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Y • v / � e s . 6 K G 1 1 � ~ Z 2 6 � 8 T �

f V 2.1 J ' (z) 2 B ; ' (z) =
1P

n =0
an zn

� ) 0 n � 1 O � jan j � 1 � j a0j2.

j � ( ! k = 1 ; k � 1 < k r . \ �q ! j = e
2�i

k j ; 9 9 j = 1 ; 2; :::; k. 2 - 0

s � k � 1 < s r . \ O � v / �

! 1
s + ! 2

s + ::: + ! k
s = 0 ;

� r ! 1
s + ! 2

s + ::: + ! k
s = ! 1

s + ! 1
2s + ::: + ! 1

ks = ! 1
s(1 + ! 1

s + ! 1
2s + ::: + ! 1

(k � 1)s) =
! 1

s(! 1
s + ! 1

2s + ::: + ! 1
ks );  ! 1

s 6= 1.

J f (z) = 1
k

kP

j =1
' (! j z) � )

f (z) = a0 + ak zk + a2k z2k + :::ank znk + :::

� (

g(z) =
f (z) � a0

1 � �a0f (z)
= bk zk + o(zk )

9 9 bk = ak
1�j a0 j 2 .

U � Cauchy X o � 2 � G g(z) =
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n =0
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� < g(z) 2 B � ) jbn j � 1.
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z + �
1 + ��z
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2 - �
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j� jm

=
n!(1 � j ' (� )j2)

(1 � j � j2)n (1 + j� j)n � 1
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 t 6 ? � 1.1 � � � 9 g 3 6 t [2] 6 ~ \ � a �

� z 
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�
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� + � � jajn � 1
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3 � � _ \ 1 \ 6 V � B 6 X o
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f (z) � f (� )

z � �
)j � j L j2(

1 � f (z)f (� )
1 � z ��

) (3.1)

9 9 L 2
� V L 2(' ) = L (L (' )) � ' = ' (z; � ) Z ! z • y � < Z ! � • y � jL j2 � V

jL j2( ) = L (L ( )) �  =  (z; �� ) Z ! z • y � < Z !

�� • y �

f V 3.2 ( u [3]) J f (z) 2 B � G f (z) =
1P

n =0
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� ) 0 n � 0 O �

ja2n +1 j � 1 � j a0 j2 � ::: � j an j2;

ja2n +2 j � 1 � j a0 j2 � ::: � j an j2:
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' � � ( [3] 9 . � T 1 1 � r K � A + � v / T " 1 1 �

j � � � 3.1 2 C H (D) I 6 E d � � J _ L � (3.1) T � � �

� r f (z) =
1P

n =0
an zn

� c �

f (z) � f (� )
z � �

=
1X

n =0

an
zn � � n

z � �
=

1X

n =1

an (
n � 1X

m =0

zn � 1� m � m )

1 � f (z)f (� )
1 � z ��

= (
1X

n =0

zn �� n )[1 � (
1X

n =0

an zn )(
1X

m =0

�am
�� m )]

= (
1X

n =0

zn �� n ) � (
1X

n =0

zn �� n )(
1X

n =0

an zn )(
1X

m =0
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�� m )

J � � J _ L(F ) = F (0) �m @ F ( 0 < 6 Taylor * � T 6 � \ � � )

L 2(
f (z) � f (� )

z � �
) = L � (L z (

f (z) � f (� )
z � �

))

= L � (
1X

n =1

an (
n � 1X

m =0

zn � 1� m � m ))

= L � (
1X

n =1

an � n � 1) = a1

jL j2(
1 � f (z)f (� )

1 � z ��
) = L � (L z (

1 � f (z)f (� )
1 � z ��

))

= L � (L z ((
1X

n =0

zn �� n ) � (
1X

n =0

zn �� n )(
1X

n =0

an zn )(
1X

m =0

�am
�� m )))

= L � (1 � a0

1X

m =0

�am
�� m )

= L � (1 � �a0

1X

m =0

am � m )

= 1 � j a0j2

) � (3.1) T 5 ja1 j � 1 � j a0 j2.

V � � 9 � G J L(F ) = F ( p ) (0)
p! � m @ F ( 0 < 6 Taylor * � T 6 p ( � } \ � )

L 2(
f (z) � f (� )

z � �
) = L � (L z (

f (z) � f (� )
z � �

))

= L � (
1X

n =1

an (
n � 1X

m =0

zn � 1� m � m ))

= L � (
1X

n = p+1

an � n � 1� p) = a2p+1
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jL j2(
1 � f (z)f (� )

1 � z ��
) = L � (L z (

1 � f (z)f (� )
1 � z ��

))

= L � (L z ((
1X

n =0

zn �� n ) � (
1X

n =0

zn �� n )(
1X

n =0

an zn )(
1X

m =0

�am
�� m )))

= L � ( �� p � (
pX

n =0

�� n ap� n )(
1X

m =0

�am
�� m ))

= L � (� p � (
pX

n =0

� n �ap� n )(
1X

m =0

am � m ))

= 1 �
pX

n =0

jap� n j2

= 1 � j a0j2 � ::: � j ap j2

) � (3.1) T 5 ja2p+1 j � 1 � j a0j2 � ::: � j ap j2.

> I � 2 �0 n � 0 O ja2n +1 j � 1 � j a0j2 � ::: � j an j2.

~ 1 0 n � 0 O ja2n +2 j � 1 � j a0j2 � ::: � j an j2.

' g(z) = zf (z) =
1P

n =0
bn zn

� ) � I � 2

jb2n +1 j � 1 � j b0j2 � ::: � j bn j2 (n = 0 ; 1; 2; :::)

; � 3 b0 = 0 �0 n � 0 O bn +1 = an � )

ja2n j � 1 � j a0j2 � ::: � j an � 1j2 (n = 1 ; 2; 3; :::)

m

ja2n +2 j � 1 � j a0j2 � ::: � j an j2 (n = 0 ; 1; 2; :::)

7 ' � � 5 1 �

~ 0 T " ? � 3.1 6 1 1 �

j � ? � 1.1 6 1 1 � 2 j' (n ) (� )j �
nP

v=1
jcv j j � j n � v

(1 �j � j 2 )n
n !( n � 1)!

(n � v)!( v � 1)! .

G '

A2m +1 = 1 � j c0j2 � ::: � j cm j2

A2m +2 = 1 � j c0j2 � ::: � j cm j2

9 9 m = 0 ; 1; 2; :::

) � � � � 3.2 6 ~ \ C jcv j � 
 L , � � 5

j' (n ) (� )j �
nX

v=1

Av
j� jn � v

(1 � j � j2)n

n!(n � 1)!
(n � v)!(v � 1)!

; � 3 cm W � T < F (z) = ' ( z+ �
1+ ��z ) =

1P

v=0
cv zv


 ? 6 � )

cm =
1

m!
@m

@zm
' (

z + �
1 + ��z

)jz=0
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� t [4] 2

@m

@zm
' (

z + �
1 + ��z

) = ' (m ) (
z + �
1 + ��z

)(
1 � j � j2

(1 + ��z )2
)m

+
m � 1X

j =1

(� 1)j m!(m � 1)!
j !(m � j )!(m � j � 1)!

�� j (1 � j � j2)m � j

(1 + ��z )2m � j
' (m � j ) (

z + �
1 + ��z

)

)

cm =
1

m!
[' (m ) (� )(1 � j � j2)m +

m � 1X

j =1

(� 1)j m!(m � 1)!
j !(m � j )!(m � j � 1)!

�� j (1 � j � j2)m � j ' (m � j ) (� )]

w � h � z m 5 ? � ~ \ �

? � 3.1 6 ~ \ � ? � 1.1 6 ~ \ V � B �� F � � Mobius � h f (z) = z+ a
1+�az (

z = 0 % 6 1 \ �0 > 1 ( \ W : \ ( O � � ? � 3.1 6 X o T � 2

jf (2n +1) (0)j � A2n +1 (2n + 1)! = (2 n + 1)!(1 � j c0 j2 � ::: � j cn j2)

	 o a jc0j = jaj2 �0 n � 1 O jcn j = 1
n ! jf

(n ) (0)j = jajn � 1(1 � j aj2) � )

jf (2n +1) (0)j � (2n + 1)![1 � j aj2 � (1 � j aj2)2 � j aj2(1 � j aj2)2::: � j aj2n � 2(1 � j aj2)2]

= (2 n + 1)!(1 � j aj2)[1 � (1 � j aj2)(1 + jaj2 + ::: + jaj2n � 2)]

= (2 n + 1)! jaj2n (1 � j aj2)

D & � K 0 � 	 o a 5

jf (2n +1) (0)j = (2 n + 1)! jaj2n (1 � j aj2)

c � f (z) ( z = 0 % 6 : \ | 1 \ 6 X o 4 " - P 4 p A � 8 �

� ( ? � 3.1 ~ \ 9 6 Av � G 0 v � 3 O l � L , Av 7 Av � 1 � j c0j2 � j c1j2 � 2

- � 5 � ~ n * �

_ W 3.1 J ' (z) ( jzj < 1 4 • y � < j' (z)j < 1 � ) 0 n � 3 O �

j' (n ) (z)j �
n!(1 � j ' (z)j2)

(1 � j zj2)n (1 + jzj)n � 1 �
nX

v=3

(' 0(z))2jzjn � v

(1 � j zj2)n � 2

n!(n � 1)!
(n � v)!(v � 1)!

j � ? � 3.1 6 ~ \ 2

j' (n ) (z)j �
nX

v=1

Av
jzjn � v

(1 � j zj2)n

n!(n � 1)!
(n � v)!(v � 1)!

9 9 A1 = A2 = 1 �j c0j2 � 0 v � 3 O Av � 1�j c0j2 �j c1j2 � c0 = ' (z) � c1 = ' 0(z)(1 �j zj2).
2 -
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j' (n ) (z)j �
2X

v=1

Av
jzjn � v

(1 � j zj2)n

n!(n � 1)!
(n � v)!(v � 1)!

+
nX

v=3

Av
jzjn � v

(1 � j zj2)n

n!(n � 1)!
(n � v)!(v � 1)!

� (1 � j c0j2)
2X

v=1

jzjn � v

(1 � j zj2)n

n!(n � 1)!
(n � v)!(v � 1)!

+ (1 � j c0j2 � j c1j2)
nX

v=3

jzjn � v

(1 � j zj2)n

n!(n � 1)!
(n � v)!(v � 1)!

= (1 � j c0j2)
nX

v=1

jzjn � v

(1 � j zj2)n

n!(n � 1)!
(n � v)!(v � 1)!

+ ( �j c1j2)
nX

v=3

jzjn � v

(1 � j zj2)n

n!(n � 1)!
(n � v)!(v � 1)!

=
n!(1 � j ' (z)j2)

(1 � j zj2)n (1 + jzj)n � 1 �
nX

v=3

(' 0(z))2 jzjn � v

(1 � j zj2)n � 2

n!(n � 1)!
(n � v)!(v � 1)!

4 / P � _ \ 6 1 \ X o

C ! / P � _ \ f (z) � G f (z) =
1P

n =0
cn zn

� 2 - � � 9 Z 2 6 } \ � 8 T jcn j � 2< f (0)

� l ; 0 ? � 1.1 p A k � 6 K G � v / 5 3

G V 4.1 J f (z) ( jzj < 1 4 • y � < < f (z) > 0 � )

jf (n ) (z)j �
2n!< f (z)

(1 � j zj2)n (1 + jzj)n � 1

.

" � � _ \ � k 6 W I [ ? � c 5 X o T � 	 � 0 � B � ~ 0 v / � S � < ^ 1 �

J f (z) = 1+ z
1� z � � D f (z) W • y _ \ < < f (z) > 0 � j ] o a � 5 f (n ) (z) =

2n !
(1 � z)n +1 � )

jf (n ) (z)j =
2n!

j1 � zjn +1

2 - 0 z = x � 9 9 x W P \ < 0 � x � 1 O � jf (n ) (x)j = 2n !
(1 � x )n +1 � D & � K 0 � � ?

� 3.1 6 X o T � 2

jf (n ) (x)j �
2n!< f (x)
(1 � j xj)n

1
1 + jxj

=
2n! 1+ x

1� x

(1 � j xj)n

1
1 + jxj

=
2n!

(1 � x)n +1

� D X o 4 " - P 4 p A � 8 �

{ ~ � � � , � � _ \ � J f (z) W ( jzj < 1 4 • y 6 / P � _ \ �

) ~ 0 6 ? � 4.2 v / 
 i F � � G J r = jzj � 2 - ( ? � 4.1 6 X o T � �  

(1 � r )n +1
� ' @ r ! 1 O 6 k � 
 5 3 8 T �m ( jzj = 1 I ? � 4.1 6 X o W % % �

B 6 �

G V 4.2 J f (z) W ( jzj < 1 4 • y 6 / P � _ \ � J r = jzj � )

lim
r ! 1

(1 � r )n +1 jf (n ) (z)j = lim
r ! 1

2n!
1 � r
1 + r

< f (z)

j • 1 f (0) = 1 6 = 	 �

f (z) W ( jzj < 1 4 • y 6 / P � _ \ � < f (0) = 1 � ) ( jzj = 1 I + ( q � 6 M
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Q R ) � B � S 5

f (z) =
Z

j � j =1

1 + �z
1 � �z

d� (� );
Z

j � j =1

d� (� ) = 1

3 { o a 5

f (n ) (z) = 2 n!
Z

j � j =1

� n

(1 � �z )n +1 d� (� )

J z = rei� 0
� )

(1 � r )n +1 f (n ) (rei� 0 ) = 2 n!
Z

j � j =1

� n (1 � r )n +1

(1 � �z )n +1 d� (� )

� ( F� (z) = (1 � r )n +1

(1 � �z )n +1 � � r jzj < 1 � j1 � �z j � 1 � j �z j = 1 � j zj � ) jF� (z)j � 1.

 

lim
r ! 1

F� (z) =

(
1 � = e� i� 0

0 � 6= e� i� 0

q

F0(ei� 0 ) =

(
1 � = e� i� 0

0 � 6= e� i� 0

) U � � 8 X � ? �

lim
r ! 1

(1� r )n +1 f (n ) (rei� 0 ) = 2 n!
Z

j � j =1

lim
r ! 1

� n F� (z)d� (� ) = 2 n!
Z

j � j =1

F0(ei� 0 )� n d� (� ) = 2 n!e� in� 0 � (f e� i� 0 g)

lim
r ! 1

(1� r )n +1 jf (n ) (rei� 0 )j = j lim
r ! 1

(1� r )n +1 f (n ) (rei� 0 )j = j2n!e� in� 0 � (f e� i� 0 g)j = 2 n!� (f e� i� 0 g)

& � K 0 � � v / � 5 6 Z ! / P � _ \ 6 1 \ X o T jf (n ) (z)j � 2n !< f (z)
(1 �j zj )n

1
1+ jzj � �

�  (1 � r )n +1 , )

(1 � r )n +1 jf (n ) (rei� 0 )j � 2n!
1 � r
1 + r

< f (z)

� (

1� r
1+ r < f (z).

< f (z) =
Z

j � j =1

1 � j zj2

j1 � �z j2
d� (� )

k � U � � 8 X � ? � 5 3

lim
r ! 1

1 � r
1 + r

< f (z) =
Z

j � j =1

lim
r ! 1

(1 � r )2

j1 � �z j2
d� (� ) = � (f e� i� 0 g)

2 -

lim
r ! 1

2n!
1 � r
1 + r

< f (z) = 2 n!� (f e� i� 0 g)
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c �

lim
r ! 1

(1 � r )n +1 jf (n ) (z)j = lim
r ! 1

2n!
1 � r
1 + r

< f (z):

~ 1 f (0) 6= 1 6 = 	 �

G f (0) 6= 1 � ) � (

~f (z) =
f (z) � i= f (0)

< f (0)
:

3 { o a 5 � < ~f (z) = < f (z)
< f (0) > 0 �

~f (0) = 1. 2 -

~f (z) W / P � _ \ � <

~f (0) = 1 � )

U � I � � O 6 ~ \ 5

lim
r ! 1

(1 � r )n +1 j ~f (n ) (z)j = lim
r ! 1

2n!
1 � r
1 + r

< ~f (z) (4.2)

 

~f (n ) (z) = f ( n ) (z)
< f (0) � ) (4.2) � g r

lim
r ! 1

(1 � r )n +1 j
f (n ) (z)
< f (0)

j = lim
r ! 1

2n!
1 � r
1 + r

< f (z)
< f (0)

m

lim
r ! 1

(1 � r )n +1 jf (n ) (z)j = lim
r ! 1

2n!
1 � r
1 + r

< f (z):

? � 1 � �

_ W 4.1 J f (z) W ( jzj < 1 4 • y 6 / P � _ \ � < f (0) = 1 � J z = rei� 0
�

r = jzj � )

lim
r ! 1

(1 � r )n +1 jf (n ) (z)j = lim
r ! 1

2n!
1 � r
1 + r

< f (z) = 2 n!� (f e� i� 0 g):

j � D � ? � 4.2 6 1 1 
 � 5 3 ' n * � � �

U � � B * 6 2 R � 2 � � (f e� i� 0 g) ( # I , � O < % @ 8 ! 0 � 5 � � \ S < %

� 5 � 8 ! 0. 2 - � n * 4.1 � 2 �# = . s # I � \ S < o � lim
r ! 1

(1 � r )n +1 jf (n ) (z)j

" lim
r ! 1

2n! 1� r
1+ r < f (z) 6 k � @ 8 ! 0.

_ W 4.2 J f (z) W ( jzj < 1 4 • y 6 / P � _ \ � J z = rei�
� r = jzj � 2 -

C ~ 0 � S P _ \

' (rei� ) =
1 � r
1 + r

< f (rei� )

 (rei� ) = (1 � r )n +1 jf (n ) (rei� )j

� � 8 T  (rei� ) � ' (rei� ) � � �

j ( ? � 4.1 c 5 ~ \ 6 � 8 T � � k  (1 � r )n +1
m 5 ' n * � � �

~ 0 ^ 1 C E � � � ' (rei� ) 0 W Z ! r . > ; t 6 �

� r

[log(
1 � r
1 + r

< f (rei� ))]0 = �
2

1 � r 2 +
< [f 0(rei� )ei� ]

< f (rei� )

 

j< [f 0(rei� )ei� ]j � j f 0(rei� )j �
2

1 � r 2 < f (rei� )
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)

[log(
1 � r
1 + r

< f (rei� ))]0 � �
2

1 � r 2 +
2

1 � r 2 = 0

c �

1� r
1+ r < f (rei� ) Z ! r . > ; t �

/ � r ' (rei� ) 0 W Z ! r . > ; t 6 � 2 - ' (rei� ) 6 m � 
 � ` ! � S 8 x 0 �

 � n * 4.1 b n * 4.2 � 2  (rei� ) 6 m � W � 
 ^ ( 8 x 0 � 0 6 � S ? 0 � < (

r ! 1 O ' (rei� ) b  (rei� ) ( , � O < @ 8 ! 0.

5 � � 3.2 6 � �

v / � 2 � F ~ 6 Bohr ? � �

G V 5.1 ( u [5]) J ' (z) =
1P

n =0
an zn

( jzj < 1 4 • y � < j' (z)j < 1 ) 0 jzj < 1
3

O �

1P

n =0
jan jj zjn < 1.

� � � � 3.2 v / w 5 3 � Bohr ? � V � B 6 X o �m

G V 5.2 J ' (z) =
1P

n =0
an zn

( jzj < 1 4 • y � < j' (z)j < 1 ) 0 jzj � 1
3 O �

1P

n =0
jan jj zjn < 1 �

1P

n =1
jan j2 jzj 2n +1

1�j zj .

j J r = jzj � � � � 3.2
1X

n =0

jan jj zjn = ja0 j + ja1jr + ja2jr 2 + ja3 jr 3 + ja4jr 4 + ::: + jan jr n + :::

� j a0 j + (1 � j a0 j2)r + (1 � j a0j2)r 2 + (1 � j a0j2 � j a1j2)r 3 + (1 � j a0j2 � j a1j2)r 4

+ ::: + (1 � j a0j2 � ::: � j an j2)r 2n +1 + (1 � j a0 j2 � ::: � j an j2)r 2n +2 + :::

= ja0 j + (1 � j a0 j2)
1X

n =1

r n �
1X

n =1

(jan j2
1X

m =2 n +1

r m )

= ja0 j + (1 � j a0 j2)
r

1 � r
�

1X

n =1

jan j2
r 2n +1

1 � r

� r ja0j + (1 � j a0j2) r
1� r Z ! r . > ; t � 2 - 0 r � 1

3 O

1X

n =0

jan jj zjn � j a0j + (1 � j a0j2)
r

1 � r
�

1X

n =1

jan j2
r 2n +1

1 � r

� j a0j + (1 � j a0j2)
1
3

1 � 1
3

�
1X

n =1

jan j2
r 2n +1

1 � r

=
2ja0j + 1 � j a0j2

2
�

1X

n =1

jan j2
r 2n +1

1 � r

 0 0 � j a0j < 1 O �

2ja0 j +1 �j a0 j 2

2 < 1 � c � 0 r � 1
3 O �

1X

n =0

jan jj zjn < 1 �
1X

n =1

jan j2
r 2n +1

1 � r
:
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