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1 ��J ϕ(z) ( |z| < 1 4�y�< |ϕ(z)| < 1 �)v/� Schwarz ���2F~Z26�8T�
|ϕ

′

(z)| ≤ (1 − |ϕ(z)|2)/(1 − |z|2)

1984 6�t [1] 53 E|"H|1\6XoT�0 ϕ(z) ,?I[ivO�)
|ϕ

′′

(z)| ≤
2!(1 + |z|)

(1 − |z|2)2
(1 − |ϕ(z)|2)bf�t [2] w~\n[7 n |1\6��XoT�

|ϕn(z)| ≤
n!(1 − |ϕ(z)|2)

(1 − |z|2)n

n−1
∑

m=0

I(n,m)|z|m99 I(n, 0) = 1, I(n, 1) = n − 1, I(n,m) =
m
∑

k=1

(

n−1
n−k−1

)

I(n − k,m − k);m ≤ n − 1,m =

1, 2, ...n− 1.
t6:E�Oe*��_\ n|1\6��XoT��53Va6~\�0 n = 2O�
5~\b�;���/0 n ≥ 3 O�
5~\���;�a�~\F~�GV 1.1 J ϕ(z) ( |z| < 1 4�y�< |ϕ(z)| < 1 �)
|ϕ(n)(z)| ≤

n!(1 − |ϕ(z)|2)

(1 − |z|2)n
(1 + |z|)n−1bfv/(:H�O9T" zI[?�V�B6Xo�/XoTKrP&�
t6:_�Oe* /P�_\ n |1\6Xo�"��_\�k6W53 M��B6XoT�
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2 Y�v/�es.6KG11�~Z26�8T�fV 2.1 J ϕ(z) ∈ B, ϕ(z) =
∞
∑

n=0
anz

n �)0 n ≥ 1 O� |an| ≤ 1 − |a0|
2.j �( ωk = 1, k ≥ 1 < k r.\�q ωj = e

2πi
k

j , 99 j = 1, 2, ..., k. 2-0
s ≥ k − 1 < s r.\O�v/�

ω1
s + ω2

s + ...+ ωk
s = 0,�r ω1

s +ω2
s + ...+ ωk

s = ω1
s +ω1

2s + ...+ω1
ks = ω1

s(1 + ω1
s +ω1

2s + ...+ω1
(k−1)s) =

ω1
s(ω1

s + ω1
2s + ...+ ω1

ks),  ω1
s 6= 1.J f(z) = 1

k

k
∑

j=1

ϕ(ωjz) �)
f(z) = a0 + akz

k + a2kz
2k + ...ankz

nk + ...�(
g(z) =

f(z) − a0

1 − ā0f(z)
= bkz

k + o(zk)99 bk = ak

1−|a0|2
.U� Cauchy Xo�2�G g(z) =

∞
∑

n=0
bnz

n �< g(z) ∈ B �) |bn| ≤ 1.;�3 g(z) ∈ B �) |bk| ≤ 1 �m |ak| ≤ 1 − |a0|
2 � k ≥ 1 �
�0 n ≥ 1 O�

|an| ≤ 1 − |a0|
2.~0T"?� 1.1 611�j ϕ(z) ∈ B ��(

F (z) = ϕ(
z + ζ

1 + ζ̄z
) =

∞
∑

v=0

cvz
v ∈ B99 cv " ζ �Z�

ϕ(z) = F (
z − ζ

1 − ζ̄z
) =

∞
∑

v=0

cv(
z − ζ

1 − ζ̄z
)v ∈ B

ϕ(n)(ζ) =

∞
∑

v=0

cv
dn

dzn
(
z − ζ

1 − ζ̄z
)v|z=ζ 0 v ≥ 1 O�' f(z) = (z − ζ)v � g(z) = (1 − ζ̄z)−v �)

dn

dzn
(
z − ζ

1 − ζ̄z
)v =

dn

dzn
[(z − ζ)v(1 − ζ̄z)−v]

=
dn

dzn
(f(z)g(z)) =

n
∑

k=0

(

n

k

)

f (k)(z)g(n−k)(z)

f (k)(z) =

{

v!
(v−k)! (z − ζ)v−k k ≤ v

0 k > v

g(n−k)(z) =
(v + k − 1)!

(v − 1)!
ζ̄k(1 − ζ̄z)−v−k



3
�
dn

dzn
(
z − ζ

1 − ζ̄z
)v|z=ζ =

{

0 n < v
(ζ̄)n−v

(1−|ζ|2)n

n!(n−1)!
(n−v)!(v−1)! n ≥ v2-

ϕ(n)(ζ) =

∞
∑

v=0

cv
dn

dzn
(
z − ζ

1 − ζ̄z
)v|z=ζ

=

n
∑

v=1

cv
dn

dzn
(
z − ζ

1 − ζ̄z
)v|z=ζ

=

n
∑

v=1

cv
(ζ̄)n−v

(1 − |ζ|2)n

n!(n− 1)!

(n− v)!(v − 1)!;�3 c0 = ϕ(ζ) �)��� 2.1 ��0 v ≥ 1 O
|cv| ≤ 1 − |c0|

2 = 1 − |ϕ(ζ)|22-�
|ϕ(n)(ζ)| ≤

n
∑

v=1

|cv|
|ζ|n−v

(1 − |ζ|2)n

n!(n− 1)!

(n− v)!(v − 1)!

≤
n!(1 − |ϕ(ζ)|2)

(1 − |ζ|2)n

n
∑

v=1

(n− 1)!

(n− v)!(v − 1)!
|ζ|n−v

=
n!(1 − |ϕ(ζ)|2)

(1 − |ζ|2)n

n−1
∑

m=0

(n− 1)!

m!(n−m− 1)!
|ζ|m

=
n!(1 − |ϕ(ζ)|2)

(1 − |ζ|2)n

n−1
∑

m=0

(

n− 1

m

)

|ζ|m

=
n!(1 − |ϕ(ζ)|2)

(1 − |ζ|2)n
(1 + |ζ|)n−1w ζ h� z m5?�~\�~0v/j℄�z�^1�
t6?� 1.1 ���9g36t [2] 6~\�a��z
t"t [2]6~\���(! (1+|ζ|)n−1 " n−1

∑

m=0
I(n,m)|z|m�m�z n−1

∑

m=0

(

n−1
m

)

|z|m" n−1
∑

m=0
I(n,m)|z|m.0 n = 2 O�
t
5~\"t [1] 6~\�k�/0 n ≥ 3 O�
t~\��t [2]6~\a��r0 n ≥ 3 O��z (

n−1
m

) " I(n,m)
(

n− 1

0

)

= I(n, 0) = 1

(

n− 1

1

)

= I(n, 1) = n− 10 m ≥ 2 O�
(

n− 1

m

)

=

(

n− 1

n− 1 −m

)

=

(

n− 1

n− 1 −m

)

I(n−m,m−m) <

m
∑

k=1

(

n− 1

n− k − 1

)

I(n−k,m−k) = I(n,m)



4
�0 n ≥ 3 O� n−1
∑

m=0

(

n−1
m

)

|z|m <
n−1
∑

m=0
I(n,m)|z|m �
�0 n ≥ 3 O�
t~\��t

[2] 6~\a��F�0 n = 3 O�t [2] 6~\W�
|ϕ

′′′

(z)| ≤
3!(1 + 2|z| + 3|z|2)

(1 − |z|2)3
(1 − |ϕ(z)|2)/
t~\W�

|ϕ
′′′

(z)| ≤
3!(1 + 2|z| + |z|2)

(1 − |z|2)3
(1 − |ϕ(z)|2){~�v/�� Mobius �h f(z) = z+a

1+āz
���?� 1.1 6XoT6�B!B�0 n = 1 O� |f ′(z)| 6Xo4"-P4pA�8�D0 n ≥ 2 O� |f (n)(z)| 6Xo4"-P4��8�mS( z = 0 %� |f (n)(0)| 6Xo4"-P4���8��v/536XoT�2

|f (n)(0)| ≤ n!(1 − |a|2)/PrI	oa
|f (n)(0)| = n!|a|n−1(1 − |a|2)�+�� |a|n−1 �/)9��"0 a→ 1 O� |f (n)(0)| 6Xo4Ww���-P46�

3 ��_\1\6V�B6Xo(?� 1.1 611℄!9�v/�� |cv| ≤ 1 − |c0|
2 C |cv| �
L,�~0v/w���SVr�B6T<�C cv �
L,�)D53�SVr�B6 n |1\XoT�F~�GV 3.1 J ϕ(z) ( |z| < 1 4�y�< |ϕ(z)| < 1 �)

|ϕ(n)(z)| ≤

n
∑

v=1

Av

|z|n−v

(1 − |z|2)n

n!(n− 1)!

(n− v)!(v − 1)!99 A2m+1 = 1 − |c0|
2 − ...− |cm|2 � A2m+2 = 1 − |c0|

2 − ...− |cm|2 � m = 0, 1, 2, ...

cm = 1
m! [ϕ

(m)(z)(1 − |z|2)m +
m−1
∑

j=1

(−1)j m!(m−1)!
j!(m−j)!(m−j−1)! z̄

j(1 − |z|2)m−jϕ(m−j)(z)].r 11'?���T"�S���fV 3.1 (u [3]) J f W D I6�y_\�< |f(z)| < 1 �q H(D) r D I�y_\6Ah�)C H(D) I6Ed��J_ L �~06�8T��
|L2(

f(z) − f(ζ)

z − ζ
)| ≤ |L|2(

1 − f(z)f(ζ)

1 − zζ̄
) (3.1)99 L2 �V L2(ϕ) = L(L(ϕ)) � ϕ = ϕ(z, ζ) Z! z �y�<Z! ζ �y� |L|2 �V

|L|2(ψ) = L(L(ψ)) � ψ = ψ(z, ζ̄) Z! z �y�<Z! ζ̄ �y�fV 3.2 (u [3]) J f(z) ∈ B �G f(z) =
∞
∑

n=0
anz

n �)0 n ≥ 0 O�
|a2n+1| ≤ 1 − |a0|

2 − ...− |an|
2,

|a2n+2| ≤ 1 − |a0|
2 − ...− |an|

2.



5'��( [3] 9.�T11�rK�A+�v/T"11�j ��� 3.1 2C H(D) I6Ed��J_ L � (3.1) T����r f(z) =
∞
∑

n=0
anz

n �
�
f(z) − f(ζ)

z − ζ
=

∞
∑

n=0

an

zn − ζn

z − ζ
=

∞
∑

n=1

an(

n−1
∑

m=0

zn−1−mζm)

1 − f(z)f(ζ)

1 − zζ̄
= (

∞
∑

n=0

znζ̄n)[1 − (

∞
∑

n=0

anz
n)(

∞
∑

m=0

āmζ̄
m)]

= (

∞
∑

n=0

znζ̄n) − (

∞
∑

n=0

znζ̄n)(

∞
∑

n=0

anz
n)(

∞
∑

m=0

āmζ̄
m)J��J_ L(F ) = F (0) �m� F ( 0 <6 Taylor *ÆT6�\��)

L2(
f(z) − f(ζ)

z − ζ
) = Lζ(Lz(

f(z) − f(ζ)

z − ζ
))

= Lζ(

∞
∑

n=1

an(

n−1
∑

m=0

zn−1−mζm))

= Lζ(

∞
∑

n=1

anζ
n−1) = a1

|L|2(
1 − f(z)f(ζ)

1 − zζ̄
) = Lζ(Lz(

1 − f(z)f(ζ)

1 − zζ̄
))

= Lζ(Lz((

∞
∑

n=0

znζ̄n) − (

∞
∑

n=0

znζ̄n)(

∞
∑

n=0

anzn)(

∞
∑

m=0

āmζ̄m)))

= Lζ(1 − a0

∞
∑

m=0

āmζ̄m)

= Lζ(1 − ā0

∞
∑

m=0

amζ
m)

= 1 − |a0|
2)� (3.1) T5 |a1| ≤ 1 − |a0|

2.V��9�GJ L(F ) = F (p)(0)
p! �m� F ( 0 <6 Taylor *ÆT6 p (�}\�)

L2(
f(z) − f(ζ)

z − ζ
) = Lζ(Lz(

f(z) − f(ζ)

z − ζ
))

= Lζ(

∞
∑

n=1

an(

n−1
∑

m=0

zn−1−mζm))

= Lζ(

∞
∑

n=p+1

anζ
n−1−p) = a2p+1
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|L|2(
1 − f(z)f(ζ)

1 − zζ̄
) = Lζ(Lz(

1 − f(z)f(ζ)

1 − zζ̄
))

= Lζ(Lz((

∞
∑

n=0

znζ̄n) − (

∞
∑

n=0

znζ̄n)(

∞
∑

n=0

anzn)(

∞
∑

m=0

āmζ̄m)))

= Lζ(ζ̄p − (

p
∑

n=0

ζ̄nap−n)(

∞
∑

m=0

āmζ̄m))

= Lζ(ζ
p − (

p
∑

n=0

ζnāp−n)(

∞
∑

m=0

amζ
m))

= 1 −

p
∑

n=0

|ap−n|
2

= 1 − |a0|
2 − ...− |ap|

2)� (3.1) T5 |a2p+1| ≤ 1 − |a0|
2 − ...− |ap|

2.>I�2�0 n ≥ 0 O |a2n+1| ≤ 1 − |a0|
2 − ...− |an|

2.~10 n ≥ 0 O |a2n+2| ≤ 1 − |a0|
2 − ...− |an|

2.' g(z) = zf(z) =
∞
∑

n=0

bnz
n �)�I�2

|b2n+1| ≤ 1 − |b0|
2 − ...− |bn|

2 (n = 0, 1, 2, ...);�3 b0 = 0 �0 n ≥ 0 O bn+1 = an �)
|a2n| ≤ 1 − |a0|

2 − ...− |an−1|
2 (n = 1, 2, 3, ...)m

|a2n+2| ≤ 1 − |a0|
2 − ...− |an|

2 (n = 0, 1, 2, ...)7'��51�~0T"?� 3.1 611�j �?� 1.1 611�2 |ϕ(n)(ζ)| ≤
n
∑

v=1
|cv|

|ζ|n−v

(1−|ζ|2)n

n!(n−1)!
(n−v)!(v−1)! .G'

A2m+1 = 1 − |c0|
2 − ...− |cm|2

A2m+2 = 1 − |c0|
2 − ...− |cm|299 m = 0, 1, 2, ...)���� 3.2 6~\C |cv| �
L,��5

|ϕ(n)(ζ)| ≤
n

∑

v=1

Av

|ζ|n−v

(1 − |ζ|2)n

n!(n− 1)!

(n− v)!(v − 1)!;�3 cm W�T< F (z) = ϕ( z+ζ

1+ζ̄z
) =

∞
∑

v=0
cvz

v 
?6�)
cm =

1

m!

∂m

∂zm
ϕ(

z + ζ

1 + ζ̄z
)|z=0



7�t [4] 2
∂m

∂zm
ϕ(

z + ζ

1 + ζ̄z
) = ϕ(m)(

z + ζ

1 + ζ̄z
)(

1 − |ζ|2

(1 + ζ̄z)2
)m

+

m−1
∑

j=1

(−1)j m!(m− 1)!

j!(m− j)!(m− j − 1)!

ζ̄j(1 − |ζ|2)m−j

(1 + ζ̄z)2m−j
ϕ(m−j)(

z + ζ

1 + ζ̄z
))

cm =
1

m!
[ϕ(m)(ζ)(1 − |ζ|2)m +

m−1
∑

j=1

(−1)j m!(m− 1)!

j!(m− j)!(m− j − 1)!
ζ̄j(1 − |ζ|2)m−jϕ(m−j)(ζ)]w ζ h� z m5?�~\�?� 3.1 6~\�?� 1.1 6~\V�B��F�� Mobius �h f(z) = z+a

1+āz
(

z = 0 %61\�0>1(\W:\(O��?� 3.1 6XoT�2
|f (2n+1)(0)| ≤ A2n+1(2n+ 1)! = (2n+ 1)!(1 − |c0|

2 − ...− |cn|
2)	oa |c0| = |a|2 �0 n ≥ 1 O |cn| = 1

n! |f
(n)(0)| = |a|n−1(1 − |a|2) �)

|f (2n+1)(0)| ≤ (2n+ 1)![1 − |a|2 − (1 − |a|2)2 − |a|2(1 − |a|2)2...− |a|2n−2(1 − |a|2)2]

= (2n+ 1)!(1 − |a|2)[1 − (1 − |a|2)(1 + |a|2 + ...+ |a|2n−2)]

= (2n+ 1)!|a|2n(1 − |a|2)D&�K0�	oa5
|f (2n+1)(0)| = (2n+ 1)!|a|2n(1 − |a|2)
� f(z) ( z = 0 %6:\|1\6Xo4"-P4pA�8��(?� 3.1 ~\96 Av �G0 v ≥ 3 Ol�L, Av 7 Av ≤ 1− |c0|

2 − |c1|
2 �2-�5�~n*�_W 3.1 J ϕ(z) ( |z| < 1 4�y�< |ϕ(z)| < 1 �)0 n ≥ 3 O�

|ϕ(n)(z)| ≤
n!(1 − |ϕ(z)|2)

(1 − |z|2)n
(1 + |z|)n−1 −

n
∑

v=3

(ϕ′(z))2|z|n−v

(1 − |z|2)n−2

n!(n− 1)!

(n− v)!(v − 1)!j �?� 3.1 6~\2
|ϕ(n)(z)| ≤

n
∑

v=1

Av

|z|n−v

(1 − |z|2)n

n!(n− 1)!

(n− v)!(v − 1)!99 A1 = A2 = 1−|c0|
2�0 v ≥ 3O Av ≤ 1−|c0|

2−|c1|
2 �c0 = ϕ(z)�c1 = ϕ′(z)(1−|z|2).2-
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|ϕ(n)(z)| ≤

2
∑

v=1

Av

|z|n−v

(1 − |z|2)n

n!(n− 1)!

(n− v)!(v − 1)!
+

n
∑

v=3

Av

|z|n−v

(1 − |z|2)n

n!(n− 1)!

(n− v)!(v − 1)!

≤ (1 − |c0|
2)

2
∑

v=1

|z|n−v

(1 − |z|2)n

n!(n− 1)!

(n− v)!(v − 1)!
+ (1 − |c0|

2 − |c1|
2)

n
∑

v=3

|z|n−v

(1 − |z|2)n

n!(n− 1)!

(n− v)!(v − 1)!

= (1 − |c0|
2)

n
∑

v=1

|z|n−v

(1 − |z|2)n

n!(n− 1)!

(n− v)!(v − 1)!
+ (−|c1|

2)
n

∑

v=3

|z|n−v

(1 − |z|2)n

n!(n− 1)!

(n− v)!(v − 1)!

=
n!(1 − |ϕ(z)|2)

(1 − |z|2)n
(1 + |z|)n−1 −

n
∑

v=3

(ϕ′(z))2|z|n−v

(1 − |z|2)n−2

n!(n− 1)!

(n− v)!(v − 1)!

4 /P�_\61\XoC!/P�_\ f(z) �G f(z) =
∞
∑

n=0
cnz

n �2-��9Z26}\�8T |cn| ≤ 2ℜf(0)�l;0?� 1.1 pAk�6KG�v/53GV 4.1 J f(z) ( |z| < 1 4�y�< ℜf(z) > 0 �)
|f (n)(z)| ≤

2n!ℜf(z)

(1 − |z|2)n
(1 + |z|)n−1

. "��_\�k6WI[?�
5XoT�	�0�B�~0v/�S�<^1�J f(z) = 1+z
1−z

��D f(z) W�y_\< ℜf(z) > 0 �j℄oa�5 f (n)(z) =
2n!

(1−z)n+1 �)
|f (n)(z)| =

2n!

|1 − z|n+12-0 z = x �99 x WP\< 0 ≤ x ≤ 1 O� |f (n)(x)| = 2n!
(1−x)n+1 �D&�K0��?� 3.1 6XoT�2

|f (n)(x)| ≤
2n!ℜf(x)

(1 − |x|)n

1

1 + |x|
=

2n!1+x
1−x

(1 − |x|)n

1

1 + |x|
=

2n!

(1 − x)n+1�DXo4"-P4pA�8�{~���,��_\�J f(z) W( |z| < 1 4�y6/P�_\�)~06?� 4.2 v/
iF��GJ r = |z| �2-(?� 4.1 6XoT�� 
(1 − r)n+1 �'� r → 1 O6k�
538T�m( |z| = 1 I?� 4.1 6XoW%%�B6�GV 4.2 J f(z) W( |z| < 1 4�y6/P�_\�J r = |z| �)

lim
r→1

(1 − r)n+1|f (n)(z)| = lim
r→1

2n!
1 − r

1 + r
ℜf(z)j �1 f(0) = 1 6=	�

f(z) W( |z| < 1 4�y6/P�_\�< f(0) = 1 �)( |z| = 1 I+(q�6M



9QR)�B�S5
f(z) =

∫

|η|=1

1 + ηz

1 − ηz
dµ(η),

∫

|η|=1

dµ(η) = 13{oa5
f (n)(z) = 2n!

∫

|η|=1

ηn

(1 − ηz)n+1
dµ(η)J z = reiθ0 �)

(1 − r)n+1f (n)(reiθ0 ) = 2n!

∫

|η|=1

ηn(1 − r)n+1

(1 − ηz)n+1
dµ(η)�( Fη(z) = (1−r)n+1

(1−ηz)n+1 ��r |z| < 1 � |1 − ηz| ≥ 1 − |ηz| = 1 − |z| �) |Fη(z)| ≤ 1. 
lim
r→1

Fη(z) =

{

1 η = e−iθ0

0 η 6= e−iθ0q
F0(e

iθ0) =

{

1 η = e−iθ0

0 η 6= e−iθ0)U��8X�?�
lim
r→1

(1−r)n+1f (n)(reiθ0) = 2n!

∫

|η|=1

lim
r→1

ηnFη(z)dµ(η) = 2n!

∫

|η|=1

F0(e
iθ0)ηndµ(η) = 2n!e−inθ0µ({e−iθ0})

lim
r→1

(1−r)n+1|f (n)(reiθ0 )| = | lim
r→1

(1−r)n+1f (n)(reiθ0)| = |2n!e−inθ0µ({e−iθ0})| = 2n!µ({e−iθ0})&�K0��v/�56Z!/P�_\61\XoT |f (n)(z)| ≤ 2n!ℜf(z)
(1−|z|)n

1
1+|z| ��� (1 − r)n+1, )

(1 − r)n+1|f (n)(reiθ0)| ≤ 2n!
1 − r

1 + r
ℜf(z)�( 1−r

1+r
ℜf(z).

ℜf(z) =

∫

|η|=1

1 − |z|2

|1 − ηz|2
dµ(η)k�U��8X�?�53

lim
r→1

1 − r

1 + r
ℜf(z) =

∫

|η|=1

lim
r→1

(1 − r)2

|1 − ηz|2
dµ(η) = µ({e−iθ0})2-

lim
r→1

2n!
1 − r

1 + r
ℜf(z) = 2n!µ({e−iθ0})
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�
lim
r→1

(1 − r)n+1|f (n)(z)| = lim
r→1

2n!
1 − r

1 + r
ℜf(z).~1 f(0) 6= 1 6=	�G f(0) 6= 1 �)�(

f̃(z) =
f(z) − iℑf(0)

ℜf(0)
.3{oa5� ℜf̃(z) = ℜf(z)

ℜf(0) > 0 � f̃(0) = 1. 2- f̃(z) W/P�_\�< f̃(0) = 1 �)U�I��O6~\5
lim
r→1

(1 − r)n+1|f̃ (n)(z)| = lim
r→1

2n!
1 − r

1 + r
ℜf̃(z) (4.2) f̃ (n)(z) = f(n)(z)

ℜf(0) �) (4.2) �gr
lim
r→1

(1 − r)n+1|
f (n)(z)

ℜf(0)
| = lim

r→1
2n!

1 − r

1 + r

ℜf(z)

ℜf(0)m
lim
r→1

(1 − r)n+1|f (n)(z)| = lim
r→1

2n!
1 − r

1 + r
ℜf(z).?�1��_W 4.1 J f(z) W( |z| < 1 4�y6/P�_\�< f(0) = 1 �J z = reiθ0 �

r = |z| �)
lim
r→1

(1 − r)n+1|f (n)(z)| = lim
r→1

2n!
1 − r

1 + r
ℜf(z) = 2n!µ({e−iθ0}).j �D�?� 4.2 611
�53'n*���U��B*62R�2� µ({e−iθ0}) (#I,�O<%�8! 0 �5��\S<%�5�8! 0. 2-�n* 4.1 �2�#=.s#I�\S<o� lim

r→1
(1 − r)n+1|f (n)(z)|" lim

r→1
2n!1−r

1+r
ℜf(z) 6k��8! 0._W 4.2 J f(z) W( |z| < 1 4�y6/P�_\�J z = reiθ � r = |z| �2-C~0�SP_\

ϕ(reiθ) =
1 − r

1 + r
ℜf(reiθ)

ψ(reiθ) = (1 − r)n+1|f (n)(reiθ)|��8T ψ(reiθ) ≤ ϕ(reiθ) ���j (?� 4.1 
5~\6�8T��k (1 − r)n+1 m5'n*���~0^1CE� θ � ϕ(reiθ) 0WZ! r .>;t6��r
[log(

1 − r

1 + r
ℜf(reiθ))]′ = −

2

1 − r2
+

ℜ[f ′(reiθ)eiθ]

ℜf(reiθ) 
|ℜ[f ′(reiθ)eiθ]| ≤ |f ′(reiθ)| ≤

2

1 − r2
ℜf(reiθ)
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[log(

1 − r

1 + r
ℜf(reiθ))]′ ≤ −

2

1 − r2
+

2

1 − r2
= 0
� 1−r

1+r
ℜf(reiθ) Z! r .>;t�/�r ϕ(reiθ) 0WZ! r .>;t6�2- ϕ(reiθ) 6m�
�`!�S8x0� �n* 4.1 bn* 4.2 �2 ψ(reiθ) 6m�W�
^(8x0�06�S?0�<(

r → 1 O ϕ(reiθ) b ψ(reiθ) (,�O<�8! 0.

5 �� 3.2 6��v/�2�F~6 Bohr ?��GV 5.1 (u [5]) J ϕ(z) =
∞
∑

n=0
anz

n ( |z| < 1 4�y�< |ϕ(z)| < 1 )0 |z| < 1
3O� ∞

∑

n=0
|an||z|

n < 1.���� 3.2 v/w53� Bohr ?�V�B6Xo�mGV 5.2 J ϕ(z) =
∞
∑

n=0
anz

n ( |z| < 1 4�y�< |ϕ(z)| < 1 )0 |z| ≤ 1
3 O�

∞
∑

n=0
|an||z|

n < 1 −
∞
∑

n=1
|an|

2 |z|2n+1

1−|z| .j J r = |z| ���� 3.2
∞
∑

n=0

|an||z|
n = |a0| + |a1|r + |a2|r

2 + |a3|r
3 + |a4|r

4 + ...+ |an|r
n + ...

≤ |a0| + (1 − |a0|
2)r + (1 − |a0|

2)r2 + (1 − |a0|
2 − |a1|

2)r3 + (1 − |a0|
2 − |a1|

2)r4

+ ...+ (1 − |a0|
2 − ...− |an|

2)r2n+1 + (1 − |a0|
2 − ...− |an|

2)r2n+2 + ...

= |a0| + (1 − |a0|
2)

∞
∑

n=1

rn −

∞
∑

n=1

(|an|
2

∞
∑

m=2n+1

rm)

= |a0| + (1 − |a0|
2)

r

1 − r
−

∞
∑

n=1

|an|
2 r

2n+1

1 − r�r |a0| + (1 − |a0|
2) r

1−r
Z! r .>;t�2-0 r ≤ 1

3 O
∞
∑

n=0

|an||z|
n ≤ |a0| + (1 − |a0|

2)
r

1 − r
−

∞
∑

n=1

|an|
2 r

2n+1

1 − r

≤ |a0| + (1 − |a0|
2)

1
3

1 − 1
3

−
∞
∑

n=1

|an|
2 r

2n+1

1 − r

=
2|a0| + 1 − |a0|

2

2
−

∞
∑

n=1

|an|
2 r

2n+1

1 − r 0 0 ≤ |a0| < 1 O� 2|a0|+1−|a0|
2

2 < 1 �
�0 r ≤ 1
3 O�

∞
∑

n=0

|an||z|
n < 1 −

∞
∑

n=1

|an|
2 r

2n+1

1 − r
.
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