STUDY OF HARMONIC FUNCTIONS AND MEASURES
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1. ON MONOTONICITY OF POSITIVE INVARIANT HARMONIC FUNCTIONS

A monotonicity property of Harnack inequality is proved for positive invariant
harmonic functions in the unit ball.

1.1. Statements of results. Let B" = {x € R" : |z] < 1}, n > 2 be the open
unit ball in R”. S"~! = 9B". Consider the differential operator

1— |z

Ay=(1-faP)

H? 0 n
— + A — + A= —1—- A A eR.
(9.%'?+ zj:xjaijr <2 ) A€

We prove a monotonicity property of invariant harmonic functions that are solu-
tions of Ayu = 0 and are defined by positive Borel measures on the sphere with
respect to the Poisson kernel Py (see below).

This section describes the theorems and their corollaries. The proofs are pro-
vided in the next two sections.

Theorem 1.1. Let u be a positive invariant harmonic function defined in B™ by
a positive Borel measure i on S"~' with the Poisson kernel Py. For ( € S™1, if
A> =3 (if X< =5), the function

1—r)1
((1+T))1+2AU(7"§)

is decreasing (increasing) for 0 <r < 1, and the function

14+ 7)1
mu(rf)

is increasing (decreasing) for 0 <r < 1. Also

R R
tim(1 = 1) u(r¢) = { oo, A< =8, u({C)) > 0
2HAU({Ch), A<~ u({C}) =0

and o
. u(r¢) ol+
M A=y = /Sn_1 mdu(@-

Remarks.

(1) Invariant harmonic functions are the solutions of Ayu = 0. These solutions
also satisfy certain invariance property with respect to Mobius transforma-
tion. Invariant harmonic functions generally do not possess good boundary
regularity, as shown in Liu and Peng [11].

(2) Let u be a positive Borel measure on S"~! and Py be the Poisson kernel

1— 2142
Py(z,¢) = (|1L‘—|;2|")+2)‘



It is known that the integral
ww) = [ P Odn(©
defines an invariant harmonic function in B™ ([1], p. 119).

(3) On the completion of the current work, we learned that the limit cases for
n =2,A =0 in Theorem 1.1 were obtained by Simon and Wolff ([18], ref.
Chapter 10, p. 546 in [17]).

(4) The critical value A = —% yields the degenerate case with the constant
Poisson kernel.

The following theorem characterizes the behavior of invariant harmonic func-
tions on the rays.

Theorem 1.2. Let u be a positive invariant harmonic function defined in B™ by
a positive Borel measure p on S~ 1 with the Poisson kernel Py. Let ¢ € S™! and
0<r <r<l.

IfA> -3,

1= NP Ayl 1 DLyl
<1—:/> <1i:~> “(TC)SU(TOS(J:') (1—1) u(r'c)

If A< —3,

1+ 22+1 1 — ' n—1 1—r 22+1 1+7’I n—1
(1) () woswos(=5) (B o
For ' =0, the above becomes

(1 _ T)1+2)‘

(1 4 r)1+2)\

u(0) < u(r¢) < (1—r)n—1

u(0)

for A\ > —%, and

for A < —3.
Remark. Case A = 0 is the classical Harnack Inequality in B".

Corollary 1.3. Let U be the potential function defined in B™ by a positive Borel
measure i on S"' as follows:

1
U(x) = —d .
@ = [ i

For ¢ € S"71, if \> =2 (if \ < —%), the function
(1 =) 22U (rC)
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is decreasing (increasing) for 0 <r < 1.

In Theorem 1.1, A = 5 —1 corresponds to the Laplace-Beltrami operator A, 5_y
and the Poincaré metric. It is known([2]) that given a positive invariant harmonic
function (solutions of A,,/5_ju = 0), there exists a positive Borel measure p on
S"~1 such that

u@) = [ Pojpal@ C)du(0)

In this case the monotonicity property in Theorem 1.1 implies the following corol-
lary.

Corollary 1.4. Let u be a positive solution of A, j5_yu =0 in B". Then

1—r n—1
<1 n > u(r¢) decreasing in r,
r

1+r\" , o
1 u(r¢) increasing in .
—r

Corollary 1.5. Let u be a positive harmonic function with respect to the Laplace
operator (A = 0) defined in B™ by a positive Borel measure j on S™~' with the
Poisson Kernel Py. For ( € S™1, 0 <r < 1, the function

(1-— 7‘)”_1

T W)
is decreasing and the function

(14 r)nt

1o )

s increasing. In addition,

lim (1 — )" u(r¢) = 2u({C}),

_u(rg) 2
hm = /Sn_l T g rle)-

Corollary 1.5 is the same as a result in [12].

Corollary 1.6. Let B™(R) be the open ball of radius R. Let u(z) be an invariant
harmonic function in B"(R) (a.k.a u(Rz) is invariant harmonic in B™) defined by
the Poisson kernel Py\(§,(). For ¢ € Sl A > -5 (if A < =% ), the function
1 (R—r)n !
R—2-2X (R ¢ r)1+20
is decreasing (increasing) and the function

1 (R+r)!
Rn—2-2x ((R _ :))1+2)\ u(r¢)

u(r¢)
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is increasing (decreasing) in r for 0 < r < R. The case X\ = 0 gives the mono-
tonicity of functions

R—r\"?R-r R+r\"?R+r
< 7 ) R+ru(TO and < 7 > RiTu(TC),

which implies that, Yo € B™(r),0 <r < R,

(2%) o s = () o

— the classical Harnack Inequality.

Corollary 1.7. Let u be a positive invariant harmonic function defined in B™ by a
positive Borel measure ju on S~ 1 with the Poisson kernel Py. Let 0 <7 <r < 1.

If x> -3,

(1—r)"! (1— /)1

1+ max u(z) < (L) A u(z)
L+t (14t

(= ol u(z) 2 1) |£I‘1i12/u(x)

IfA< -2,

d+n)"t (14 7y

(R g@gwx) < L) u(z)
1— )1 1 — /-1

(1-r) min u(z) > (1-r) min u(z)

(1 + 7")1+2)‘ |x|=r (1 + 7’/)1+2)‘ |z|=r'

Similar results are obtained in complex space C". Let

_ 22 n+2a
Pa(Z’C)_ (1 ’ |)

—WWGR

be the Poisson-Szego kernel for the operator
INEPTCRNCD B PR MU SN oA
o i J v azi(%j 7 J 8zj 7 J Eﬁj

with o = 3, where z - { = > | 2;(;. Define

u) = [ PalzQdu(@), acR
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Theorem 1.8. Let u be a positive invariant harmonic function defined in the unit
ball B™ C C" by a positive Borel measure 1 on S~ 1 = OB™ with the Poisson-Szego
kernel. Given ¢ € S* !, ifa > —n (if a < —n), the function

L= o)

(1 + T)n+2a
is decreasing (increasing) for 0 < r < 1, and the function

14+r)"
(1(_—|7:),-L)4_2(XU<TC)

is increasing (decreasing) for 0 <r < 1. Also

220((}), a> —n
T (1= )"u(r¢) = { oo, a < —n, u{¢}9) >0
2m20(((}), < —n, p({C}) =0

and

n+2a
lim ure) _ _ /S 2 du(n).

rol (1 _ T)n+2a I |< _ n‘2n+2a
The following theorem describes invariant harmonic functions on the rays.
Theorem 1.9. Let u be a positive invariant harmonic function defined in the

unit ball B® C C™ by a positive Borel measure p on S™~' with the Poisson-Szego
kernel. Let ( € S™ ' and 0<v' <r < 1.

if a > —n,
1— n+2a 1 INT , 1 n+2a 1_, n /
(5) () woswos(iEn) () wo
If a < —n,
1 —2n—2« 1— 2\ N+2a 1— n+2a 1 INT
B (=) s e < () (2 o

For ' =0, the above becomes

(1 _ T)n+2a

(1 4 T)n+2a

T ) < u(r0) < S
for a > —n, and
r n+2a —r n+2a
o) < urg) < L)

for a < —n.
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1.2. Proofs of Theorem 1.1 and its corollaries. We need the following two
lemmas for the proof of Theorem 1.1.

Lemma 1.10. Let z € R", |x| =7, ( € S" L.
If X\ > —5 then
(n—|—2)\—(n—2)\—2)7‘)(1—r2)2)‘<g(1—7‘2)1+2A (n4+2X+(n—2X—2)r)(1—r2 A
|x—(f”+2>‘ — Or ‘$_<|n+2>\— |$—C|n+2)‘
If X< =5, then

(1.2) (n+22+(n=2A=-2)r)(1-r%)* _ 0 (1=r?)"*2*  (n+2X—(n—2A-2)r)(1-r?/*
. |x_<|n+2)\ — Or |x_<‘n+2)\f |x_C|n+2)\

(1.1) —

Proof. Write z = |zln=1rn, n-¢ =" n:iG.

0 0
E\x—CP:@(’JC\Q—QW'CJrl):2(7“—"7'0,

then
0 n 0 2
o= (M = (- ()"
= 2 (o= ()P e P
T
= (n+22) [z — (2 (- ©),
and
8 (1—r2)t+2
ar |z — |22
(1420 (1 = )P (=2r) |z — " — (1 — ) D — (2
- |z — <|2(n+2)\)
(1.3)

2014 20) (1= r|a =" — (=) P2 (42X )|z — (PP 2 (r =1 - Q)
- |$ _ C|2(n+2)\)
C=2(14+2X0)(1 — )2 r|z — 2 — (1 — r) 22 (n 4+ 20)(r — - C)

‘.I‘ _ §‘|n+2)\+2

To prove the right side inequality in (1.1), it suffices to show
212Nz — > — (1 =) (n+2X)(r —n-¢) < (n+2X+ (n —2X = 2)7) |z — |?,
which is equivalent to
—(n+20) (1 =r*)(r—n-¢) < (n+20) (1 +7)|z — (%,
For A > —7%, the above becomes
~(L=r)(r—=n-¢) < (A +r)|z— (P

or
~(1=r)(r=n-Q) <=2 ¢+1,
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which, after a simple simplification, is equivalent to

n-¢<1

The inequality is true since ¢, € S"~!. To prove the left side inequality in (1.1),
it suffices to show (using the result of (1.3))

—2(1+2\)rfz — (P = (1=r*)(n+20)(r—n-¢) > —(n+2X— (n =22 =2)r)[z — ([,
which is equivalent to
(n+20) (1 =r*)(r=n-¢) < (n+20)(1 = )|z = (.
For A > —3%, the inequality is equivalent to
(1 =r*)(r=n-¢) < (1 =r)lz— P,
which is, after a simplification,
—n-¢< 1

true since ¢,n € S"~!. The proof of (1.2) for A < —75 is parallel. This completes
the proof of Lemma 1.10. (]

Lemma 1.11. Let u be a positive invariant harmonic function in B™ defined by
a positive Borel measure on S~ with the Poisson kernel.

If A\ > —3,
(14) — (n+2X —1(n ;22)\ — 2)T)u(a:) < 81:9(:0) < (n+2X +1(n ;22)\ — 2)T)u(a:)
If A< -3,
(15) (n 42X\ +1(ﬁ ;22)\ - 2)T)u(x) < ﬁzé(f) <- (n+2A —1(2 ;22)\ — 2)7")“(3:)

Proof. By the Poisson integral representation of u in B",

2V142)
e = [ G @

for a positive Borel measure . By (1.1) in Lemma 2.4 and p being a positive
measure,

9 ((1—|x)!*+>} (n 42X+ (n — 2X — 2)r)(1 — r2)»
/Sn_l or (,x_g|n+2k) du(Q) = /Sn_1 |z — ([n+2A dp(C)

+2204+(n—2\—2 1 — |z[?)1+2A
— (TL 1(2 T2 )T) Ln_l %du(c)
22+ (n =21 —2)r)
N 1—7r2

u(z)



when A > —%. It follows that
ou(x) 0 [ (1—|z?)+2 (n+2X+ (n — 2\ —2)r)
frd o _—_— < .
or /Sn_l or ( |z — ¢|nt2A du(c) = 1—1r2 u(x)

The left side inequality in (1.4) can be proved in the same manner. For the equality
(1 _ ‘$‘2>1+2)\
’$ _ y’n+2)\
R™\ {y} for y € S"~1. A simple calculation shows that the equalities hold for
uy(x) when x = |z|y and x = —|z|y respectively. The proof of (1.5) is similar.
This completes the proof of Lemma 1.11. O

case, consider uy(x) = u(z,y) = which is invariant harmonic in

Now we prove Theorem 1.1.

Proof. Consider ¢(r) = (1 r)" -1 B (1 4 r)nfl

Wandw(r)—mfor0§r<l,

(1
74 (n+2)\+(n—2)\ 2)r)

v 1—1r2 ’
ﬂ (n4+2X—(n—2X—2)r)
P 1—r2 '

Given w € S™!, consider

I(r,w) p(r)ulrw),
J(r,w) = Y(rju(rw).
To show Theorem 1.1, it suffices to show that I(r,w) is decreasing (increasing)

and J(r,w) is increasing (decreasing) in r for 0 <r < 1when A > —5 (when
A< —%). By (1.4) in Lemma 1.11, for A > —

d o ul
L log I _E
(g ) = £ + 2
(m+2X 4+ (n—2X=2)r) ul
= 4+
1—72 u
m+22+n—-22\=2)r) (n+2X\+(n—2X—2)r)
< - +
1—r2 1—r2

=0.

Therefore log I(r,w) is decreasing in 7, and so is I(r,w). Similarly,

j(log](rw)) Zi ”
m+22—(n—-2\—=2)r) u,
N 1—1r2 u
>(n+2)\—(n—2)\—2)r) n+2X—(n—2\—2)r)
- 1—1r2 1—1r2

=0.
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Hence, J(r,w) is increasing in 7. For A > —% and y € Sl

1— n—1
lim ( )

1— n—1 1— 2\142X
e R

P ) ¢ — g

_ : (1 B r)n+2/\ _ ]-7 C =Y
R TR (A

by applying the monotonicity properties in Theorem 1.1 to uw = Py. By Lebesgue’s
dominated convergence theorem,

i (1=r)"u(r() = lm(1=r)"" [ Py )dp(S)
= lim(147)+ / tig L= PA(r¢, §)dpu(€)
r—1 gno17—1 (1 4 7)1+2A ’
= 2"Pu({¢)).
1 n—1 1 n+2A
Similarly, (11_:))1_’_2)\P)\(7’C ,Y) = m\ is increasing in r for A > —5. By
Lebesgue’s monotone convergence theorem,
, u(rg) 1
}1_{1} (1 _ T)1+2>‘ - }1_)1’% (1 _ 7’)1+2)‘ /Sn—l P)\(TC,€)d/.L(§)

I 1 / . (1+r)nt
= 1m ———— 1M 57
r—1 (1 + 7.)71—1 gn—1r—1 (1 — 7“)1+2>‘

,r.n2)\
1/ . (T4t au(€)

2n—1 Sn—1 TEI}. |T‘C — £‘n+2)\
21+2)\
= —d .
fo s = grmnt®

For A < —%, the monotonicity of I(r,w) and .J(r,w) is proved similarly to the case
A > —Z using (1.5) instead of (1.4) in Lemma 1.11.

2
r¢ —y|~ (2 I, ¢=y
e 00, C#y

Pr(r¢, §)du(§)

li MP(C ) = i
Jm TR 'S, y) = (1 — r)—(+23

when A < —%. Therefore,

_ \n—1
(=" arg) = T4 [ SR gane)

r—1 gno17—1 (1 + r)1+2A

2122 u({¢Y), if w{¢}e) = 0;
00, if p({¢}°) > 0.
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(L) (L)

W )\('I"C y) W is decreasing in r for A < *% By

Similarly,

Lebesgue’s monotone convergence theorem,

) u(r¢) L 1
. 1 (gt
= }eri W /Sn1 }LH% WPA(TC’S)dN(f)
1 ) (1 +r)n+2)\

= — lim ————-d

on—1 /Snl TLH} |7“< — £‘n+2)\ Iu(g)

21+2)\

= T k(€

Jo =g

This completes the proof of Theorem 1.1. O

The proof of Corollary 1.2 is straightforward and is omitted. The proof of
Corollary 1.3 follows.

Proof.

—r n-+2X
(1-—70n+2AU(rC) = /inﬁi;_7%n+2xd“(n)

1—r)"! 1 — 72)1422
((1 +T))1+2/\ /Sn_1 Wdu(n)
(]_ _ ,r)n 1
1+ )Hw(ﬁ)

which is decreasing (increasing) in r for A > —% (A < —§) by Theorem 1.1. This
completes the proof of Corollary 1.3. O

Corollaries 1.4 and 1.5 are special cases of Theorem 1.1. Corollary 1.6 is a
straightforward generalization from B"™ to B™(R). The following is the proof of
Corollary 1.7.

Proof. 0 <7’ <r < 1. By the maximum principle, there is ¢ € S*~! such that
u(r¢) = max|y|—, u(z).

If A > —%, Theorem 1.1 implies

1— )t 1 — )t
((1+7"))1+2A pyute) = ((1+7’))1+2Au(r<>
(1 _ r/)nfl (1 _ ,r,/)nfl

WU(TIC) < m ‘xlgi( u(x)
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Similarly, there is & € S™7! such that u(rf) = min,—, u(z). When A > —3,
Theorem 1.1 yields

1+r)» b 14 )7t
m min u(z) mu(@
(1 + r/)nfl (1 _i_r/)nfl

= mu(ﬂf) > m ‘Ixﬁlirﬁlu(:n)

The proof for A < —7% is parallel. This completes the proof of Corollary 1.7.

1.3. Proof of Theorem 1.8. In the following, B™ denotes the unit ball in C"
and S"~! = 9B"™ the sphere. We need the following three lemmas for the proof of
Theorem 1.8.

Lemma 1.12. Ifa € C,la| <1, then for 0 <r <1,
(1.6) 1+ 7]al* > (1 + r)Re(a)

(1.7) 1 —7|a*> > (=1 4+ r)Re(a)

Proof. |a] < 1,80 —1 < —|a| < Re(a) < |a] <1 and Re(a)? < |a|?.
If |a|?> > Re(a), then 1+ 7|a|?> > Re(a) 4+ rRe(a) so (1.6) holds.
If |a|? < Re(a), consider f(r) = 1+7|a|?>—(1+7)Re(a), f'(r) = |a|*~Re(a) < 0.

So f(r) decreases in r € [0,1]. f(1) =1+ |a|*> — 2Re(a) > 1 + Re(a)? — 2Re(a)
(1 — Re(a))?> > 0. So f(r) >0 and (1.6) holds.

For the second inequality, 1+Re(a) > |a|?*+Re(a) > r|a|*+rRe(a), so 1—r|al? >
(=1 +r)Re(a) and (1.7) holds. O

Lemma 1.13. Let z € B", |z| =r, ( € S" L.
If a« > —n then

(2n+2a+2ar)(1—r2)"+2a—1< 9 (1—r?)ntia <(211—1—204—20”")(1—r2)"+20‘_1

1.8) — = = —
( ) |1_Z_C|n+2()¢ 78r|1_z,c|2n+2a7 |1_Z,<|n+2a

If a < —n, then

(2n+2a—2ar)(1—r?)nt2el 9 (1 —p2)nt2e - (2n+2a+2ar)(1—r2)nt2el
127

|1 — 2. (|nt2e or | -

(19) 2n+2a — |1 —z. Z|n+204

Proof. Let z = |z|n =rn.

0 = 0 - . _ _
51— 2P = 5 (1= 2rRe(n - Q) + 70 - () = 2(rln - {* = Re(n - 0)),
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and
9 L, 9 _
—1=2z- n+2a:71_ L 712 \n+a
Opzgpre= Loz
= (o)l — =Py s
=2(n+ )|l — z- "2 (r[n - {|* = Re(n - ).
We have
g (1 _ T2)n+2a _ (Tl + 20{)(1 _ 7,2)n+2o¢—1(_2T)‘1 — . E|2n+2a
or |]_ — . Z|2n+20¢ |1 — . Z|4n+4a
(1 o r2)n+2a%|1 — . Z‘2n+2a
|1 — . Z‘4n+4o¢
_ =2(n+20)(1 — )"ty — 5. (22
(110) ‘1 — 2 .Z|4n+4a

(1= 3000+ )1 — 2 P22y - TP —Re(y - 0))
|1 — . Z|4n+4a
—2(n + 2a)(1 — r2)nt2e=1p|1 — 2. (|2
a 11— 2. (|2nt2a+2
(1= )20+ a)(rly - T = Re(y - 0)
‘1 — . Z|2n+2a+2

To prove the right side inequality of (1.8), it suffices to prove
—2(n+2a)r|1—2z-C* = (1—r?) (2n+2a) (r|n-C|*~Re(n-C)) < (2n+2a—2ar)|[1—2-¢|?
which is equivalent to

—(1=r2(n+a)(rln- (> = Re(n-¢)) <2(n+a)(1+7)[1 - z-(*.
For a > —n, the above inequality is equivalent to
—(1=)((rln- T = Re(n-0) < 1 — 2 - P
which is, after a simple simplification,
(14 7)Re(y - 0) < 1+ rln- I

The inequality is true by (1.6) in Lemma 1.12. To prove the left side inequality of
(1.8), it suffices to show

—2(n42a)r[1—2-C|*—(1—r?) (2n+20) (r|n-{|*~Re(n-C)) > —(2n+2a+2ar)|[1—2-C|?
which is equivalent to
—(1=7")2(n+a)(r[n- (> = Re(n-¢)) = —2(n+a)(1 —r)|1 — = {[*
For a > —n, the above inequality becomes
(L+7)((rln-¢]* = Re(n-¢)) < 1 -2 ¢?
which is, after a simple simplification,

(=1+7)Re(n-¢) <1 —rly- (%
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The inequality is true by (1.7) in Lemma 1.12. The proof of (1.9) is parallel to
that of (1.8), using the same inequalities in Lemma 1.12. This completes the proof
of Lemma 1.13. U

Lemma 1.14. Let u(z) be a positive invariant harmonic function in B" defined
by a positive Borel measure on S"~' with the Poisson-Szegd kernel, |z| = r.
If a > —n,

(2n + 2a + 2ar) ou(z) _ (2n+2a —2ar)

' _ < < :
(1.11) 2 u(z) < o = 2 u(2)
If o < —n,

(2n 4+ 2a — 2ar) ou(z) (2n +2a+ 2ar)

. < — .

(1.12) 1.2 u(z) < o = 2 u(z)

Proof. By the Poisson-Szego integral representation of u in B,

_22n2o¢
we)= [ SRR o

gn—1 ’1 — . Z’Qn—l—?a

for a positive Borel measure 1 on S"~!. By (1.8) in Lemma 1.13 and p being a
positive measure,

9 [ (L— [t (n+ 2a — 2ar)(1 — r2)nt2a-1
/A;n_l E (H—ZW‘) dlu(g) S /A‘;’n—l ’1 —z. Z|n+2a d/,L(C)

~ (n42a—2ar) / (1 — |z]?)nt2
= 1 — 2 gn—1 |1 — . Z‘Qn—i—?a

_ (n+ 20 — Qar)u(z)

1—r2

when a > —n. It follows that

ou(z) _ / 0 ( (1 — |z]2)nt2e ) a0 < (n+2a — 2ar)

or g1 Or \|1 — 2 C[2n+20 1—r2

u(z).

The left side inequality in (1.11) is proved similarly. For the equality case, consider

(1 _ ‘Z‘Q)nJrZa
w(2) = Fal2w) = o

in C"\ {w} for w € S"~1. A simple calculation shows that the equalities in (1.11)

. It is known that w,(z) is invariant harmonic

hold for u,(z) when z = |z|w and z = —|z|w respectively. The proof of (1.12) is
parallel to that of (1.11), using (1.9) instead of (1.8) in Lemma 2.8. This completes
the proof of Lemma 1.14. O

Now we prove Theorem 1.8.
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(1—r)™ (I
(1 + r)n+2e’ (r) = (1—r)nt2a
¢ 2n+4 20— 2ar

Proof. Consider ¢(r) = for 0 <r < 1.

0 1— 2 ’
£_2n+2a+2ar
v 1—r2 '

Given w € S™!, consider
I(r,w) = p(r)u(rw),
J(r,w) = Y (r)u(rw).
To show Theorem 1.8, it suffices to show that I(r,w) is decreasing (increasing)
and J(r,w) is increasing (decreasing) in r when o > —n (when o < —n). By
(1.11) in Lemma 1.14, when a > —n,
0 o ul
I ogI(rw)y=2 4%
6T Og (T,CU) (p + u
2n +2a = 2ar | up
1—1r2 u
2n +2a —2ar  2n 4 20— 2ar
< —
1—1r2 1—1r2

=0.
Therefore log I(r,w) is decreasing in r, and so is I(r,w). Similarly,

0 U V4
—logJ =4+ =L
B og J(r,w) 1/1+U
_ 2n4 20+ 2ar ui,
- 1—1r2 U
2n + 20+ 2ar 2n 4+ 20+ 2ar
> _
1—r2 1— 12

=0.
Hence, J(r,w) is increasing in 7. For a > —n and ¢,w € "~}
) (1—r)» L (1—r)"  (1—|r]?)nt2e
W Gy e w) = i G T e e
_ ) (1 _ T)2n+20¢
= I g YOG W)
by applying the monotonicity results in Theorem 1.8 to u = P,. By Lebesgue’s
dominated convergence theorem,

lim(1 = ru(rQ) = (1= [ Pa(rC €)dute)

r—1 r—1
1—r)"
rl_)n%( + T) /Sn_l rl_{% (1 + ,,n)n+2a

= 2" u({¢).

Pr(r¢, §)du(E)
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(1 4 T>2n+2a

1 n
(1+r) P,(r¢,w) = is increasing in r for a > —n.

Similarly, T

(_rm T 1= ¢ w]rt2e
By Lebesgue’s monotone convergence theorem,
. u(rQ) . 1
Ly T—pm+za ~ lim A= /Sn_1 Pa(r¢, &)du(§)

S / im " b e, e)du(e)
S

n—1r—1 (1 — T)n+20‘
1 1 2n+2a
- tim D)

20 Jgnar=1[1 —r( - E[2n+20

2n+2a
= o e g

For o < —n, the monotonicity of I(r,w) and J(r,w) is proved similarly by applying
(1.12) in Lemma 1.14.

. (I—r)" T
}qu WPQ(TC’ w) = }}Lq (1— r)—(2n+2a)

|1 _ TC . m|—(2n+2a) 1’ C —w
00, (F#w

when « < —n. Therefore,

lin%(l —r)"u(r{) = lim(1+ 7")"*2&/ lim (1= P, (r¢, &)du(€)
r— S

r—1 n—1r—1 W
_Jrend{c)), if n({G) =0;
o, if p({¢3) > 0.

(1 —I—?”)n (1 —|—7“)2n+2a

Similarly, mPa (r{,w) = T—7C. iz is decreasing in r for a < —n.
By Lebesgue’s monotone convergence theorem,
. u(r¢) L 1
. 1 ) (L+r)"
= }1_{11 m /n_l 71‘1_{1% mpﬂ(rc, §)du(§)
1 1 2n+2a
= L T
2 Jsnt v |1 =G gPnie
2n+2a
= ——d
foo T g
This completes the proof of Theorem 1.8. O

Remark. Notice that the monotonicity of the auxiliary functions ¢ and 1 in the
proofs of Theorem 1.1 and Theorem 1.8 may vary depending on the values of the
parameter A (or o) and the dimension n. When A > —% (or @ > —n), we have
¢’ <0and ¥’ > 0,i.e. ¢ increases and ¢ decreases in 7 for 0 <r < 1. For A < —§
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(or « < —n), the monotonicity does not necessarily hold. For example, in the real
case in Theorem 1.1, for A < —%,

> O r e 0 ﬂ
) = (1—r)nt ') ’ T 2X+ (n—2)
® (14 r )2 ¥ “o e —2\ —n
T T —
’ —2XA+ (n—2)’

i.e. the monotonicity may change for certain combinations of n and A\. However,
the monotonicity of ¢(r)u(r¢) and ¥ (r)u(r¢) holds.

1.4. Proofs of Theorem 1.2 and Theorem 1.9. The proofs for the two theo-
rems are based on the following lemma.

Lemma 1.15. Let f(r) be a positive function on r € [0,1). If for a,b € R,

SOy < ) < S p),

1.1
(1.13) 1 —7r2 1—7r

then for 0 <r' <r <1,
b+a

wg (1) (E5) =< () (11:2) ).

Proof.

a—br 1 9
/Mdr:aln(l—i—r)—i—2(b—a)ln(1—r )+ C

Thus for 0 < <r” < 1, by (1.13),

1" 1" I)—J
™ f(r ™ a—br 1+ 7"\ A—r"2\ 2
I f(r") —In f(r) = // f((r)) dr < // 1—r? dr<in 1+ 1—r?

i.e. the right side inequality in (1.14) holds. Similarly, by the left side of (1.13),

/1!

b+a
™ a+br 1+ 7N\ "¢ A—=r"2\ 2
In f(r") —In f(r') Z/T/ 1 5dr > In <1+7“’> <1—7“/2> .

i.e. the left side inequality in (1.14) holds. O

Now we prove Theorem 1.2.

Proof. If A\ > —%, u(r() satisfies (1.4) in Lemma 2.2. Therefore (1.13) holds with
f(r)y=u(r(), a=n+2\ b=-n+2X+2. Let 0 <7’ <r < 1. (1.14) in Lemma
1.15 implies

T4\ "2 2\ A ) T\ "2 g2\ /
— < < - '
<1+ T'/) 1_7./2 u(r C) — U(?"C) = \1+ 1—7“/2 ’LL(T C)
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If A < =%, u(r() satisfies (1.5) in Lemma 2.2, thus (1.13) holds with f(r) =
u(r¢), a=—-n—2\, b= —n+2\+ 2. Applying (1.14),

1+ 7 n+2\ 1—p2 —n+1 ) 1+ 7 —n—2\ 1—p2 2241 /
<1—|—7“/> 1—7"’2 ’UJ(T' C)SU(TC)S 1+ m U(T C)

This completes the proof of Theorem 1.2. O

The proof of Theorem 1.9 is similar to that of Theorem 1.2.

Proof. If @ > —n, u(r() satisfies (1.11) in Lemma 1.14. Therefore (1.13) holds
with f(r) = u(r{), a =2n+2a, b =2a. Let 0 <7’ <r < 1. (1.14) in Lemma
1.15 implies

1+ 7 —2n—2a 1—p2 n+2a 1+ 7 2n+2a 12\ "

<1+ r’) oz) O suld) s {75 e A
If @ < —n, u(r¢) satisfies (1.12) in Lemma 2.9, thus (1.13) holds with f(r) =
u(r¢), a =—2n —2a, b= 2a. From (1.14),

1+ 7 2n+2a 1—7“2 -n ) 147 —2n—2« 1—7“2 n+2a ,
<1+T/> 177,2 U(TC)SU(TC)S 1+ m u(rC)

This completes the proof of Theorem 1.9. O

Most results in this paper are on the function values at two points in B™ on the
same ray. Similar results can be obtained for any two points in B™ (ref. [15] and
Section 2).
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2. ON HARNACK INEQUALITY FOR POSITIVE INVARIANT HARMONIC FUNCTIONS

A refined estimate of Harnack inequality is proved for positive invariant har-
monic functions.

2.1. Statement of results. Let B" = {x € R" : |z| < 1}, n > 2 be the unit
ball in R®, S"~1 = 9B™. We prove a refined estimate of Harnack inequality for
positive invariant harmonic functions defined by positive Borel measures on the
sphere with respect to the Poisson kernel Py (defined below).

First we consider positive harmonic functions, and the more general case follows.

Theorem 2.1. Let u be a positive harmonic function in B". &, € S* 1 0 <
r <rg<1. Then

@1 fer—ra)expl-g(r)} < 22 < oy ) explglrn)).
u(rié1)
where
147 L—r\"?
flrir) = (1 —|—rj> (1 — r;>

g(r1) = g(r1,6,&) = g|&—&|ﬁ

Remark. When ry = r = |z|,71 = 0, (2.1) becomes
1—7r < u(z) < 1+r
(I+7r)»=t =~ u0) = (1—rt

— the classical Harnack inequality in B™.

Denote the differential operator

1— |z|? 0? 0 n
i j !

Invariant harmonic functions are solutions of Ayu = 0 and are of certain invari-
ant property with respect to Mdbius transformations. Let u be a positive Borel
measure on S"~! and Py be the Poisson kernel

B (1 _ ‘$|2)1+2)\
PA —_ W Pl A e R.
It is known that
@)= | Palwm)du(n)

is an invariant harmonic function in B™ ([1], p. 119).
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Theorem 2.2. Let u be a positive invariant harmonic function in B™ defined by
a positive Borel measure p on S™~ with the Poisson kernel Py. Let &,&y € 8771
and 0 <ry <ry<1.

If x> -3,

(2.2) (=71, —r2) exp{—ga(r1)} < ZEZ% < falr1,m2) exp{ga(r1)}.
If A< -3,

(2.3) fa(ri,r2) exp{—ga(r1)} < ZE:?S; < fa(=r1, —7r2) exp{gn(r1)}
where

2AHL g\l
o = (522)™ (122
D) = (&) = gl -l

Case A = 5 — 1 corresponds to the Laplace-Beltrami operator A%_l and the
Poincaré metric. It is known ([2]) that, for positive u, Az_ju =0, there exists a
positive Borel measure p on S™~! such that

u(e)= [ Pyoaomdutn).
Sn—1
In this case, Theorem 2.2 has the following form.

Corollary 2.3. Let u be a positive solution ofA%_lu =01inB". Let&,& € St
and 0 <ry <rg <1. Then

1 u(reée)
< <C,
C ~ u(ré&) —
where
B (14 1 \" (n— 1
C—C(Tlﬂ“2a§17§2)_(1+T1'1_r2> eXp{WKQ §1|m '

The proofs will need an earlier result in Part 1 (also [14]) on the monotonicity
of positive invariant harmonic functions. Here we state the result as a proposition.

Proposition 2.4. (Theorem 1.2 in Par 1 and in [14])
Let u be a positive invariant harmonic function defined in B™ by a positive Borel
measure [t On S with the Poisson kernel Py. Let ( € S 1 and 0 <r' <r < 1.

If A\ > —3,

1 ML 4l 1 22+1 4 \n-1
<1_:,) <1—:_7;> u(r'¢) <u(r¢) < (J::,) <1—77:> u(r'¢).
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If X< —

1 DL Ayl 1= ML Al
<11:,> (1_:> u(r'¢) < u(r¢) < <1_:/> (1:2) u(r'¢).

2.2. Proof of Theorem 2.1. We need five lemmas before proving Theorem 2.1.

Let x -y = > ;_; zxyx denote the inner product in R".

Lemma 2.5. Let n,&1,& € S 1. Let ¢(t), t € [0,1] be the shortest arc on the
great circle connecting &1 and &. Then

d 1 '(t) -
(24) at n = et :L7+2

dt ro(t) =nl* [re(t) =l

Proof.
d 2_d o 4 ) = —9rd (1) -
o) —nl® = = (r +1=2rp(t) - n) = =2rd/(t) -

d 1

. d 2 771/2
&0 = e e )
_ _n o a1 d 2
= 2(!w(t) nl?) Zi o) =l

nry'(t) - n
[ro(t) — n|nt?
0

Lemma 2.6. Let u be a positive harmonic function in B". &,& € S" 1. Let
o(t), t €[0,1] be the shortest arc on the great circle connecting & and &. Then

o) < HEOuetn. repo
Proof. By (2.4),
41 _ /()
Jo [ Tram = 0 = [ e e

IA

' ()] |l
" /Snl lro(t) —n|m(1 — T)Qdu(n)
_ nrle' ()] 1
o (1=-7)2(1—72) /9n1 ro(t) — 77|ndﬁé(77)

o utreto)
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where we applied the inequality
[ro(t) =nl =1 —=r¢t) -9 =1 —r.

Therefore by the Lebesgue’s Dominant Convergence Theorem,

—|r 2
Lutrot)| = |5 /S nlmdu(n)

F
- a-m|f jtmdum)'

< T e,

O

Lemma 2.7. Let &,& € S" L. Then there exists a Mdbius transformation T in
R™ such that T(S" 1) = S"~ 1 and for all r € [0,1],

T(r&) =(0,---,0,rcosb;,rsinb;), i =1,2, |0 — 01| <7
and
(2.5) |det T/ (x)| =1, |T(r&) —T(r&)| = |ré&s —réa,

where T'(x) denotes the Jacobian matriz of the Mobius transformation T

Proof. The transformations involves a rotation in R™ with respect to the origin
such that &;,& are in the R? plane of the last two coordinates. If |0 — 01| <7
is not yet satisfied, it can be achieved by a reflection with respect to the origin.
Both rotation and reflection preserve the Euclidean norm and distance, and the
absolute value of the determinant of the Jacobian matrix |det T"(x)| = 1. O

Lemma 2.8. Let
& =(0,---,0,7cosb;,rsinb;) € sl =1,2, |02 — 01| <7

and
o(t) =(0,---,0,7cosb,rsinby), 0y =ths + (1 —t)61, t €[0,1].
Then
T
(2.6) ()] < 51 =&l

Proof. It suffices to prove for n = 2. For computation convenience, we use the
complex plane notations in R2. Denote & = el%.

-6 = ”2-en

= ex i02+91 ex i92_01 —ex —i62_01
- P P\ P 2

B 02 + 61 N B — 0
= exp <Z 5 >(22)sm 5
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Notice that

T x
sm—’z‘—’ for |z| <m,
2 T

0 |2 — 61| < 7 implies

: , 0y — 0 2
6192_6Z61 =2 Sin( 22 1>‘Z|92—02.
T
Furthermore,
/ _ i itha+i(1—t)01 ) _ (0o — 0
pl(t) = (e = p(t)i(02 — 01).
Thus
T - T
| ()] = |02 — 01] < = |eP2 —eift| = 5’52 — &

-2
U

Lemma 2.9. Let u be a positive invariant harmonic function. &, € S™1.
Then for r € [0,1),

™ nr u(réa) ™ nr
o { -Gl -l < e <ev{Fe el

Proof. Let T be the Mébius transformation in R"™ such that for r € [0, 1],
r¢; =T(r&) = (0,---,0,rcosb;,rsinb;), i = 1,2, |03 — 01| < .
By (2.5) in Lemma 2.3 and [11],
U(z) = u(T™(z))

is still a positive harmonic function in B™ with respect to the measure pu(T~!(x)),
|det T"(z)| = 1. Furthermore,

Uré) =w(T ' (rg)) = u(rg), i =1,2

and
6292 . 6191 )

&2 — &1 = T(&2) —T(&1)| = G2 — G| =

Let
o(t) =(0,---,0,7cosb,rsinby), O, =ty + (1 —t)0y, t € [0,1]

be the shortest arc on the great circle connecting ¢; and (2, ¢(0) = (1, (1) = (o.
By (2.6) in Lemma 2.8,

0) L 40 (rp(t))
dt dt
/0 Ulro(t)) “| = /0 UGro(t) |
nr 1 ’
< g [ e
< g\CQ*Cﬂ#
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Since
u(ré2) U(r¢2) U(re(1)) L EU(re(t)
=1 =1 = d
") 60 T e~ oo ™
we have
| u(ré2) o7 nro T nr
Puren| = 21T e Tl Sl e
Therefore
™ nr u(réy) nr
I e T R L (ol
This completes the proof of Lemma 2.9. (]

Now we prove Theorem 2.1.

Proof.
u(r282)  u(r2b2) u(riéa)

u(ri€r)  w(riéz) u(rir)

Proposition 1.4 implies
1—1r9 <1 + 7'1>n_1 < ’U,(Tng) < 1+7ry <1 — T1>n_1
1—r1 \1+4+1mr _’U,(T1§2)_1+7”1 1—1r9 ’
Combine the above with the results in Lemma 2.9. Theorem 2.1 follows. O

2.3. Proof of Theorem 2.2. We need the following three lemmas for the proof
of Theorem 2.2.

Lemma 2.10. Let n,&1,&2 € S L. Let p(t), t € [0,1] be the shortest arc on the

great circle connecting &1 and &. Then for A € R,
d 1 (n+2\)r¢'(t) - n

2.7 - =
27 dt[ro(t) — "+ [re(t) — p|n A2

Proof. The proof is similar to that of Lemma 2.5.
d 1
dt |re(t) — | +2A

n+2X\

= ety —nP)

= 5 (Ire(t) —nl?) Zlre(t) =l

(n+20)re'(t) - n
|r(t) — n|r 2t

using the result from the proof of (2.4) in Lemma 2.5. O
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Lemma 2.11. Let u be a positive invariant harmonic function in B™ defined by a

positive Borel measure ji on S~ with the Poisson kernel Py. &1,& € S™ 1. Let

©(t), t €[0,1] be the shortest arc on the great circle connecting & and &. Then

for \e R, A # -3,

st < 20
- (1—1r)2

Proof. By (2.7) and |re(t) —n| =1 —r¢(t) -n| > 1 —r,

d 1 |(n +2X)r¢/ (1) - 1)
/snl dt ro(t) — nfn+2x | ) /Snl Irp(t) — | t2iee ()

(2.8) u(re(t)), r € [0,1].

< e [ )
rl(n + 20 () (1)t
(1= r)2(1 = 12)1+5 /Snl Wdﬂ(ﬁ)
t)|

rl(n 2)\ !

By the Lebesgue’s Dominant Convergence Theorem,

. [ e
qureo)| = |4 [ SO S
d 1
Jos = ) ’

< M e

\_//\\_/f‘\

— (1 _ 742)1Jr2)\

O

Lemma 2.12. Let u be a positive invariant harmonic function in B™ defined by
a positive Borel measure u on S™ ' with the Poisson kernel Py. &,& € S™ L.
Then for r € [0,1),

(29)  exp {—r@ vy

|n + 2)\|r}

L < u(rés) |n+2)\|7‘}

ré
< e < exp{\ig — & =12

Proof. Let T be the Mobius transformation in R™ such that
r¢ =T(r&) = (0,---,0,rcosb;,rsinb;), i =1,2, |f2 — 01| <.
By (2.5) in Lemma 2.7 and [11],
U(z) = u(T™(z))

is also a positive invariant harmonic function in B™ with respect to the measure
(T4 (2)), |det T'(z)| = 1.

U(rg) = u(T_l(rCi)) =u(rg), i=1,2
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and
&2 —&| =T (&) = T(&)| = |G — G| = | — .
Let
o(t) =(0,---,0,7cosb,rsinby), O =ty + (1 —1)0y, t € [0,1].
Then ¢(0) = (1,¢(1) = (2. By (2.8) in Lemma 2.11,

L EUre(t)) H AU @re()
dt dt
b S = ) [roea |
n ro !
< BB [
< Jle-alttay
Since
L urg) | UG) | Ulre(h) _ 1 §UCe@)
u(ré1) U(r) Ure(0)) Jo Ulre(t))
we have
u(r§ ) B |n + 2)\\7" B B |n + 2)\]7’
Therefore
T o nE2Ar nu(rfg) T oo InE2Ar
_2‘£2 &l (1—-r) = u(réy) — 2‘£ &l (1—r)2"

This completes the proof of Lemma 2.12.

The proof Theorem 2.2 is similar to that of Theorem 2.1.

Proof.
u(r22)  u(r282) u(riéo)

u(rién) — ulri&e) u(rié)
Apply (2.9) in Lemma 2.12 and Proposition 2.4. Theorem 2.2 follows.
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3. ON HIGHER ORDER ANCULAR DERIVATIVES — AN APPLICATION OF FAA DI
BRUNO’S FORMULA

3.1. Statements of results. We study the singular behavior of kth angular
derivatives of analytic functions in the unit disk in the complex plane C and
positive harmonic functions in the unit ball in R”. Faa di Bruno’s formula plays
an important role in our proofs.

Let D={z: |z| <1} Cc Cand T = 0D. Let ¢ : D — D be analytic and ¢ € T.
¢ is a fixed point of ¢ if lim,_; ¢(r{) = ¢. The angular derivative at ¢ is defined
as ¢'(¢) = lim,—1 ¢'(r¢). It is a consequence of the Julia Lemma [16] that the
angular derivative at the fixed point exists and that ¢'(¢) € (0,00]. When the
angular derivative of a fixed point is finite, what could be the limiting behavior of
the higher order angular derivatives? We describe an asymptotic property of the
higher order derivatives of the fixed point in the following theorem.

Theorem 3.1. Let p(z) : D — D be analytic. Let ( € T be a fixed point of ¢ with
angular derivative ¢'({) < co. Then Y€ > 2, the {-th angular derivative

(3.1) oO(r¢) =0 <W> as r— 1.

The above is equivalent to lim,_1(1 — ) 1o®(r() = 0 by the definition of the
little o notation.

The order £ —1 in Theorem 3.1 is sharp in the sense illustrated in the following
proposition and its proof.

Proposition 3.2. For any e € (0,1) and ( € T, there exists an analytic function
¥(z) : D — D such that ¢ is a fixed point of ¥, ¥'({) < oo, and

(3.2) lim (1 — P E O @) >0, ve> 2.

Furthermore, for any integer m > 1, there exists an analytic function ¥(z) : D —
D such that ¢ is a fixed point of v,

Pm=(¢) <00,  Vj>0,
PmHR(C) = 00, VE > 1,

(3'3) lirri(l _ T)m-i—k—lw(n-i-k) (TC) _ 0,
lim (1 — )™ A R (0 > 0.

Results analogous to Theorem 3.1 can be obtained for positive harmonic func-
tions, as stated in the following theorem.
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Theorem 3.3. Let u be a positive harmonic function in the unit ball B™ C R",n >
2. Let ( € S" 1 =90B™. Then for k>1,

, naq dF (n+k—-2)!_  (1—r)t
(3.4) }eri {(1 - ldr’fu(ro} =2 (n —2)! }LH% 147 u(rc)-
Consequently,
k
(3.5) lim {(1 - r)”+k_1jrku(r§)} —0

except possibly on a countable set of points on the sphere.

From the proof of Theorem 3.3 we can see that the results can be extended to
harmonic functions defined by complex measures. We may restate Theorem 3.3
as the following.

Theorem 3.3'. Let u be a harmonic function in the unit ball B®,n > 2 defined
by a complex measure p on S (with the Poisson kernel). Let ¢ € S"~'. Then
for k>1,

. o dk n+k—2)!  (1—r)n!
}E{(l_r) - 1drku(ro}:2 (n—2)! }Ln% 1+7r ulrg)-

3.2. Proof of Theorem 3.1. First we prove a lemma needed for the proof of
Theorem 3.1.

Lemma 3.4. Let f(2) be analytic and Ref(z) >0 for z € D. Let ¢ € T. Then

lin (1= 1/ 79(r¢) = T2k lim 1 £ (7).

r—

Proof. The proof follows the steps similar to the proof of Theorem 1.3 in [4]. First
consider the case f(0) = 1. Since Ref(z) > 0, there exists a unique positive Borel
measure 4 such that (ref. [5])

f(Z)Z/Tizzdu(n% u(T) =1.

Direct calculation yields

k
F¥(z) = 2]?!/1?(1_?72);%165#(77)7 k> 1.

Consider z = r(. Since

. 1_T 17 UZZ,
lim = >
r—11—rn 0, n#¢
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we have

_ B k(1 _ k1
[t i ) = @), [t Dt =l k=1,

By the Lebesgue’s dominated convergence theorem,

Sl _ pmd Lo [ LArcn
inl{mf(ro} = }“linl{l—i—r/qu—r(ndu(n)}
1-71 _
- /T}Ln%{le:lj_L:gZ}d”(n):M({C})7

and
k
}i_)n}{(l—r)kﬂf(k)(%)} = }‘i_)n%{(l_r)k+12k!/(l_:}72)k+ldu(n>}
B ) ,r]k(]_ _ )k-i—l
= Zk!/qpvl“lg{(l—rﬁl)’”l dp(n) = ¢ N({C}) k=1
Therefore,

lim (1 — )0 (n¢) = CF2K! Tim 1;: £0r0).

r—1 r—1
If f(0) # 1, consider
f(z) —i Imf(0)

9(2) = Ref(0)
we have
(k) (5 ef(z

S0 = fror 90 =1, Relg(x) = poRt =0 for 2D
Thus

| IPGO e [l f(¢) i Tnf(0)

=" R — O Pfi{u Ref(0) }

ke [l f(TC)

Consequently,

r—1

lim (1 — r)eL £ (r¢) = C k! lin i;’: F(r0).

The following is the proof of Theorem 3.1.

Proof. By considering the analytic function (p(¢z) : D — D, we only need to
prove Theorem 3.1 for the case ( = 1 without loss of generality. Let

fla) = 11 2)

ST L eD.
1 —p(2)
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Then
Ref(z) >0 and o(z) = ;52 _T_ T Vz € D.
Furthermore,
lim 1_Tf(r):lim 1—r1+p(r) — lim 1—7r 14 ¢(r) _ 1 '
r—11+7r r—114+rl—p(r) r—11—p() 1+r (1)
Subsequently,
2
lim (1 — 1) = .
lim (1= )(¢() +1) =
By Lemma 3.4,
(k) _
. k—‘,—lf (7") _ 1 . 1 T . 2
M=) S im0 = Gy Jor k20

-1
Let h(z) = 27“, then ¢(z) = h(f(2)). By Faa di Bruno’s formula [7],
z

¢ @\
PO0r) = Toh(i(r) = Z“,hmﬁ"'mf)(f(r))H(f i >>

mq! ma!---my! ;
J

where the sum is over all ¢-tuples (mqy,ma,--- ,my) satisfying

1lmy+2mg + -+ fmy = /4.

Since
2(—1)F+1g!
()= ™ >
h\(z) G )F k>1,
we have
O = > 0 2(— 1)t met ) () 1o fy)! T FOE\™
4 mi! mal- - my! (f(r) + 1ymtotmetd j J!

B (_1)(m1+-~~+me+1)(m1 + o+ my)! 2 f(j)(T) "
N K!Z m! ma!- - my! f(T)+11;I<(f(T)+1)j!> '

Notice that for each term of the sum, 1mj + 2mg + - - - + ¢my = £, therefore

L e 2 [ \"
Ll{“ ) f<r>+1H<<f<r>+1>ﬂ> }

J

~ lim 2 (L= D) /1)
N lﬂl{(lr)(f(r)+1) H( (L=r)(f(r)+1) ) }

J

L2 (PN
- 2/¢<1>1;[<2/¢<1>> —e




Consequently,

(=1)(matetmet ) (g o)
mllmgl--~mg! '

lim {(1 - r)gflga(g)(r)} = ¢ (1)1 Z

’)”—>1

To see that the above sum is zero, consider the function

31

gl@) =27, gW(@) = K(-D)*a=® T g0 (g(2)) = —kI(-2)*!, z € (0,1).

Applying Faa di Bruno’s formula to x = g(g(x)), we have

0 l
L) = halge)

O (r
= ng(mlJrere)(g(T))H (g ( ))

il
i\

g e

m;

mq! ma!- - my! j i+l
= 0 —(my + e+ m)l(— 1)ty (—1)
' my! mal - my! xt

-1
-1 —1)miteAmetl !
- <> z!z( ) (i +-dm)t _ gy e (0,1], £ > 2.

T mq! ma!- - my!

Hence,

lim {(1 _ r)ffl(p(f)(r)} _ 90,(1)6! Z (—1)(m1+-‘.+mz+1)(m1 4ot me)'

r—1 m1! mg'mg'

)=
=1

therefore

3.3. Proof of Proposition 3.2. The following lemma is needed for the proof of

Proposition 3.2.
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Lemma 3.5. Let a € (0,1),

filz) = ia2n+1m2n+17 S ( o > _ala— 1)...(04_2“)’
n=0

2n+1 (2n+1)!
 « on (a\ ala—=1)---(a—2n+1)

fo(z) = nz:()bznx ) by, = <2n> = (2n)! ;

h(@) o
h(zx) = = cp™.
) fa() ;}
Then
con = 0, cont1 > 0, Vn > 0.

Proof. By the symmetry of f; and fs,
fi(==) fi(z)
W—x) = - _
S 7 R A )
Furthermore,

filz) = h(x)fa2(z) == agnt1 = cant1bo + con—1ba+ - +cibay, Vn>0.

Since by = 1, we have

= —h(f]}‘) > 027’1 — O, VTL Z O

Con+1 = Aon+1 — (Can—1b2 + -+ -+ c1bay), Vn > 0.

Forn=0, 1,
cp = a;=a>0,
c3 = ag—crby = G 13)!(a —2 _ aa(o;!— D =a(a—1) <—:1))> (+1)>0.
Now assume cpj—1 > 0 for j = 1,--- , k for some k > 1. Notice that for a € (0,1),
ask+1 > 0, Vk >0 and bor < 0, VE > 1.
Therefore
Cok+1 = A2k+1 — C2k—1b2 — - -+ — c1bgy > 0,
because every term is positive. By induction, con4+1 > 0, Vn > 0. O

The following is the proof of Proposition 3.2.

Proof. We prove (3.2) in Proposition 3.2 by constructing a function ¢ such that
¥ (or its rotation) satisfies (3.2). First consider

1—=2 1—|z)?
P0)= e Repld)=pogp>0 2
(p is its own inverse:
1—112
= p(p(2)) = ﬁ =z
1+

1+2
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For o € (0,1), let g(z) = 2%, and define

fzso_logow:—l : = D— H — D.
—Z
1+< )

1+ 2

Then

flo)=0, f1)=1, f'(2)#0.
Therefore f : D — D is univalent and z = 1 is a fixed point of f. Considering the
Taylor expansions

(1+2)" = f: <z> o (1-2)= i(—l)” (Z) ",

n=0 n=0
we have
oo
Z < @ > 2n+1
1+2)*-01-2)* ;5 2n+1 - - In+1
f(Z) - = = Ccpz = Con4+1%2
(l-i-z)a—i-(l—z)a i(OZ)ZQn %n 7;) n
o 2n
Define
: o o~ Contl
F(z) = / f(w)dw = / Conprw? " dw = LZ%H_Q, z € D.
0 0 nz:‘; " nz:; 2n + 2

By Lemma 3.5, cop+1 > 0 for n > 0. Therefore |F(z)| achieves its maximum on
the boundary at z = 1:

G C2n+1 | 12n+2 = C2n41 12041 = C2n+1
F < —_ < T < =FQ1)= F(2)|.
P < 3 gl < 30 g e < 30 22 = F() = e P(e)
By the maximal principle, the function
F(z)
P(z) = Fay  C€ D
maps D into . Furthermore, z = 1 is a fixed point of v,
Q1) f1) S
=1, (1) = = "(1) = =
and
(k—1)
(k) fE0(r) -

Notice that

d (1-2\"  (1-2\"" -2 (1= ol /()
z\1+2) ~“\1+2 (14+2)2 142 o
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and

& [1-2\“ 1—2\*? 2 1—2z\*!

- — -1 / "

(1) =0 (15) Cerea(i) ve
etc. Using the big O notation for z near 1, we may write

d* /1 —2\¢ « 1—2\** k

Rl — k! / 1— a—k+1 .

i (i73) () (7)) wereo(o-am)
Applying the little 0 notation, we have

dk dé* [1—2\“

I = oF <1 n ) —

a\ [1—7r\2F -2 K
= k! — —_— O ((1—r)>k+t
(k) (1—|—r> <(1+1")2> + (( ) )

= K (2) (1- r)“"“(—l)'“(lif)a% +o0 ((1 - r)"‘"“)

By Faa di Bruno’s formula [7],

dk
O (r)= i = £ (mi+-+my) "
f (T)—wsp(g(@(r))) —Z m@ (9(o(r)) 1;[ T
where the sum is over all /-tuples (mq,ma,--- ,my) satisfying

Imq +2mg + -+ fmy = 4.
Notice that

ooy —(k+1)
P (2) = 2(=1)FRI(1+2) "D 0B (g(p(r) = 2(=1)"R! <H (14) ) - ’

147

and

+o((1=m"),
where each term in the product

<a) (-1t ala—1)--(a—j+1)(-1)"t al-a)---(j—-1-a)

) 4r)e g (1 +r) g (1 + )
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for a € (0,1), and the little o term is obtained by the fact that

_ r)(m1+"'+mz)a*f

(1 —r)2d 1
lim L, ) = lim ( =lim(1—r

)(m1+~--+mg—1)a -0
r—1 (1 —r)ot r—1 (1 —r)t r—1 )

Since for given o € (0,1) and £ > 1,

0 2(my - - - + my)! 1—7r\° —(mi+-+me+1)
2 1+
my! ma!---my! 1+r

is bounded and > 0 as r — 1, we have

S () () )

+o0 ((1 - r)a_é) )

Consequently

lim (1 — 1) fO() = Z 0 2(my + -+ my)! H <a> (—1)i-t >0,

r—1 ma! mal---my! L\ 2¢
J

where Cy , is a constant for any given a € (0,1) and ¢ > 1. Therefore we have

n—l—-o f(nil)(r) _ Cnfl,a

(1) = Q) > 0, Vn > 2.

lim (1 — r)" 1M () = lim (1 — )

r—1

We have shown that (3.2) in Proposition 3.2 holds for ¢ with ¢ = 1. For an
arbitrary ¢ € T, (3.2) is satisfied by (1((z).

To prove (3.3), we show that for any m > 1, there exists a function v, such

that v, (or its rotation) satisfies the conditions in (3.3). Let

_ oy [FFimi(w) .
Um(2) = F iy F](z)—/o P 1<i<m,

where

Fl:F7 F0:f7 1/]1

I
<
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are the functions used in the above proof of (3.2). By the construction,

o0
Con+1  2p42
Fi(z) = 272
o 2n 4 2
’F1(2)| _ i Con+1 |Z|2n+2 < i Con+1 :Fl(l)
2n + 2 - 2n + 2 ’
n= n=0
* Fi(w) R Cont1 2
Fy(z) = dw = s
2(2) /0 A Fl(l);(2n+2)(2n+3)z ’
1 > Con+1
J3 — n+ 22n+3
P ()] F1(1);)(2n+2)(2n+3)’ |
1 Con+1
< — Ry(1),
= F1(1)Z()(2n+2)(2n+3) (1)

etc. For j =1,2,--- ., m,

o

* Fi_q1(w) 1 Con+1 2n+14j
F. — J dw = n+ +]’
i(2) /0 Foa)™ T F) nz:% 2n+2)2n+3) - 2n+1+j)
1 - Con+1 2n+14j
r — J
IF5(2)] Fj_l(l)nz_%(2n+2)(2n+3)~-~(2n+1+j)|z,
1 - Con+1

< = F;(1).

- Fj_l(l)7;)(2n+2)(2n+3)--'(2n+1+j) J( )
By the maximal principle, the functions

_ Fu(?) _
map D into D. Furthermore,
k k—1 k—2
Jo = B0 B B
m F(1) Fn(D)Fpn-1(1)  Fn(1)En-—1(1)F,—2(1)
— M<OO’ k=1,2,---,m,
[lj=0 Fm—(1)
especially,
f)
W) = <o
Hj:l j(l)
Notice that
WD) = T < ool
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Consequently the proven result (3.2) implies (3.3) for ¢ = 1. For an arbitrary
¢ €T, (3.3) is satisfied by (¢, (Cz).

This completes the proof of Proposition 3.2. U

3.4. Proof of Theorem 3.3. We need several lemmas to prove Theorem 3.3.

Lemma 3.6. If o(z) = 2% + ax + b, then for any m > 0,

Proof. Again by Faa di Bruno’s formula [7],

¢ @) (2
d hp(x)) = Z@'h(ml-‘r-i-mg)(gp(l‘))l_[(@]j‘()

d.%z m1! ﬂ’LQ!-"mg.

z

Since ¢ =2, o) =0 for j > 3, the product in Faa di Bruno’s formula simplifies
to

where the sum is over all ¢-tuples (mq,ma,--- ,my) satisfying

1lmy+2mg + -+ fmy = 4.

H(SD(j?(w)) @™ (with o0 = 1),

|
i J:

which implies

dt 1l e "
(3.7) Ghe@) = > e ) (),
mi+2mo=~
where
m — L, = 2m;
ma = mi—1
m— 5, {=2m+1.

Relabeling the summation index by j,

) =2y m+ j, 0 =2m;
J=9 o1 then my +mg = i
=, £=2m+1, m+j+1, £=2m+1.

Replacing m; and mg by j and m, (3.7) becomes (3.6).
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Lemma 3.7. Let f(r) = " C ‘n, re0,1), (,ne S, n>2. Letb, €[0,n]

denote the angle between the n-vectors ¢ and r{ —n for any r € [0,1]. Then

{=2m;

Z 0050 )‘(fl)mﬂ nn+2)--(n+2m+2j—2)
Ir¢ — 77|”+€ = om=j ’

© () — _
Jo r—¢-n Z (cos 6,.)%3( 2m+1)( DM+ p(n +2) - (n + 2m + 2j)

. {=2m+1.
[r¢ =l =0 (25 + 1 = J)! 2m=J e

Proof. Let h(z) = /%, ¢(r) = |r¢ —n|>. Then

Denote ¢ = (¢, ,Cn)y = (M1, ,mn) and ¢-n = 3, (;n; the Euclidean inner
product of ¢ and 7. Notice that

(r=Cm?=1r¢-¢=CnlP = ¢ (rC=n)]> = [r¢ — nf* cos 0y,
therefore

KD (o)) (' (P))¥ = (_1)m+j”(” +2)-(n+20m+j-1)) 2Y(r - ¢-n)¥

om+j ¢ — n[nt2mT2j
nn+2)---(n+2m+2j — 2)
2m=j ’

= M(_l)mﬂ'

¢ —nlnt2m

and

WO () (¢ () =

(—1ymHit! n(n+2)---(n+2(m +j)) 29 (r — - n)¥H!
om+j+1 ’TC _ 7]|n+2m+2j+2

(TC - 77) (COS 07‘)2j (71)m+j+1 n(n + 2) (n +2m + 2.7)
|TC _ 77|n+2m+2 om—j

Applying Lemma 3.6 to f(r) = h(¢(r)), the result of Lemma 3.7 follows. O

Notation. Denote
Cox = (=D)F2(C(n, k) + kC(n,k — 1))  for k>1,n>2,

where
(3.8)
= —1)m+i 2)--- 2 2j —2
L
C(n,0)= J;" »
’ m+j+1 ]
2m+ ) (-1 n(n+2)---(n+2m+2j) (=2m1;

2 (2j + 1)!(m —j)! 273 ’
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for m > 0, with C(n,0) =1

Lemma 3.8. Let (,ne S" ' n>2. Then fork>1,
k 1— 2 .
hm {(1 _ ,’")n-‘rk}—ldik < T >} — 07 C # 777
r—1 dr ’TC - 77‘” Cn,ka ¢= .

Proof. Let g(r) =1—172, f(r) = |r¢ —n|™™. Then
gr)=-2r, ¢'(r)=-2 and ¢gV(r)=0, j>3.

For k > 1,
(12 d* "k N
o (=7 ) - & - (k=3) ()¢9
kY Lk kY okt / LA
= () 1m0+ (§) 14000+ (5) 1420 0)
= (1-r® <r> = 2rk fFD(r) — k(k = 1) f*2)(r)
with the convention that f(®(r) = g(® () = 0 for o < 0. Let
(cos 0)%(2m)! (— 1)m+9n(n+2) (n+2m+2j—2) B
; 2 — ) 7 o
Cln,t,6)= i (cos )2 (2m + 1)! (=)™ n(n 4+ 2) - (n + 2m + 25) 1
= 27+ D!(m = 5)! 2m=i C ’
Then
C(n,t) =C(n,t,0), (>1, n>2.
From Lemma 3.7,
A7, 1, { even;
FO0) = PR SIC 06, where Al = { SR
¢ =l
Thus

dF 1—r2
1' 1 _ n—&-k—li -
Ay {( A (!rc—m")}

= lim {(1 — r)”+k_1 [(1 — 7«2)]0(7@) (r) — Zka(k_l)(r) — k(k — 1)f(k;—2) (7”)} }

r—1
_ . (1 _TQ)(]' _T)n+k_1A(k’ra C)n)

C20k(1 = )" AR — 1, )
¢ — k=t
_ k(k=1)(1 - Y=l g (k — 2,7“,Ca77)c(n k—20 )} )

[r¢ =l th=2

C(n,k—1,6,)
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Notice that |A(k,r,{,n)] < 1 is bounded, 6, — 0 as r — 1, and C(n,¢,0) is
bounded, hence the last term — 0 as r — 1. In addition,

lim 1-r = 0’ C 7& e and lim (1 — T)A(kara<777) _ 07 i C ?é ;3
r—1 ‘T<_77| 1, C:’r/a r—1 ‘TC_T]| (_1) 7 4277,

so we have

i b k—1 dr 1—r
11“%{“‘” i <\r< n!”>}

r—1 \TC n!”*’“
2rk(1 — )" 1Ak — 1,7,(,n)
_ (¢ =g C(n,k — 1,9r)}
_ )0 C#m;
2(_1)/@0(”7 ka 0) - 2(—1)k_1k0(n7 k — 1)0)7 C =1
_ 0, C#m
2(=1)FC(n, k) —2(=1)*kC(n,k — 1) = Cpp, C=1n.

(n+k—2)!

Lemma 3.9. Cni =2 (=2

for k>1,n>2.

We postpone the proof of Lemma 3.9 until after the proof of Theorem 3.3.

Now we prove Theorem 3.3.

Proof. For any x € B", x =r(, ( € S !, n > 2, we may write

g
u(rg) :/s 176&4(77)-

no1 |r¢ — ™

By Lemma 3.8, for any k > 1,

im (11 @° (1T _Jo n({cH =0;
/S"“l‘*l{(l ) drk(!ré‘—n\"”d“(”) {cn,kmm, u({c}) > o.

By the interchangeability of differentiation and integration when the integral of
the derivative converges and the Lebesgue’s dominated convergence theorem, we
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have
dk dF 1—1r2
: _ o\nt+k—-1Y _ : _ o\n+k—-1% -
ti {0yt B} = g {a -t [ i )

dk 1—72
_ . n k-_
= }L“i{“_r) ' 1/5111 art <|r<—n\n>d“(">}

dk 1—r2
/sn—l ro {( g dr* (\TC - nl”) } #)
= Cux p({¢})
By Theorem 1.1 in [14] (or by going through the proof of Lemma 3.8 with & = 0),

lim {(1 = )" 1u(r¢)} = 20({C)).
Thus )
lm{“”zmo}zm«n

r—1 1+7r
and

dk 1— n—1
tig { (1= 0 ) | = Gt { O 000

So (3.4) holds by Lemma 3.9. Consequently (3.5) holds because each positive
harmonic function in the unit ball corresponds to a positive measure on the sphere
(ref. [1]), and that the set of non-zero point mass of the measure is countable.

This completes the proof of Theorem 3.3. (]

The following is the proof of Lemma 3.9.

Proof. Lemma 3.9 is proved by induction. By the definition,

C(n,0) = 1,
~ln
C(n,1) = (22) = —n,
-l n I (=1)%n(n

Cln.2) = 2! (21) L2 12)! 22 +2) _ o n(nt2) = n(at 1),
For k=1 and 2,

Cog = (=1)' 2(C(n,1) + C(n,0)) = =2(—n+1) = 2W

Ch2 = (_1)2 2(C(n,2)+2C(n,1)) =2(n(n+1) — 2n) = Q(H(:;E;)?)!'
For any k, assuming

Cni = (=1)*2(C(n, k) + kC(n,k — 1)) = 2 D
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we will prove

(n+k—1)!

Crpir = (1D 12(C(n,k+1) + (k+1)C(n, k) = 2 (= 2)!

Using the induction assumption, the above equation can be written as
(n+k—-1(n+k—2)
(n—2)!
= (n + k— 1)Cn,k
= (n+k—1)(=1) (Cn.k) + kC(n,k— 1),

(=DM (C(nk+1) + (k+1)C(n, k) =

so it is sufficient to show
(3.9) —(C(n,k+1)+ (k+1)C(n,k)) = (n+ k —1)(C(n, k) + kC(n,k — 1))
Write
C(n,k) =>_ C(n,k,j).
J

Notice that
(m+1)(2j+1)

C(n,2m+2,5) = o C(n,2m+1,7), 0<j<m
1 2 29+ 2
Cn,2m+2,j+1) = _(m+ )(n—|—+7f+ s )C(n,Qm—}—l,j), 0<ji<m.
J
Therefore,

S e
C(n,2m+2) = Z< — m+1>0(n,2m+2,j)
=0
m . m+1 .
1_
= uC’(?”L,277”44—2,j)—|- LC’(n,Zn’L—I—2,j)
o m+1 o

m+1
m . m .
m+1—j . Jj+1 ,
— Z1- Jom.2 2 ~——(C(n,2 2, 1
> (n,2m + ,J>+Zom+1 (n.2m+2,j + 1)

= > @2+ 1D)CM.2m+1,5) =Y (n+2m+2j+2)C(n,2m +1,)
j=0 =0

= = (n+2m+1)C(n,2m+1,j)
j=0
= —(n+2m+1)C(n,2m+1) for m>0.



Similarly,
2 1 2 27
C(n,2m+1,5) = _( m= )(n+ mT j)C(n,Qm,j), 0<j<m
27+1
2 1)(25 + 2
Cnom+1,j) = ZmEDE+ )C(n,Qm,j—i—l), 0<j<m—1.
2m — 2y
Consequently,
m . m—1 .
27 +1 . 2m — 2j :
2 1) = 2 1 2 1
C(n,2m+1) ;2m+10(n, m + ,j)-f-jz_% 2m+10(n, m+1,7)
m—1

I
MS o

<
Il

o
<
Il

o

(25)C(n,2m, j)

(n+ 2m + 2§)C(n, 2m, j) +

I

<
s T
<
Il
o

= =Y (n+2m)C(n,2m, j)
j=0

= —(n+2m)C(n,2m) for m>0.
The above relations between the adjacent C'(n,¥)’s can be summarized as
Cn,t)=—(n+¢—-1)C(n,l—1) for €>1.
Applying the above equation repeatedly, for any k£ > 1 we have
L.HS.of (39) = —-C(n,k+1)—(k+1)C(n,k)
= (n+k)C(n,k)— (k+1)C(n,k) = (n—1)C(n, k),
and
R.HS. of 39) = (n+k—-1)(C(n,k)+kC(n,k—1))
(n+k—-1)C(n,k)+k(n+k—-1)C(n,k—1)
(n+k—-1)C(n, k) —kC(n,k) = (n—1)C(n, k).
Therefore (3.9) holds for all £ > 1. This completes the proof of Lemma 3.9.
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(n+2m+25)C(n,2m,5) + ¥ (25 +2)C(n,2m,j + 1)

O

Acknowledgments. We thank Pietro Poggi-Corradini for his valuable idea

for Proposition 3.2.
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4. WHEN IS A FUNCTION NOT FLAT?

4.1. Introduction. The function
1
e 2, z#0
€Tr) =
) {07 o#9
is well known for its property
f®0)=0, vk>0 but f#o.

Such a function is called flat at the origin. On the other hand, if f is a real
analytic function with Taylor expansion on an open interval containing 0, then
f®)(0) = 0, Yk > 0 implies f = 0. The unique continuation problem in PDE is
to find conditions such that the solutions of PDE enjoy the same property. There
are a large amount of literature in this area originated from the ideas by Carleman
[3], called Carleman’s method. In this paper we consider the simplest case of one
variable.

Theorem 4.1. Let f(z) € C*([a,b]), 0 € |[a, b] and

(4.1) z)| < C’Z C z € [a,b]

‘x|n k ’

for some constant C' and n > 2. Then
f(k)(O) =0, Vk>0 implies f=0 on [a,b].

From Theorem 4.1 we obtain the following corollary.

Corollary 4.2. Let f(z) € C*®([a,b]), 0 € [a,b], and (4.1) holds for some con-
stant C and n > 2. Then

f#0 implies the zero set {f~*(0)} C [a,b] is finite.

An example.

We use an example in [6] to show that the order of singularity in (4.1) is best
possible, i.e., there exists a function f(z) € C*°([—a,al]), a > 0,

|<Czl |n k+s for xzé€l-a,a] and  fR0)=0, Vk>0

for some constant C' and € > 0, but f # 0 on [—a,al.

For m > 1, € > 0, the following equation is considered in [6]:
22 (z) + mau/ (x) — ca™Fu(x) =0, z € (0,1),

or equivalently,

C

(4.2) W' (@) + (@) = ——ul@) =0, we(0,1),
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— a Bessel differential equation. The general Bessel differential equation takes
the form

(4.3) 2% (2) + (1 — 2a)2u/(2) + {8*7%2% + (a? — v*7*) } u(z) = 0, ze€C.
It is well known that for (non—mteger) v ¢ Z, the solution for (4.3) is
uw(z) =2 C1J,(B27) + Cad_,(B27) ],

where C7, (5 are arbitrary complex numbers, and J, is the Bessel function of
order v, i.e., a solution of equation (4.3) with a = 0, v = 1. Notice that equation
(4.2) with ¢ > 0 is equation (4.3) with

m—1 f € m—1
o= _Ta ﬁ - Y _57 V= c
By choosing m > 1, € € (0,1) such that
—ivT -1
ClZ—CQZ—L, V:nga
2 sin(vm) €
the solution of equation (4.2) can be written as
2
@0 )= e Ry (2 2) . s o)
where ,
—ivm (] (i2) — T (i
K,(z) = e (S i) ,,(zz)), argz € (—m,m/2)

2 sin(vm)
is the modified Bessel function of the third kind [19], with the asymptotic property

K, (z)~ ga:_lﬂe_x as T — +00.

Therefore in (4.4), the function

N R = 2
u(x)%;T(ﬁ) z +4exp{— ;/Ex_aﬂ} as x—0

e

is a nontrivial solution of (4.2) vanishing at = 0 of infinite order. Hence

f(:E) :u(\x|), T € [*(L,a], a € (Oal)
is well defined and f € C*([—a,a]). Taking derivative of equation (4.2) n — 2
times,
dn—2

dan? {wl(x) + %u/(x) — $2C+€u($)} =0, z € (0,1),

we obtain
ul™ (@) + an 1 (@) V(@) + -+ ao(z)u(z) =0,  z € (0,1).

For given m, ¢ and ¢, the coefficients

1 .
|CL]( )|<C<||nj+g)v ]:Oala"')n*:l? 1‘6(071)
for some constant C, > 0. By the property of u(z) near x = 0, we have

F (@) + a1 (@) f" V(@) + - +ao(2) f(x) =0,z € [~a,q]
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with

’x‘n—]—&—a

for some constant C' >. Thus

nol o)
OO =0 vk=0, /@ <o T b e o)
k=0

’:L,|nfk+€’

and f # 0 from the non-triviality of w.

Theorem 4.1 leads to applications in ODE as stated in the following two propo-
sitions. Based on the above example, the order of the singularity of the coefficients
in the assumption of the propositions is sharp.

Proposition 4.3. Let f(z) € C* be a solution of
v +an @)y - tage)y =0,  z€l-aal, a>0
with
1
|ak(a:)|:O<|x|nk> as x— 0, k=0,1,---,n—1.
Then

Proposition 4.4. Let f(x), g(x) € C* be solutions of
y™ a1 (2)y " 4+ ag(x)y = b(a), x € [—a,al, a>0
with

1
]ak(x)|:O<W> as x — 0, k=0,1,---,n—1.
Then

F®0) = g™ (0), VE>0 = f=g on [—a,a].

4.2. Proof of Theorem 4.1 and its corollary. Several lemmas are needed for
the proof of Theorem 4.1. The basic idea of the following lemma was considered
in [13].

Lemma 4.5. Let v(z) € C([0,b]). Assume v*)(0) = 0, Vk > 0. Then for
a>1,

bvx 2 4 bvll‘ 2
(4.5) /0 [QU(OCA dx < (a+1)2/0 [ ia)] dx
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Proof. Write v = v(zx),v" = v'(x) and so on.
di (x_(QH)UQ) = —(a+ 1)z~ @22 4 g=(@tF D)oy,
x
Since v*)(0) = 0 for k > [a/2] + 1, we have [v(z)]? ~ O(z2*+1) = o(z**1), thus

/b (g2 gy = BOP oy, WP _BOF
0

dx botl g0y potl o patl T
Therefore,

b 2 b !
v 2vv
(Oé+ 1)/0 de S /0 de‘
_ /b2 o1\ 1/2 v\,
- 0 2 Ct+2 Oé + 1 110‘/2 v

b 2
a+1 v (v
< - d d
- /0 2 gpot2 x+/0 atl zo ™

by applying 2ab < a® + b? to the last inequality. Consequently,

1 b 2 2 b N2
ot /vdmg/ ) dx,
2 Jy xot? a+1 ), =z

which is equivalent to (4.5). O

Lemma 4.6. Let u(z) € C*®([0,b]). Assume u®)(0) = 0, Vk > 0. Then for
p=1n=>1,

’ [u®) ()]’ 4 ™ (@)
|| st < G, e for k=0t

Proof. Applying Lemma 4.5 to v = u™ 179 o =+4+2j, 3>1, j=0,1,--- ,n—
1, we obtain

b [, (n—1—j) 2 br, (n—7)(,.\12
0 ght2t2 B+2+1)% )y 2Pt
or equivalently,
b [, ()12 b 1, (k41) ()12
/ deﬁ 1 / [ (2) de, k=0,1,--- ,n—1.
0 rB+2(n—k) (ﬂ + Q(n — k- 1) + 1)2 0 rB+2(n—k-1)

Applying the above inequality repeatedly, we have

b [u® ()] 4 4 [P (@)
/0 e < 911 B+2(n—1—m)+1)? (ﬁ+1)2/0 o

m=k

4 PP
< (ﬁ+1)2/0 e dx,




48

because > 1, f+2(n—m—1)+1>2form=0,...,n— 1. O

Lemma 4.7. Let u(z) € C*®([0,b]). Assume u®)(0) = 0, Vk > 0. Then for
p=1n=>1,

b 1 n—1 (k) 2 A ) .
(S5 (52 = < g [ puvore

k=0

Proof. Apply Lemma 4.6 to k =0,--- ,n — 1 and sum up both sides. O

Lemma 4.8. Let f(x) € C*([a,b]),0 € [a,b]. Assume f*)(0) =0, Vk > 0. Then
for3>1,n>1,

(k an [P 1
/ 2]? £ (fx”(k)> @< i | pprere.

Proof. The function u(z) = f(—=x) satisfies the assumptions for Lemma 4.7 on
[0, —al, so

2
4in 1
I xﬂZ< = )dw < Grp ) SUOCor

Substitute the variable x by —x. Since the terms in the sum are of even powers
and both sides have the same z? term, the above inequality can be written as

0 1 = %) (z) ? 4n 01 9
/aawz s de < CESEIA |x|5[f(n)($)] dx.

k=0

From Lemma 4.7 the desired inequality is already true for f(x) on [0, b]. Combining
the results on [a,0] and [a, b], Lemma 4.8 follows. O

The following is the proof of Theorem 4.1.

Proof. f(x) satisfies the assumptions in Lemma 4.8 on [a, b], so for any § > 1,

)\ b
agy  EDE 7 (xn(;f) i< [ U @R

From (4.1),
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thus

2
(4.7) / 2 ’6|fn) |dx<C2/ - |ﬁz( o k) da.

Combining (4.6) and (4.7) we have

F® )\ 4nC? £ ()]
[ () e e [ L ()

If £ 0 on [a,b], we would have |f*)(z)| > 0 on some sub-interval of [a,b] thus
the integrals > 0, which would imply

4nC?
1< — 0, Ve >1 = Contradiction.
S Bri)e g =
Therefore f(z) =0 on [a.b]. This completes the proof of Theorem 4.1. O

The proof of Corollary 4.2 follows immediately.

Proof. Under the assumption of Corollary 4.2, f # 0 implies f()(0) = 8 # 0 for
some k > 0 based on the result of Theorem 4.1. If § > 0, then f € C* yields
f®(z) > /2 >0, x €[=dy,d)] C [a,b] for some § > 0. Consequently the k-fold
integral

/ / f(k ..dy>mkﬂ/2>0, 0 < |z| < do.

The case 3 < 0 implies f(z) < 0 on an open interval containing 0.

For any 2/ € [a,b] such that f(z') = 0, the condition f # 0 implies f(z) #
0, 0< |x—a| <y, x € [a,b] for some §,s > 0. By the compactness of [a, b], the
zero set {f~1(0)} is at most finite in [a, b]. This completes the proof of Corollary
4.2. (]
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5. POSITIVE MEASURES ON THE SPHERE

5.1. Introduction. For any positive measure on the unit sphere S"~! ¢ R,

1— |z|?
ulw) = Pl = [ =
gn=1 o ="
defines a positive harmonic function in the unit ball B™ [1]. From [14], we have

14 7))t 1
lim (fiu(ro =2" /Sn_l Wdu(n)-

dp(n)

Consider
1 -
(5.1) GO = [ e mdal), €eS
sn-1 [€ =1
G (&) may be viewed as radial limits of the potential function

1
[t cem
gn—1 |z —n|"

We investigate a convergence property of G in Theorem 5.1. Proposition 5.2 and
Proposition 5.4 construct measures that induce examples for extreme cases of
G. Corollaries 5.3 and 5.5 give the corresponding results for positive harmonic
functions.

Theorem 5.1. For a positive measure . on the unit sphere S™~ 1, let
Goo ={£€ 5" G(€) = o0}

Then Goo s a dense Gg-set in the support of p. In particular, the closure of Goo

(5.2) Goo = supp(p).

Proposition 5.2. There exists a discrete measure p > 0 such that
G() <oo, (e8!

almost everywhere with respect to the Lebesque measure on S™ 1.

Corollary 5.3. There exists a positive harmonic function u defined by a discrete
measure on S"' such that

lirri u(r¢) =0, a.e. (e8!

with respect to the Lebesgue measure on S™1.

Proposition 5.4. There exists a discrete measure p > 0 such that

G(¢) =00, VEe S,
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Corollary 5.5. There exists a positive harmonic function u defined by a discrete
measure on S™~1 such that
lim u(rd)

_ n—1
lim 7=t =00, Vee S

5.2. Proof of Theorem 5.1. To prove Theorem 5.1, we need the following three
lemmas. The first two are quoted from [1] and [17] without proofs.

Lemma 5.6. (Corollary 6.44 in [1])
Let 11 be a positive Borel measure on S?~1 and

(5.3) dp = dpig.e. + dps = fdo + dus

be the Lebesque decomposition of p with respect to the Lebesque measure o. Then
P[u] has non-tangential limit f(¢) at almost every ¢ € S" 1.

Lemma 5.7. If U C 8" ! is an open and G({) < oo, ¥ € U. Then
lin% u(r¢) =0, V(¢ eU.

Proof. By the definition of G and [14],

(5.4) G(C) = tim 4TS

r—11—17r2"

Therefore
G{)<oo, YWelU = lin%u(r() =0, V(eU.

The following is the proof of Theorem 5.1.

Proof. First we show that G, is a G set, i.e., a countable intersection of open
sets. Form=1,2,---, let

Gn(C) = /Sn_1 min {m \C—lnln} dp(n).

The functions G, (¢) < m x u{S" !} and G,,(¢) is continuous in ¢. By Lemma
5.6 and (5.4),

G(Q) =5upGn(Q) = lim G(Q), (e 5™

is well defined. Therefore G(() is lower semi-continuous in {. Consequently {¢ €
S"=1: G(¢) > m} is an open set. By the definition,

Goo={£€8™ ! G(§) =00} = ([ {¢e5"": G) >m},
m=1
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therefore G, is a G set.

In the following we prove that G, = supp(p). If ¢ & supp(p), then

D(¢) = distance {¢, supp(p)} > 0,
then
du(n) _ p{S"'}
G —
(C) ~/Snlﬁ supp(u) K - 77’” = D(C)n =

Hence

00 e ( € 0.

Goo Csupp(u)  and  Goo C supp(p) = supp(p).

To prove G, = supp(p), we show that G, is dense in supp(u). For any open set
Uc S UnGy =0, we have f(¢) = lim,_1u(r¢{) = 0 in (5.3) by applying
Lemma 5.7. Therefore

pa.c.(U) = 0.
From [12] and [14],

lim (1 — )" u(r) = 2"u({C}) = 2us({C})-

r—1

Consequently
{Ces™™ p({¢h >0} € {Ces™: limu(r) = ool

we obtain
ps(U) = 0.
Hence
w(U) = pa.c.(U) + /’LS(U) =0.
We have shown that U NGy = () implies mu(U) = 0, i.e., Goo is dense in supp(pu),
then (5.2) follows. This concludes the proof of Theorem 5.1.
O

5.3. Proof of Proposition 5.2. We state in the following lemma (without proof)
a geometric property of Lebesgue measures on the sphere.

Lemma 5.8. Let o be the Lebesgue measure on S~ 1 with o(S"!) = 1. Given
n > 2, there exist a constant C' > 0 such that

of{¢e S ¢ —n<ry <Ot vn e snL
The following is the proof of Proposition 5.2.

Proof. Let {(; 521 be a dense countable set C S Let

=1
o= Z; 2%16)
]:
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be the measure on S™ 1. Then

6= [ gzﬂ o
Let
={eesmtle-gl>2795 2 m) \ Ua
Then .
an= (150 Ut where B ={ce s lg—¢l> 277,
kS
and j

gn—1 \ A, = (Sn 1 ﬂ )U {Ck}

(" "\ By) U {G}is

I
I

J

Let o be the normalized Lebesgue measure on S" ! with o(S""!) = 1. Then
o({¢;}) =0, Vj and by Lemma 5.8,

g (SN Ap) <) o (SI\B) <> C (2_j/3)n_1.
Jj=m j=m
Hence
o (sn—l\ U Am> =0 ( M {5 \Am}) = lim o (" '\ Ap) =
m=1 m=1
Therefore
m=1

Notice that, for any m > 0,

o) m—1 fe'e)

1 1 1 1 1
G() = —— < —— 1+ — < 00, V€ € Ap,.
=25 gr = LT gr T PP ‘

Consequently,
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5.4. Proof of Proposition 5.4.

Proof. For any N > 1, there exists XV = (2], .-+, 2}) € S"~! C R" such that
1
E(N) = -
1<;§;<N' —-xk‘ (@1, S" 1|$J“ka

i.e. X% is the s-extremal configuration of N points with s = n [8]. For each
N > 2, define a measure

1 N
:N;(S{%N}

and functions

uN(z) = N/ !
swlw—yw

1 )
W’ Z:l,"',N.
|z — ]

U(z) = uU¥(x) -

1

By the minimization property of X%, for any z € S"~1,

1
UM () + Z T~ N

N
1<j#k<N ‘:Ej — Xy

jk;&i
Y
1<j<N ’xj

1<k<N ‘x — .I'k
J#i

k#14

1
BN= > T
1<j#k<N [T — T,

= WU (w)+ Y

1<j#Ak<N ‘HEN — T,
JokAi J

p>

1<j#k<N ‘:L' — X
7, k#1 J k

v

Consequently

By the definition of u¥ (),

N
UN () = U (z) + m = NUN(z) =D UM (@) + U (@),
i =1
Therefore for x € S™1,
L) = S U ) > e S U ) - )
NI NN & E NN oy &t T Ny
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For € > 0, define a measure

(o'e) 0 -1
1 N . 1
=03 gt 6= ()
N=2 N=2
Then
1 =1 1,y
G(§) = /Sn1 Wd#(ﬁ) = NZQ ~Nire v (&)

By Theorem 2 in [8],
E(N) ~ N7 a5 N — oo
and there exist a constant C' (depending on n only) such that
E(N) > CN*am1,
Consequently, for z € S71,

<1 1
GE) = > =y ©

N=2
1 1

Z Z N1+a N(N_l)E(N)
N=2
x© ONZTRT

= ZNHE(N—l)
N=2

1
n—1 €

> 1
= CNZ2 N1 - % for 5€<O,n_1>.
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6. ON SPHERICAL HARMONIC EXPANSIONS OF COMPLEX BOREL MEASURES ON
THE UNIT SPHERE

6.1. Introduction. Let B = {x € R" : |z| < 1} be the unit ball in R”. "~ ! =
0B. Let H,,(S™ 1) denote the complex vector space of spherical harmonics of de-
gree m. H,,(S™ 1) is the restriction to S"~! of the complex vector space H,, (R")
of homogeneous harmonic polynomials in R™. Let Z,,(.,n) be the zonal harmonic
of H,,(S™ 1) with pole 1. If p is a complex measure on S" !, the spherical
harmonic expansion of y is defined to the series

> pm(Q),
m=0

where
PO = [ ZulC.mdu(a) € (5

for ¢ € S"7L It is well-known L?(S"!) = ©§°H,(S™ ). Therefore if f €
L?(S™1), then its spherical harmonic expansion defined as above with du = fdo
converges to f in L?(S"1). It is known [4] that if 1 < p < 2 then there is an
¢ € LP(S™ 1) whose spherical harmonic expansion diverges almost everywhere.
In this paper, however, we will prove that the spherical harmonic expansion of a
complex measure enjoys a precise asymptotics. Here is the main result.

Theorem 6.1. Let p1 be a complex Borel measure on the unit sphere S~ . Let

(o]
> pm(Q) be the spherical harmonic expansion of u Then
m=0

> pl€) ~ e ggmenAT

as N — oo.

We have the following corollary, which gives a sufficient condition for the spher-
ical expansion series to diverge.

Corollary 6.2. Let u be a complex Borel measure on S™ 1. If u({¢}) > 0 for
some ¢ € S then the series

o

> pm(C)

m=0

is divergent to +oo. If u({¢}) =0 then

N
S pm(€) = o(N" ).
m=0

We will construct a positive measure so that its spherical harmonic expansion
diverges on a countable dense subset of the unit sphere. The special case of
Theorem 6.1 when n = 2 implies the following regarding the Fourier series of a
complex measure on the unit circle.
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Theorem 6.3. Let p1 be a complex Borel measure on S*. Let

oo
§ : anean

n=—oo

be the Fourier series of u where ay, the Fourier coefficient, is defined as

Ay = / efinGd'ul(eiQ)'
-7

Z ane™ ~ 2p({c )N,

Then

In particular, if w({e®}) > 0 then the Fourier series is divergent to +oo, and if
p({e”}) = 0, then

N .
Z ane™ = o(N).
n=—N

o0
Theorem 6.4. Let i be a positive measure on S"~ 1. Let > pm(C) be its spherical
m=0
harmonic expansion, and let

Then for each ( € S"1, the series

b(¢)

2n—1’

2n
b(¢) = —d
© /snl In— ¢ )
and Also, one has b(¢) > u(S™1) for ¢ € S771.

where

is Abel summable to

S .
Corollary 6.5. Let y1 be a positive measure on S*. Let > a,e™? be its Fourier
n=—oo

series. The for each 6 € [0, 2], the series
> (3 )
N=0
is Abel summable to b(0), where b(0) > (S )as given in Theorem 6.4.

Theorem 6.1 can be restated as that the point mass of a complex measure on
the unit sphere can be approximated by spherical harmonics. Here is the result.
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Theorem 6.6. Let i be a complex Borel measure on the unit sphere S"1. Then
there exist (unique) pm(C) € Hm(S™ 1) form = 0,1,2, ... such that the point mass
of 1 is given by, for each ¢ € S"7 1,

utien = U5 g 2=

This paper is a continuation of [12].

6.2. proofs. Our proof is an application of a well-known Hardy-Littlewood ’s
Tauberian Theorem (see [10]) through harmonic functions in the unit ball.

o0
Theorem 6.7. Let Y apx™ converges for |x| < 1. Suppose that for some number

m=0
a >0,
flz) = ia xm A4 asx /1
_m=0m (1—[1;)‘1

(in the sense that (1 — x)*f(x) — A), while
may, > —Cm®,m > 1.
Then

N
A
Zam ~ N<.
= I'a+1)
First let us recall that if 4 is a complex Borel measure on S" ! and
1— |z
P(x,n) =
|z —nf?
is the Poisson kernel of B, then P|u] is defined by
Plul(z) = | Plzm)dpn).

Of course, P|[u] is harmonic in B. The following is the modification of Corollary
5.34 in [1] adapted to the measure case and is crucial to our method.

Lemma 6.8. Let p1 be a complex measure on S"! and u(z) = Plu]. Then there
exist (unique) py, € H(R™) such that

u(@) = > pn(@)
m=0

for x € B, the series converges absolutely and uniformly on compact subsets of B.
Further

[P ()] < Clp|(8"Hym" 2™
for some positive constant C and m = 0,1,2, ... If z = |z|(, then pp(C) is given
by

PO = [ Zulcmdntn € Hn(5™).
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Proof. By Theorem 5.33 of [1], the Poisson kernel can be given by zonal harmonics.
[o.¢]
P(2,0) = Zm(,0)
m=0

forallz € B,( € S~ !. The series converges absolutely and uniformly on K x S"~!
for every compact set K C B. So for any x € B,

o) = [P0 =3 [ POzt Ol

Letting

pole) = [ Zue.Qdu()

for z € B, we notice that p,,(z) € H,,(R™). On the other hand if x = |z|n, then

[ Zm (1, Q)] < dim Hn (R™)

dim H,,(R") = <n+m—1> B (n—I—m—B)‘

n—1 n—1

Here

By Pascal’s triangle, it is equal to
n+m-—2 n+m-—3
di R™) = .

n—2

Applying Stirling’s formula, one can get dim H,,(R") ~ Cm as m — oo for a

fixed n. Therefore
@I < [ 12 OdI(Q) < Clal(s™ m"Ha]™.
O

Here, according to Lemma 6.8, we observe that the spherical expansion of p is
related the harmonic homogeneous polynomial expansion of the harmonic function
P[u]. Therefore, Theorem 6.1 is equivalent to the following

Theorem 6.9. Let u be a compler measure on the unit sphere S*~! and u(z) =
P[u]. Write u for x =r(, ( € S"1

u(@) = 3 pm(Qr”
m=0

where pm(¢) € Hm (S 1). Then

> l0) ~ g {HN™

as N — oo.
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Proof. Let u(x) = P[u| be the harmonic function defined by the Poisson integral
of p. By [14],

tim (=) u(rQ) = [ Tim (1= POCndutn) =2 [ cludn) = 2u((C))

n—17—1

Now we are ready to apply Hardy-Littlewood’s Tauberian theorem. First we

observe the series
o0
Z Pm (C)Tm
=0

is also convergent for |r| < 1, by Lemma 6.8. Also by above
me _2u({¢h) ast /1
(1 —r)n=

Taking real and imagmary parts, we have

- 2R
Z%pm(c)rm (1{N({)C})1} as r
ngm(orm ~ 2(\;{f§n{)i})1} asr /1.
By Lemma 6.8, there exist a positive constant C' so that
pm(Q)] < Cm" 2

r 1

It follows that
m%pm(C) 2 _Cmn717
mSpm(¢) > —Cm"™ 1,
Applying Hardy-Littlewood’ theorem with o = n — 1 we complete the proof. [J
Here is the proof of Theorem 6.3.

Proof. In R? the zonal functions are given by
Zm(€i07ei¢) — eim(97¢>) + efim(quS)
for m > 0, and Zy(e?, ) = 1. So it follows from Theorem 6.1. O
In order to prove Theorem 6.4. We need the following theorem proved in [12].

Theorem 6.10. Let u be a positive harmonic function in B. If 0 < ry <7y <1,
we S then
(1 - T‘Q)n_l
1417
(1 + 7"2)”71
B

(1 - Tl)n_l
14+nr
(1 —i—?”l)n*l
1-— 1

u(row) < u(riw),

v

u(row)

u(riw).

In particular, if let

a(w) = limI(r,w),

7”—)1

b(w) = limJ(r,w).

r—1
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Then for each w € S™1,

a(w) = p({w})
o) = [ f)dun)
Sn—1
where f(n,w) is as defined in Theorem 6.4.

o0
A series )’ a, is said to be Abel summable to A if
n=0
(o)
Zanm” — A, asz /1.
n=0

Now we prove Theorem 6.4.

Proof. Let u(x) = P[u], Then u is a positive harmonic function in B. By Theorem
6.10, we see

1 b(¢)
as r /' 1, where b(() is as in Theorem 6.4. But

1 "
Q) =) Pl
m=0

oo N
-3 (Spmi0)
N=0 \n=0
This finishes the proof. O

The following function will produce a positive measure so that its point mass
is positive on a countable dense set of S"~!. The function is

1—|xf?
)= Y a2
k=0 v

o0
where Y a; < oo (a; > 0) and {w;}° is a countable dense set of S"~1. We note
k=0

o0
u(0) = > a; and by the Harnack principle, u is a positive harmonic function. It is

easy to V;rify that a(w;) = a; for i =0, 1,2... and otherwise a(w) = 0. Its measure

is given by
oo
=S i
k=0

where ¢ is the point measure at (.
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