤
n

∑

v=1

(1 − |ϕ(z)|2)
|z|n−v

(1 − |z|2)n

n!(n− 1)!

(n− v)!(v − 1)!

=
n!(1 − |ϕ(z)|2)

(1 − |z|2)n

n−1
∑

m=0

(n− 1)!

m!(n−m− 1)!
|z|m

=
n!(1 − |ϕ(z)|2)

(1 − |z|2)n

n−1
∑

m=0

(

n− 1

m

)

|z|m

=
n!(1 − |ϕ(z)|2)

(1 − |z|2)n
(1 + |z|)n−1,'�
 6(�'e��6"5�X6i [6] -�63�℄
 1.1 va8yX���?� 1.1 yX-8 Av �>0 v ≥ 3 Fb�L+ Av , Av ≤ 1− |c0|

2 − |c1|
2 �)#Æ6
 1.2 �s&P"
 1.2 8('�^ �?� 1.1 8yX)

|ϕ(n)(z)| ≤
n

∑

v=1

Av

|z|n−v

(1 − |z|2)n

n!(n− 1)!

(n− v)!(v − 1)!/- A1 = A2 = 1−|c0|
2�0 v ≥ 3F Av ≤ 1−|c0|

2−|c1|
2 �c0 = ϕ(z)�c1 = ϕ′(z)(1−|z|2).)#

|ϕ(n)(z)| ≤

2
∑

v=1

Av

|z|n−v

(1 − |z|2)n

n!(n− 1)!

(n− v)!(v − 1)!
+

n
∑

v=3

Av

|z|n−v

(1 − |z|2)n

n!(n− 1)!

(n− v)!(v − 1)!

≤ (1 − |c0|
2)

2
∑

v=1

|z|n−v

(1 − |z|2)n

n!(n− 1)!

(n− v)!(v − 1)!
+ (1 − |c0|

2 − |c1|
2)

n
∑

v=3

|z|n−v

(1 − |z|2)n

n!(n− 1)!

(n− v)!(v − 1)!

= (1 − |c0|
2)

n
∑

v=1

|z|n−v

(1 − |z|2)n

n!(n− 1)!

(n− v)!(v − 1)!
+ (−|c1|

2)

n
∑

v=3

|z|n−v

(1 − |z|2)n

n!(n− 1)!

(n− v)!(v − 1)!

=
n!(1 − |ϕ(z)|2)

(1 − |z|2)n
(1 + |z|)n−1 −

n
∑

v=3

|ϕ′(z)|2|z|n−v

(1 − |z|2)n−2

n!(n− 1)!

(n− v)!(v − 1)!

=
n!(1 − |ϕ(z)|2)

(1 − |z|2)n
(1 + |z|)n−1 −

n!|ϕ′(z)|2

(1 − |z|2)n−2
[(1 + |z|)n−1 − |z|n−1 − (n− 1)|z|n−2]

3 �9}8T'�?� 1.1 �
 1.1 8('Æ)2"8yX�_"�9�/_"8yXQglw�s&k%�� Mobius �` f(z) = z+a
1+āz

���?� 1.1 8�9!A��� Mobius �` f(z) = z+a
1+āz

� z = 0 %81R�051(RN1R(F��?�
1.1 8SfIÆ)

|f (2n+1)(0)| ≤ A2n+1(2n+ 1)! = (2n+ 1)!(1 − |c0|
2 − ...− |cn|

2)



7�fV |c0| = |a|2 �0 n ≥ 1 F |cn| = 1
n! |f

(n)(0)| = |a|n−1(1 − |a|2) ��
|f (2n+1)(0)| ≤ (2n+ 1)![1 − |a|2 − (1 − |a|2)2 − |a|2(1 − |a|2)2...− |a|2n−2(1 − |a|2)2]

= (2n+ 1)!(1 − |a|2)[1 − (1 − |a|2)(1 + |a|2 + ...+ |a|2n−2)]

= (2n+ 1)!|a|2n(1 − |a|2)E��K&�B f(z) = z+a
1+āz

fV6
|f (2n+1)(0)| = (2n+ 1)!|a|2n(1 − |a|2)X
 f(z) � z = 0 %81Ru1R8Sf*�%G*f8v:�'e�k%`Y�t�T'�
 1.1 8yX�Æ�-℄38i [2] 8yX�\��t
 1.1 8yX�i [2] 8yX����� (1 + |z|)n−1 � n−1

∑

m=0
I(n,m)|z|m �
�t n−1

∑

m=0

(

n−1
m

)

|z|m � n−1
∑

m=0
I(n,m)|z|m.0 n = 2 F��iX6yX�i [1],[2] 8yXva�/0 n ≥ 3 F��iyX��i

[2] 8yX\�
g0 n ≥ 3 F��t (

n−1
m

) � I(n,m)

(

n− 1

0

)

= I(n, 0) = 1,

(

n− 1

1

)

= I(n, 1) = n− 10 m ≥ 2 F�
(

n− 1

m

)

=

(

n− 1

n− 1 −m

)

=

(

n− 1

n− 1 −m

)

I(n−m,m−m) <
m

∑

k=1

(

n− 1

n− k − 1

)

I(n−k,m−k) = I(n,m).�=�0 n = 3 F�i [2] 8yXN� |ϕ
′′′

(z)| ≤ 3!(1+2|z|+3|z|2)
(1−|z|2)3 (1 − |ϕ(z)|2) �/�i
 1.1 8yXN� |ϕ

′′′

(z)| ≤ 3!(1+2|z|+|z|2)
(1−|z|2)3 (1 − |ϕ(z)|2) �

4 Æ� 2.2 8��k%	)�=s8 Bohr ?��>L 4.1 (o [5]) B ϕ(z) =
∞
∑

n=0
anz

n � |z| < 1 +zl�3 |ϕ(z)| < 1, �0 |z| < 1
3F� ∞

∑

n=0
|an||z|

n < 1, 3 |z| = 1
3 N5i
����Æ� 2.2 k%q63� Bohr ?�Q�98Sf=s�>L 4.2 B ϕ(z) =

∞
∑

n=0
anz

n � |z| < 1 +zl�3 |ϕ(z)| < 1 �0 |z| ≤ 1
3 F�

∞
∑

n=0
|an||z|

n < 1 −
∞
∑

n=1
|an|

2 |z|2n+1

1−|z| .



8 ^ B r = |z| ��Æ� 2.2
∞
∑

n=0

|an||z|
n = |a0| + |a1|r + |a2|r

2 + |a3|r
3 + |a4|r

4 + ...+ |an|r
n + ...

≤ |a0| + (1 − |a0|
2)r + (1 − |a0|

2)r2 + (1 − |a0|
2 − |a1|

2)r3 + (1 − |a0|
2 − |a1|

2)r4

+ ...+ (1 − |a0|
2 − ...− |an|

2)r2n+1 + (1 − |a0|
2 − ...− |an|

2)r2n+2 + ...

= |a0| + (1 − |a0|
2)

∞
∑

n=1

rn −

∞
∑

n=1

(|an|
2

∞
∑

m=2n+1

rm)

= |a0| + (1 − |a0|
2)

r

1 − r
−

∞
∑

n=1

|an|
2 r

2n+1

1 − r
g |a0| + (1 − |a0|
2) r

1−r
U� r .><n�)#0 r ≤ 1

3 F
∞
∑

n=0

|an||z|
n ≤ |a0| + (1 − |a0|

2)
r

1 − r
−

∞
∑

n=1

|an|
2 r

2n+1

1 − r

≤ |a0| + (1 − |a0|
2)

1
3

1 − 1
3

−
∞
∑

n=1

|an|
2 r

2n+1

1 − r

=
2|a0| + 1 − |a0|

2

2
−

∞
∑

n=1

|an|
2 r

2n+1

1 − r�0 0 ≤ |a0| < 1 F� 2|a0|+1−|a0|
2

2 < 1 �X
0 r ≤ 1
3 F�

∞
∑

n=0

|an||z|
n < 1 −

∞
∑

n=1

|an|
2 r

2n+1

1 − r
.?�(�� : � J � V � Y
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