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1. On monotonicity of positive invariant harmonic functions

A monotonicity property of Harnack inequality is proved for positive invariant
harmonic functions in the unit ball.

1.1. Statements of results. Let Bn = {x ∈ Rn : |x| < 1}, n ≥ 2 be the open
unit ball in Rn. Sn−1 = ∂Bn. Consider the differential operator

∆λ = (1− |x|2)




1− |x|2
4

∑

j

∂2

∂x2
j

+ λ
∑

j

xj
∂

∂xj
+ λ(

n

2
− 1− λ)



 , λ ∈ R.

We prove a monotonicity property of invariant harmonic functions that are solu-
tions of ∆λu = 0 and are defined by positive Borel measures on the sphere with
respect to the Poisson kernel Pλ (see below).

This section describes the theorems and their corollaries. The proofs are pro-
vided in the next two sections.

Theorem 1.1. Let u be a positive invariant harmonic function defined in Bn by
a positive Borel measure µ on Sn−1 with the Poisson kernel Pλ. For ζ ∈ Sn−1, if
λ > −n

2 (if λ < −n
2 ), the function

(1− r)n−1

(1 + r)1+2λ
u(rζ)

is decreasing (increasing) for 0 ≤ r < 1, and the function

(1 + r)n−1

(1− r)1+2λ
u(rζ)

is increasing (decreasing) for 0 ≤ r < 1. Also

lim
r→1

(1− r)n−1u(rζ) =





21+2λµ({ζ}), λ > −n
2

∞, λ < −n
2 , µ({ζ}c) > 0

21+2λµ({ζ}), λ < −n
2 , µ({ζ}c) = 0

and

lim
r→1

u(rζ)
(1− r)1+2λ

=
∫

Sn−1

21+2λ

|ζ − ξ|n+2λ
dµ(ξ).

Remarks.
(1) Invariant harmonic functions are the solutions of ∆λu = 0. These solutions

also satisfy certain invariance property with respect to Möbius transforma-
tion. Invariant harmonic functions generally do not possess good boundary
regularity, as shown in Liu and Peng [11].

(2) Let µ be a positive Borel measure on Sn−1 and Pλ be the Poisson kernel

Pλ(x, ζ) =
(1− |x|2)1+2λ

|x− ζ|n+2λ
.
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It is known that the integral

u(x) =
∫

Sn−1

Pλ(x, ζ)dµ(ζ)

defines an invariant harmonic function in Bn ([1], p. 119).
(3) On the completion of the current work, we learned that the limit cases for

n = 2, λ = 0 in Theorem 1.1 were obtained by Simon and Wolff ([18], ref.
Chapter 10, p. 546 in [17]).

(4) The critical value λ = −n
2 yields the degenerate case with the constant

Poisson kernel.

The following theorem characterizes the behavior of invariant harmonic func-
tions on the rays.

Theorem 1.2. Let u be a positive invariant harmonic function defined in Bn by
a positive Borel measure µ on Sn−1 with the Poisson kernel Pλ. Let ζ ∈ Sn−1 and
0 ≤ r′ ≤ r < 1.

If λ > −n
2 ,

(
1− r

1− r′

)2λ+1 (
1+r′

1+r

)n−1

u(r′ζ) ≤ u(rζ) ≤
(

1+ r

1+ r′

)2λ+1 (
1−r′
1−r

)n−1

u(r′ζ)

If λ < −n
2 ,

(
1+ r

1+ r′

)2λ+1 (
1−r′
1−r

)n−1

u(r′ζ) ≤ u(rζ) ≤
(

1− r

1− r′

)2λ+1 (
1+r′

1+r

)n−1

u(r′ζ)

For r′ = 0, the above becomes

(1− r)1+2λ

(1 + r)n−1
u(0) ≤ u(rζ) ≤ (1 + r)1+2λ

(1− r)n−1
u(0)

for λ > −n
2 , and

(1 + r)1+2λ

(1− r)n−1
u(0) ≤ u(rζ) ≤ (1− r)1+2λ

(1 + r)n−1
u(0)

for λ < −n
2 .

Remark. Case λ = 0 is the classical Harnack Inequality in Bn.

Corollary 1.3. Let U be the potential function defined in Bn by a positive Borel
measure µ on Sn−1 as follows:

U(x) =
∫

Sn−1

1
|x− η|n+2λ

dµ(η).

For ζ ∈ Sn−1, if λ > −n
2 (if λ < −n

2 ), the function

(1− r)n+2λU(rζ)
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is decreasing (increasing) for 0 ≤ r < 1.

In Theorem 1.1, λ = n
2−1 corresponds to the Laplace-Beltrami operator ∆n/2−1

and the Poincaré metric. It is known([2]) that given a positive invariant harmonic
function (solutions of ∆n/2−1u = 0), there exists a positive Borel measure µ on
Sn−1, such that

u(x) =
∫

Sn−1

Pn/2−1(x, ζ)dµ(ζ)

In this case the monotonicity property in Theorem 1.1 implies the following corol-
lary.

Corollary 1.4. Let u be a positive solution of ∆n/2−1u = 0 in Bn. Then
(

1− r

1 + r

)n−1

u(rζ) decreasing in r,

(
1 + r

1− r

)n−1

u(rζ) increasing in r.

Corollary 1.5. Let u be a positive harmonic function with respect to the Laplace
operator (λ = 0) defined in Bn by a positive Borel measure µ on Sn−1 with the
Poisson Kernel P0. For ζ ∈ Sn−1, 0 ≤ r < 1, the function

(1− r)n−1

1 + r
u(rζ)

is decreasing and the function

(1 + r)n−1

1− r
u(rζ)

is increasing. In addition,

lim
r→1

(1− r)n−1u(rζ) = 2µ({ζ}),

lim
r→1

u(rζ)
1− r

=
∫

Sn−1

2
|ζ − ξ|ndµ(ξ).

Corollary 1.5 is the same as a result in [12].

Corollary 1.6. Let Bn(R) be the open ball of radius R. Let u(z) be an invariant
harmonic function in Bn(R) (a.k.a u(Rz) is invariant harmonic in Bn) defined by
the Poisson kernel Pλ( x

R , ζ). For ζ ∈ Sn−1, if λ > −n
2 (if λ < −n

2 ), the function

1
Rn−2−2λ

(R− r)n−1

(R+ r)1+2λ
u(rζ)

is decreasing (increasing) and the function

1
Rn−2−2λ

(R+ r)n−1

(R− r)1+2λ
u(rζ)
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is increasing (decreasing) in r for 0 ≤ r < R. The case λ = 0 gives the mono-
tonicity of functions

(
R− r

R

)n−2 R− r

R+ r
u(rζ) and

(
R+ r

R

)n−2 R+ r

R− r
u(rζ),

which implies that, ∀x ∈ Bn(r), 0 ≤ r < R,
(

R

R+ r

)n−2 R− r

R+ r
u(0) ≤ u(x) ≤

(
R

R− r

)n−2 R+ r

R− r
u(0)

— the classical Harnack Inequality.

Corollary 1.7. Let u be a positive invariant harmonic function defined in Bn by a
positive Borel measure µ on Sn−1 with the Poisson kernel Pλ. Let 0 ≤ r′ ≤ r < 1.

If λ > −n
2 ,

(1− r)n−1

(1 + r)1+2λ
max
|x|=r

u(x) ≤ (1− r′)n−1

(1 + r′)1+2λ
max
|x|=r′

u(x)

(1 + r)n−1

(1− r)1+2λ
min
|x|=r

u(x) ≥ (1 + r′)n−1

(1− r′)1+2λ
min
|x|=r′

u(x)

If λ < −n
2 ,

(1 + r)n−1

(1− r)1+2λ
max
|x|=r

u(x) ≤ (1 + r′)n−1

(1− r′)1+2λ
max
|x|=r′

u(x)

(1− r)n−1

(1 + r)1+2λ
min
|x|=r

u(x) ≥ (1− r′)n−1

(1 + r′)1+2λ
min
|x|=r′

u(x)

Similar results are obtained in complex space Cn. Let

Pα(z, ζ) =
(1− |z|2)n+2α

|1− z · ζ|2n+2α
, α ∈ R

be the Poisson-Szegö kernel for the operator

∆α,β = 4(1− |z|2)




∑

i,j

(δi,j − zizj)
∂2

∂zi∂zj
+ α

∑

j

zj
∂

∂zj
+ β

∑

j

zj
∂

∂zj
− αβ





with α = β, where z · ζ =
∑n

i=1 ziζi. Define

u(z) =
∫

Sn−1

Pα(z, ζ)dµ(ζ), α ∈ R.
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Theorem 1.8. Let u be a positive invariant harmonic function defined in the unit
ball Bn ⊂ Cn by a positive Borel measure µ on Sn−1 = ∂Bn with the Poisson-Szegö
kernel. Given ζ ∈ Sn−1, if α > −n (if α < −n), the function

(1− r)n

(1 + r)n+2α
u(rζ)

is decreasing (increasing) for 0 ≤ r < 1, and the function

(1 + r)n

(1− r)n+2α
u(rζ)

is increasing (decreasing) for 0 ≤ r < 1. Also

lim
r→1

(1− r)nu(rζ) =





2n+2αµ({ζ}), α > −n
∞, α < −n, µ({ζ}c) > 0
2n+2αµ({ζ}), α < −n, µ({ζ}c) = 0

and

lim
r→1

u(rζ)
(1− r)n+2α

=
∫

Sn−1

2n+2α

|ζ − η|2n+2α
dµ(η).

The following theorem describes invariant harmonic functions on the rays.

Theorem 1.9. Let u be a positive invariant harmonic function defined in the
unit ball Bn ⊂ Cn by a positive Borel measure µ on Sn−1 with the Poisson-Szegö
kernel. Let ζ ∈ Sn−1 and 0 ≤ r′ ≤ r < 1.

if α > −n,
(

1− r

1− r′

)n+2α (
1+r′

1+r

)n

u(r′ζ) ≤ u(rζ) ≤
(

1+ r

1+ r′

)n+2α (
1−r′
1−r

)n

u(r′ζ)

If α < −n,

(
1+ r

1+ r′

)−2n−2α (
1−r2
1−r′2

)n+2α

u(r′ζ) ≤ u(rζ) ≤
(

1− r

1− r′

)n+2α (
1+r′

1+r

)n

u(r′ζ)

For r′ = 0, the above becomes

(1− r)n+2α

(1 + r)n
u(0) ≤ u(rζ) ≤ (1 + r)n+2α

(1− r)n
u(0)

for α > −n, and

(1 + r)n+2α

(1− r)n
u(0) ≤ u(rζ) ≤ (1− r)n+2α

(1 + r)n
u(0)

for α < −n.
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1.2. Proofs of Theorem 1.1 and its corollaries. We need the following two
lemmas for the proof of Theorem 1.1.

Lemma 1.10. Let x ∈ Rn, |x| = r, ζ ∈ Sn−1.

If λ > −n
2 then

(1.1) − (n+2λ−(n−2λ−2)r)(1−r2)2λ

|x− ζ|n+2λ
≤ ∂

∂r

(1−r2)1+2λ

|x− ζ|n+2λ
≤ (n+2λ+(n−2λ−2)r)(1−r2)2λ

|x− ζ|n+2λ

If λ < −n
2 , then

(1.2)
(n+2λ+(n−2λ−2)r)(1−r2)2λ

|x− ζ|n+2λ
≤ ∂

∂r

(1−r2)1+2λ

|x− ζ|n+2λ
≤− (n+2λ−(n−2λ−2)r)(1−r2)2λ

|x− ζ|n+2λ

Proof. Write x = |x|η = rη, η · ζ =
∑n

i=1 ηiζi.

∂

∂r
|x− ζ|2 =

∂

∂r
(|x|2 − 2rη · ζ + 1) = 2(r − η · ζ),

then
∂

∂r
|x− ζ|n+2λ =

∂

∂r
(|x− ζ|2)n+2λ

2

=
n+ 2λ

2
(|x− ζ|2)n+2λ

2
−1 ∂

∂r
|x− ζ|2

= (n+ 2λ) |x− ζ|n+2λ−2 (r − η · ζ),
and

∂

∂r

(1− r2)1+2λ

|x− ζ|n+2λ

=
(1 + 2λ)(1− r2)2λ(−2r)|x− ζ|n+2λ − (1− r2)1+2λ ∂

∂r |x− ζ|n+2λ

|x− ζ|2(n+2λ)

=
−2(1 + 2λ)(1−r2)2λr|x−ζ|n+2λ −(1−r2)1+2λ(n+ 2λ)|x− ζ|n+2λ−2(r−η · ζ)

|x− ζ|2(n+2λ)

=
−2(1 + 2λ)(1− r2)2λr|x− ζ|2 − (1− r2)1+2λ(n+ 2λ)(r − η · ζ)

|x− ζ|n+2λ+2
.

(1.3)

To prove the right side inequality in (1.1), it suffices to show

−2(1+2λ)r|x− ζ|2− (1− r2)(n+2λ)(r− η · ζ) ≤ (n+2λ+(n− 2λ− 2)r)|x− ζ|2,
which is equivalent to

−(n+ 2λ)(1− r2)(r − η · ζ) ≤ (n+ 2λ)(1 + r)|x− ζ|2.
For λ > −n

2 , the above becomes

−(1− r2)(r − η · ζ) ≤ (1 + r)|x− ζ|2,
or

−(1− r)(r − η · ζ) ≤ r2 − 2η · ζ + 1,



8

which, after a simple simplification, is equivalent to

η · ζ ≤ 1

The inequality is true since ζ, η ∈ Sn−1. To prove the left side inequality in (1.1),
it suffices to show (using the result of (1.3))

−2(1+2λ)r|x−ζ|2− (1−r2)(n+2λ)(r−η ·ζ) ≥ −(n+2λ− (n−2λ−2)r)|x−ζ|2,
which is equivalent to

(n+ 2λ)(1− r2)(r − η · ζ) ≤ (n+ 2λ)(1− r)|x− ζ|2.
For λ > −n

2 , the inequality is equivalent to

(1− r2)(r − η · ζ) ≤ (1− r)|x− ζ|2,
which is, after a simplification,

−η · ζ ≤ 1,

true since ζ, η ∈ Sn−1. The proof of (1.2) for λ < −n
2 is parallel. This completes

the proof of Lemma 1.10. ¤

Lemma 1.11. Let u be a positive invariant harmonic function in Bn defined by
a positive Borel measure on Sn−1 with the Poisson kernel.

If λ > −n
2 ,

(1.4) −(n+ 2λ− (n− 2λ− 2)r)
1− r2

u(x) ≤ ∂u(x)
∂r

≤ (n+ 2λ+ (n− 2λ− 2)r)
1− r2

u(x).

If λ < −n
2 ,

(1.5)
(n+ 2λ+ (n− 2λ− 2)r)

1− r2
u(x) ≤ ∂u(x)

∂r
≤ −(n+ 2λ− (n− 2λ− 2)r)

1− r2
u(x).

Proof. By the Poisson integral representation of u in Bn,

u(x) =
∫

Sn−1

(1− |x|2)1+2λ

|x− ζ|n+2λ
dµ(ζ)

for a positive Borel measure µ. By (1.1) in Lemma 2.4 and µ being a positive
measure,
∫

Sn−1

∂

∂r

(
(1− |x|2)1+2λ

|x− ζ|n+2λ

)
dµ(ζ) ≤

∫

Sn−1

(n+ 2λ+ (n− 2λ− 2)r)(1− r2)2λ

|x− ζ|n+2λ
dµ(ζ)

=
(n+ 2λ+ (n− 2λ− 2)r)

1− r2

∫

Sn−1

(1− |x|2)1+2λ

|x− ζ|n+2λ
dµ(ζ)

=
(n+ 2λ+ (n− 2λ− 2)r)

1− r2
u(x)
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when λ > −n
2 . It follows that

∂u(x)
∂r

=
∫

Sn−1

∂

∂r

(
(1− |x|2)1+2λ

|x− ζ|n+2λ

)
dµ(ζ) ≤ (n+ 2λ+ (n− 2λ− 2)r)

1− r2
u(x).

The left side inequality in (1.4) can be proved in the same manner. For the equality

case, consider uy(x) = u(x, y) =
(1− |x|2)1+2λ

|x− y|n+2λ
which is invariant harmonic in

Rn \ {y} for y ∈ Sn−1. A simple calculation shows that the equalities hold for
uy(x) when x = |x|y and x = −|x|y respectively. The proof of (1.5) is similar.
This completes the proof of Lemma 1.11. ¤

Now we prove Theorem 1.1.

Proof. Consider ϕ(r) =
(1− r)n−1

(1 + r)1+2λ
and ψ(r) =

(1 + r)n−1

(1− r)1+2λ
for 0 ≤ r < 1.

ϕ′

ϕ
= −(n+ 2λ+ (n− 2λ− 2)r)

1− r2
,

ψ′

ψ
=

(n+ 2λ− (n− 2λ− 2)r)
1− r2

.

Given ω ∈ Sn−1, consider

I(r, ω) = ϕ(r)u(rω),
J(r, ω) = ψ(r)u(rω).

To show Theorem 1.1, it suffices to show that I(r, ω) is decreasing (increasing)
and J(r, ω) is increasing (decreasing) in r for 0 ≤ r < 1 when λ > −n

2 (when
λ < −n

2 ). By (1.4) in Lemma 1.11, for λ > −n
2 ,

d

dr
(log I(r, ω)) =

ϕ′

ϕ
+
u′r
u

= −(n+ 2λ+ (n− 2λ− 2)r)
1− r2

+
u′r
u

≤ −(n+ 2λ+ (n− 2λ− 2)r)
1− r2

+
(n+ 2λ+ (n− 2λ− 2)r)

1− r2

= 0.

Therefore log I(r, ω) is decreasing in r, and so is I(r, ω). Similarly,

d

dr
(log J(r, ω)) =

ψ′

ψ
+
u′r
u

=
(n+ 2λ− (n− 2λ− 2)r)

1− r2
+
u′r
u

≥ (n+ 2λ− (n− 2λ− 2)r)
1− r2

− (n+ 2λ− (n− 2λ− 2)r)
1− r2

= 0.
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Hence, J(r, ω) is increasing in r. For λ > −n
2 and y ∈ Sn−1,

lim
r→1

(1− r)n−1

(1 + r)1+2λ
Pλ(rζ, y) = lim

r→1

(1− r)n−1

(1 + r)1+2λ

(1− |r|2)1+2λ

|rζ − y|n+2λ

= lim
r→1

(1− r)n+2λ

|rζ − y|n+2λ
↘ δ(ζ, y) =

{
1, ζ = y

0, ζ 6= y

by applying the monotonicity properties in Theorem 1.1 to u = Pλ. By Lebesgue’s
dominated convergence theorem,

lim
r→1

(1− r)n−1u(rζ) = lim
r→1

(1− r)n−1

∫

Sn−1

Pλ(rζ, ξ)dµ(ξ)

= lim
r→1

(1 + r)1+2λ

∫

Sn−1

lim
r→1

(1− r)n−1

(1 + r)1+2λ
Pλ(rζ, ξ)dµ(ξ)

= 21+2λµ({ζ}).

Similarly,
(1 + r)n−1

(1− r)1+2λ
Pλ(rζ, y) =

(1 + r)n+2λ

|rζ − ξ|n+2λ
is increasing in r for λ > −n

2 . By

Lebesgue’s monotone convergence theorem,

lim
r→1

u(rζ)
(1− r)1+2λ

= lim
r→1

1
(1− r)1+2λ

∫

Sn−1

Pλ(rζ, ξ)dµ(ξ)

= lim
r→1

1
(1 + r)n−1

∫

Sn−1

lim
r→1

(1 + r)n−1

(1− r)1+2λ
Pλ(rζ, ξ)dµ(ξ)

=
1

2n−1

∫

Sn−1

lim
r→1

(1 + r)n+2λ

|rζ − ξ|n+2λ
dµ(ξ)

=
∫

Sn−1

21+2λ

|ζ − ξ|n+2λ
dµ(ξ).

For λ < −n
2 , the monotonicity of I(r, ω) and J(r, ω) is proved similarly to the case

λ > −n
2 using (1.5) instead of (1.4) in Lemma 1.11.

lim
r→1

(1− r)n−1

(1 + r)1+2λ
Pλ(rζ, y) = lim

r→1

|rζ − y|−(n+2λ)

(1− r)−(n+2λ)
↗

{
1, ζ = y

∞, ζ 6= y

when λ < −n
2 . Therefore,

lim
r→1

(1− r)n−1u(rζ) = lim
r→1

(1 + r)1+2λ

∫

Sn−1

lim
r→1

(1− r)n−1

(1 + r)1+2λ
Pλ(rζ, ξ)dµ(ξ)

=

{
21+2λµ({ζ}), if µ({ζ}c) = 0;
∞, if µ({ζ}c) > 0.
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Similarly,
(1 + r)n−1

(1− r)1+2λ
Pλ(rζ, y) =

(1 + r)n+2λ

|rζ − ξ|n+2λ
is decreasing in r for λ < −n

2 . By

Lebesgue’s monotone convergence theorem,

lim
r→1

u(rζ)
(1− r)1+2λ

= lim
r→1

1
(1− r)1+2λ

∫

Sn−1

Pλ(rζ, ξ)dµ(ξ)

= lim
r→1

1
(1 + r)n−1

∫

Sn−1

lim
r→1

(1 + r)n−1

(1− r)1+2λ
Pλ(rζ, ξ)dµ(ξ)

=
1

2n−1

∫

Sn−1

lim
r→1

(1 + r)n+2λ

|rζ − ξ|n+2λ
dµ(ξ)

=
∫

Sn−1

21+2λ

|ζ − ξ|n+2λ
dµ(ξ)

This completes the proof of Theorem 1.1. ¤

The proof of Corollary 1.2 is straightforward and is omitted. The proof of
Corollary 1.3 follows.

Proof.

(1− r)n+2λU(rζ) =
∫

Sn−1

(1− r)n+2λ

|rζ − η|n+2λ
dµ(η)

=
(1− r)n−1

(1 + r)1+2λ

∫

Sn−1

(1− r2)1+2λ

|rζ − η|n+2λ
dµ(η)

=
(1− r)n−1

(1 + r)1+2λ
u(rζ)

which is decreasing (increasing) in r for λ > −n
2 (λ < −n

2 ) by Theorem 1.1. This
completes the proof of Corollary 1.3. ¤

Corollaries 1.4 and 1.5 are special cases of Theorem 1.1. Corollary 1.6 is a
straightforward generalization from Bn to Bn(R). The following is the proof of
Corollary 1.7.

Proof. 0 ≤ r′ ≤ r < 1. By the maximum principle, there is ζ ∈ Sn−1 such that
u(rζ) = max|x|=r u(x).

If λ > −n
2 , Theorem 1.1 implies

(1− r)n−1

(1 + r)1+2λ
max
|x|=r

u(x) =
(1− r)n−1

(1 + r)1+2λ
u(rζ)

≤ (1− r′)n−1

(1 + r′)1+2λ
u(r′ζ) ≤ (1− r′)n−1

(1 + r′)1+2λ
max
|x|=r′

u(x)
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Similarly, there is ξ ∈ Sn−1 such that u(rξ) = min|x|=r u(x). When λ > −n
2 ,

Theorem 1.1 yields

(1 + r)n−1

(1− r)1+2λ
min
|x|=r

u(x) =
(1 + r)n−1

(1− r)1+2λ
u(rξ)

≥ (1 + r′)n−1

(1− r′)1+2λ
u(r′ξ) ≥ (1 + r′)n−1

(1− r′)1+2λ
min
|x|=r′

u(x)

The proof for λ < −n
2 is parallel. This completes the proof of Corollary 1.7.

¤

1.3. Proof of Theorem 1.8. In the following, Bn denotes the unit ball in Cn

and Sn−1 = ∂Bn the sphere. We need the following three lemmas for the proof of
Theorem 1.8.

Lemma 1.12. If a ∈ C, |a| ≤ 1, then for 0 ≤ r ≤ 1,

(1.6) 1 + r|a|2 ≥ (1 + r)Re(a)

(1.7) 1− r|a|2 ≥ (−1 + r)Re(a)

Proof. |a| ≤ 1, so −1 ≤ −|a| ≤ Re(a) ≤ |a| ≤ 1 and Re(a)2 ≤ |a|2.
If |a|2 ≥ Re(a), then 1 + r|a|2 ≥ Re(a) + rRe(a) so (1.6) holds.

If |a|2 < Re(a), consider f(r) = 1+r|a|2−(1+r)Re(a), f ′(r) = |a|2−Re(a) < 0.
So f(r) decreases in r ∈ [0, 1]. f(1) = 1 + |a|2 − 2Re(a) > 1 + Re(a)2 − 2Re(a) =
(1−Re(a))2 ≥ 0. So f(r) ≥ 0 and (1.6) holds.

For the second inequality, 1+Re(a) ≥ |a|2+Re(a) ≥ r|a|2+rRe(a), so 1−r|a|2 ≥
(−1 + r)Re(a) and (1.7) holds. ¤

Lemma 1.13. Let z ∈ Bn, |z| = r, ζ ∈ Sn−1.

If α > −n then

(1.8) − (2n+2α+ 2αr)(1−r2)n+2α−1

|1−z · ζ|n+2α
≤ ∂

∂r

(1−r2)n+2α

|1−z ·ζ|2n+2α
≤ (2n+2α−2αr)(1−r2)n+2α−1

|1− z · ζ|n+2α

If α < −n, then

(1.9)
(2n+2α−2αr)(1−r2)n+2α−1

|1− z · ζ|n+2α
≤ ∂

∂r

(1− r2)n+2α

|1− z ·ζ|2n+2α
≤− (2n+2α+2αr)(1−r2)n+2α−1

|1− z · ζ|n+2α

Proof. Let z = |z|η = rη.

∂

∂r
|1− z · ζ|2 =

∂

∂r
(1− 2rRe(η · ζ) + r2|η · ζ|2) = 2(r|η · ζ|2 − Re(η · ζ)),
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and
∂

∂r
|1− z · ζ|2n+2α =

∂

∂r
(|1− z · ζ|2)n+α

= (n+ α)|(1− z · ζ|2)n+α−1 ∂

∂r
|1− z · ζ|2

= 2(n+ α)|1− z · ζ|2n+2α−2(r|η · ζ|2 − Re(η · ζ)).
We have

∂

∂r

(1− r2)n+2α

|1− z · ζ|2n+2α
=

(n+ 2α)(1− r2)n+2α−1(−2r)|1− z · ζ|2n+2α

|1− z · ζ|4n+4α

− (1− r2)n+2α ∂
∂r |1− z · ζ|2n+2α

|1− z · ζ|4n+4α

=
−2(n+ 2α)(1− r2)n+2α−1r|1− z · ζ|2n+2α

|1− z · ζ|4n+4α

− (1− r2)n+2α2(n+ α)|1− z · ζ|2n+2α−2(r|η · ζ|2−Re(η · ζ))
|1− z · ζ|4n+4α

=
−2(n+ 2α)(1− r2)n+2α−1r|1− z · ζ|2

|1− z · ζ|2n+2α+2

− (1− r2)n+2α2(n+ α)(r|η · ζ|2 − Re(η · ζ))
|1− z · ζ|2n+2α+2

(1.10)

To prove the right side inequality of (1.8), it suffices to prove

−2(n+2α)r|1−z·ζ|2−(1−r2)(2n+2α)(r|η·ζ|2−Re(η·ζ)) ≤ (2n+2α−2αr)|1−z·ζ|2
which is equivalent to

−(1− r2)2(n+ α)(r|η · ζ|2 − Re(η · ζ)) ≤ 2(n+ α)(1 + r)|1− z · ζ|2.
For α > −n, the above inequality is equivalent to

−(1− r)((r|η · ζ|2 − Re(η · ζ)) ≤ |1− z · ζ|2
which is, after a simple simplification,

(1 + r)Re(η · ζ) ≤ 1 + r|η · ζ|2.
The inequality is true by (1.6) in Lemma 1.12. To prove the left side inequality of
(1.8), it suffices to show

−2(n+2α)r|1−z·ζ|2−(1−r2)(2n+2α)(r|η·ζ|2−Re(η·ζ)) ≥ −(2n+2α+2αr)|1−z·ζ|2
which is equivalent to

−(1− r2)2(n+ α)(r|η · ζ|2 − Re(η · ζ)) ≥ −2(n+ α)(1− r)|1− z · ζ|2.
For α > −n, the above inequality becomes

(1 + r)((r|η · ζ|2 − Re(η · ζ)) ≤ |1− z · ζ|2
which is, after a simple simplification,

(−1 + r)Re(η · ζ) ≤ 1− r|η · ζ|2.
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The inequality is true by (1.7) in Lemma 1.12. The proof of (1.9) is parallel to
that of (1.8), using the same inequalities in Lemma 1.12. This completes the proof
of Lemma 1.13. ¤

Lemma 1.14. Let u(z) be a positive invariant harmonic function in Bn defined
by a positive Borel measure on Sn−1 with the Poisson-Szegö kernel, |z| = r.
If α > −n,

(1.11) −(2n+ 2α+ 2αr)
1− r2

u(z) ≤ ∂u(z)
∂r

≤ (2n+ 2α− 2αr)
1− r2

u(z).

If α < −n,

(1.12)
(2n+ 2α− 2αr)

1− r2
u(z) ≤ ∂u(z)

∂r
≤ −(2n+ 2α+ 2αr)

1− r2
u(z).

Proof. By the Poisson-Szegö integral representation of u in Bn,

u(z) =
∫

Sn−1

(1− |z|2)n+2α

|1− z · ζ|2n+2α
dµ(ζ)

for a positive Borel measure µ on Sn−1. By (1.8) in Lemma 1.13 and µ being a
positive measure,
∫

Sn−1

∂

∂r

(
(1− |z|2)n+2α

|1− z · ζ|2n+2α

)
dµ(ζ) ≤

∫

Sn−1

(n+ 2α− 2αr)(1− r2)n+2α−1

|1− z · ζ|n+2α
dµ(ζ)

=
(n+ 2α− 2αr)

1− r2

∫

Sn−1

(1− |z|2)n+2α

|1− z · ζ|2n+2α
dµ(ζ)

=
(n+ 2α− 2αr)

1− r2
u(z)

when α > −n. It follows that

∂u(z)
∂r

=
∫

Sn−1

∂

∂r

(
(1− |z|2)n+2α

|1− z · ζ|2n+2α

)
dµ(ζ) ≤ (n+ 2α− 2αr)

1− r2
u(z).

The left side inequality in (1.11) is proved similarly. For the equality case, consider

uw(z) = Pα(z, w) =
(1− |z|2)n+2α

|z − w|2n+2α
. It is known that uw(z) is invariant harmonic

in Cn \ {w} for w ∈ Sn−1. A simple calculation shows that the equalities in (1.11)
hold for uw(z) when z = |z|w and z = −|z|w respectively. The proof of (1.12) is
parallel to that of (1.11), using (1.9) instead of (1.8) in Lemma 2.8. This completes
the proof of Lemma 1.14. ¤

Now we prove Theorem 1.8.
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Proof. Consider ϕ(r) =
(1− r)n

(1 + r)n+2α
, ψ(r) =

(1 + r)n

(1− r)n+2α
for 0 ≤ r < 1.

ϕ′

ϕ
= −2n+ 2α− 2αr

1− r2
,

ψ′

ψ
=

2n+ 2α+ 2αr
1− r2

.

Given ω ∈ Sn−1, consider
I(r, ω) = ϕ(r)u(rω),
J(r, ω) = ψ(r)u(rω).

To show Theorem 1.8, it suffices to show that I(r, ω) is decreasing (increasing)
and J(r, ω) is increasing (decreasing) in r when α > −n (when α < −n). By
(1.11) in Lemma 1.14, when α > −n,

∂

∂r
log I(r, ω) =

ϕ′

ϕ
+
u′r
u

= −2n+ 2α− 2αr
1− r2

+
u′r
u

≤ −2n+ 2α− 2αr
1− r2

+
2n+ 2α− 2αr

1− r2

= 0.

Therefore log I(r, ω) is decreasing in r, and so is I(r, ω). Similarly,

∂

∂r
log J(r, ω) =

ψ′

ψ
+
u′r
u

=
2n+ 2α+ 2αr

1− r2
+
u′r
u

≥ 2n+ 2α+ 2αr
1− r2

− 2n+ 2α+ 2αr
1− r2

= 0.

Hence, J(r, ω) is increasing in r. For α > −n and ζ, w ∈ Sn−1,

lim
r→1

(1− r)n

(1 + r)n+2α
Pα(rζ, w) = lim

r→1

(1− r)n

(1 + r)n+2α

(1− |r|2)n+2α

|1− rζ · w|2n+2α

= lim
r→1

(1− r)2n+2α

|1− rζ · w|2n+2α
↘ δ(ζ, w)

by applying the monotonicity results in Theorem 1.8 to u = Pα. By Lebesgue’s
dominated convergence theorem,

lim
r→1

(1− r)nu(rζ) = lim
r→1

(1− r)n

∫

Sn−1

Pα(rζ, ξ)dµ(ξ)

= lim
r→1

(1 + r)n+2α

∫

Sn−1

lim
r→1

(1− r)n

(1 + r)n+2α
Pλ(rζ, ξ)dµ(ξ)

= 2n+2αµ({ζ}).
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Similarly,
(1 + r)n

(1− r)n+2α
Pα(rζ, w) =

(1 + r)2n+2α

|1− rζ · w|2n+2α
is increasing in r for α > −n.

By Lebesgue’s monotone convergence theorem,

lim
r→1

u(rζ)
(1− r)n+2α

= lim
r→1

1
(1− r)n+2α

∫

Sn−1

Pα(rζ, ξ)dµ(ξ)

= lim
r→1

1
(1 + r)n

∫

Sn−1

lim
r→1

(1 + r)n

(1− r)n+2α
Pα(rζ, ξ)dµ(ξ)

=
1
2n

∫

Sn−1

lim
r→1

(1 + r)2n+2α

|1− rζ · ξ|2n+2α
dµ(ξ)

=
∫

Sn−1

2n+2α

|ζ − ξ|2n+2α
dµ(ξ).

For α < −n, the monotonicity of I(r, ω) and J(r, ω) is proved similarly by applying
(1.12) in Lemma 1.14.

lim
r→1

(1− r)n

(1 + r)n+2α
Pα(rζ, w) = lim

r→1

|1− rζ · w|−(2n+2α)

(1− r)−(2n+2α)
↗

{
1, ζ = w

∞, ζ 6= w

when α < −n. Therefore,

lim
r→1

(1− r)nu(rζ) = lim
r→1

(1 + r)n+2α

∫

Sn−1

lim
r→1

(1− r)n

(1 + r)n+2α
Pα(rζ, ξ)dµ(ξ)

=

{
2n+2αµ({ζ}), if µ({ζ}c) = 0;
∞, if µ({ζ}c) > 0.

Similarly,
(1 + r)n

(1− r)n+2α
Pα(rζ, w) =

(1 + r)2n+2α

|1− rζ · w|2n+2α
is decreasing in r for α < −n.

By Lebesgue’s monotone convergence theorem,

lim
r→1

u(rζ)
(1− r)n+2α

= lim
r→1

1
(1− r)n+2α

∫

Sn−1

Pα(rζ, ξ)dµ(ξ)

= lim
r→1

1
(1 + r)n

∫

Sn−1

lim
r→1

(1 + r)n

(1− r)n+2α
Pα(rζ, ξ)dµ(ξ)

=
1
2n

∫

Sn−1

lim
r→1

(1 + r)2n+2α

|1− rζ · ξ|2n+2α
dµ(ξ)

=
∫

Sn−1

2n+2α

|ζ − ξ|2n+2α
dµ(ξ)

This completes the proof of Theorem 1.8. ¤

Remark. Notice that the monotonicity of the auxiliary functions ϕ and ψ in the
proofs of Theorem 1.1 and Theorem 1.8 may vary depending on the values of the
parameter λ (or α) and the dimension n. When λ > −n

2 ( or α > −n), we have
ϕ′ < 0 and ψ′ > 0, i.e. ϕ increases and ψ decreases in r for 0 < r < 1. For λ < −n

2
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(or α < −n), the monotonicity does not necessarily hold. For example, in the real
case in Theorem 1.1, for λ < −n

2 ,

ϕ(r) =
(1− r)n−1

(1 + r)1+2λ
, ϕ′(r)





> 0, r ∈
(

0,
−2λ− n

−2λ+ (n− 2)

)

< 0, r ∈
( −2λ− n

−2λ+ (n− 2)
, 1

)

i.e. the monotonicity may change for certain combinations of n and λ. However,
the monotonicity of ϕ(r)u(rζ) and ψ(r)u(rζ) holds.

1.4. Proofs of Theorem 1.2 and Theorem 1.9. The proofs for the two theo-
rems are based on the following lemma.

Lemma 1.15. Let f(r) be a positive function on r ∈ [0, 1). If for a, b ∈ R,

(1.13) −a+ br

1− r2
f(r) ≤ f ′(r) ≤ a− br

1− r2
f(r),

then for 0 ≤ r′ ≤ r < 1,

(1.14)
(
1+ r

1+ r′

)−a (
1−r2
1−r′2

)b+a
2

f(r′) ≤ f(r) ≤
(

1+ r

1+ r′

)a (
1−r2
1−r′2

)b−a
2

f(r′).

Proof. ∫
a− br

1− r2
dr = a ln(1 + r) +

1
2
(b− a) ln(1− r2) + C

Thus for 0 ≤ r′ ≤ r′′ < 1, by (1.13),

ln f(r′′)− ln f(r′) =
∫ r′′

r′

f ′(r)
f(r)

dr ≤
∫ r′′

r′

a− br

1− r2
dr ≤ ln

(
1+ r′′

1+ r′

)a (
1−r′′2
1−r′2

)b−a
2

i.e. the right side inequality in (1.14) holds. Similarly, by the left side of (1.13),

ln f(r′′)− ln f(r′) ≥
∫ r′′

r′
−a+ br

1− r2
dr ≥ ln

(
1+ r′′

1+ r′

)−a (
1−r′′2
1−r′2

)b+a
2

.

i.e. the left side inequality in (1.14) holds. ¤

Now we prove Theorem 1.2.

Proof. If λ > −n
2 , u(rζ) satisfies (1.4) in Lemma 2.2. Therefore (1.13) holds with

f(r) = u(rζ), a = n+ 2λ, b = −n+ 2λ+ 2. Let 0 ≤ r′ ≤ r < 1. (1.14) in Lemma
1.15 implies

(
1+ r

1+ r′

)−n−2λ (
1−r2
1−r′2

)2λ+1

u(r′ζ) ≤ u(rζ) ≤
(

1+ r

1+ r′

)n+2λ (
1−r2
1−r′2

)−n+1

u(r′ζ).
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If λ < −n
2 , u(rζ) satisfies (1.5) in Lemma 2.2, thus (1.13) holds with f(r) =

u(rζ), a = −n− 2λ, b = −n+ 2λ+ 2. Applying (1.14),
(
1+ r

1+ r′

)n+2λ (
1−r2
1−r′2

)−n+1

u(r′ζ) ≤ u(rζ) ≤
(

1+ r

1+ r′

)−n−2λ (
1−r2
1−r′2

)2λ+1

u(r′ζ).

This completes the proof of Theorem 1.2. ¤

The proof of Theorem 1.9 is similar to that of Theorem 1.2.

Proof. If α > −n, u(rζ) satisfies (1.11) in Lemma 1.14. Therefore (1.13) holds
with f(r) = u(rζ), a = 2n + 2α, b = 2α. Let 0 ≤ r′ ≤ r < 1. (1.14) in Lemma
1.15 implies

(
1+ r

1+ r′

)−2n−2α (
1−r2
1−r′2

)n+2α

u(r′ζ) ≤ u(rζ) ≤
(

1+ r

1+ r′

)2n+2α (
1−r2
1−r′2

)−n

u(r′ζ).

If α < −n, u(rζ) satisfies (1.12) in Lemma 2.9, thus (1.13) holds with f(r) =
u(rζ), a = −2n− 2α, b = 2α. From (1.14),

(
1+ r

1+ r′

)2n+2α (
1−r2
1−r′2

)−n

u(r′ζ) ≤ u(rζ) ≤
(

1+ r

1+ r′

)−2n−2α (
1−r2
1−r′2

)n+2α

u(r′ζ).

This completes the proof of Theorem 1.9. ¤

Most results in this paper are on the function values at two points in Bn on the
same ray. Similar results can be obtained for any two points in Bn (ref. [15] and
Section 2).
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2. On Harnack inequality for positive invariant harmonic functions

A refined estimate of Harnack inequality is proved for positive invariant har-
monic functions.

2.1. Statement of results. Let Bn = {x ∈ Rn : |x| < 1}, n ≥ 2 be the unit
ball in Rn, Sn−1 = ∂Bn. We prove a refined estimate of Harnack inequality for
positive invariant harmonic functions defined by positive Borel measures on the
sphere with respect to the Poisson kernel Pλ (defined below).

First we consider positive harmonic functions, and the more general case follows.

Theorem 2.1. Let u be a positive harmonic function in Bn. ξ1, ξ2 ∈ Sn−1, 0 ≤
r1 ≤ r2 < 1. Then

(2.1) f(−r1,−r2) exp{−g(r1)} ≤ u(r2ξ2)
u(r1ξ1)

≤ f(r1, r2) exp{g(r1)}.

where

f(r1, r2) =
(

1 + r2
1 + r1

)(
1− r1
1− r2

)n−1

g(r1) = g(r1, ξ1, ξ2) =
π

2
|ξ2 − ξ1| nr1

(1− r1)2

Remark. When r2 = r = |x|, r1 = 0, (2.1) becomes

1− r

(1 + r)n−1
≤ u(x)
u(0)

≤ 1 + r

(1− r)n−1

— the classical Harnack inequality in Bn.

Denote the differential operator

∆λ = (1− |x|2)




1− |x|2
4

∑

j

∂2

∂x2
j

+ λ
∑

j

xj
∂

∂xj
+ λ(

n

2
− 1− λ)



 , λ ∈ R.

Invariant harmonic functions are solutions of ∆λu = 0 and are of certain invari-
ant property with respect to Möbius transformations. Let µ be a positive Borel
measure on Sn−1 and Pλ be the Poisson kernel

Pλ =
(1− |x|2)1+2λ

|x− η|n+2λ
, λ ∈ R.

It is known that
u(x) =

∫

Sn−1

Pλ(x, η)dµ(η)

is an invariant harmonic function in Bn ([1], p. 119).
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Theorem 2.2. Let u be a positive invariant harmonic function in Bn defined by
a positive Borel measure µ on Sn−1 with the Poisson kernel Pλ. Let ξ1, ξ2 ∈ Sn−1

and 0 ≤ r1 ≤ r2 < 1.

If λ > −n
2 ,

(2.2) fλ(−r1,−r2) exp{−gλ(r1)} ≤ u(r2ξ2)
u(r1ξ1)

≤ fλ(r1, r2) exp{gλ(r1)}.

If λ < −n
2 ,

(2.3) fλ(r1, r2) exp{−gλ(r1)} ≤ u(r2ξ2)
u(r1ξ1)

≤ fλ(−r1,−r2) exp{gλ(r1)}

where

fλ(r1, r2) =
(

1 + r2
1 + r1

)2λ+1 (
1− r1
1− r2

)n−1

gλ(r1) = gλ(r1, ξ1, ξ2) =
π

2
|ξ2 − ξ1| |n+ 2λ|r1

(1− r1)2

Case λ = n
2 − 1 corresponds to the Laplace-Beltrami operator ∆n

2
−1 and the

Poincaré metric. It is known ([2]) that, for positive u, ∆n
2
−1u = 0, there exists a

positive Borel measure µ on Sn−1 such that

u(x) =
∫

Sn−1

Pn
2
−1(x, η)dµ(η).

In this case, Theorem 2.2 has the following form.

Corollary 2.3. Let u be a positive solution of ∆n
2
−1u = 0 in Bn. Let ξ1, ξ2 ∈ Sn−1

and 0 ≤ r1 ≤ r2 < 1. Then
1
C
≤ u(r2ξ2)
u(r1ξ1)

≤ C,

where

C = C(r1, r2, ξ1, ξ2) =
(

1 + r2
1 + r1

· 1− r1
1− r2

)n−1

exp
{
π|ξ2 − ξ1|(n− 1)r1

(1− r1)2

}
.

The proofs will need an earlier result in Part 1 (also [14]) on the monotonicity
of positive invariant harmonic functions. Here we state the result as a proposition.

Proposition 2.4. (Theorem 1.2 in Par 1 and in [14])
Let u be a positive invariant harmonic function defined in Bn by a positive Borel
measure µ on Sn−1 with the Poisson kernel Pλ. Let ζ ∈ Sn−1 and 0 ≤ r′ ≤ r < 1.

If λ > −n
2 ,

(
1− r

1− r′

)2λ+1 (
1+r′

1+r

)n−1

u(r′ζ) ≤ u(rζ) ≤
(

1+ r

1+ r′

)2λ+1 (
1−r′
1−r

)n−1

u(r′ζ).
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If λ < −n
2 ,

(
1+ r

1+ r′

)2λ+1 (
1−r′
1−r

)n−1

u(r′ζ) ≤ u(rζ) ≤
(

1− r

1− r′

)2λ+1 (
1+r′

1+r

)n−1

u(r′ζ).

2.2. Proof of Theorem 2.1. We need five lemmas before proving Theorem 2.1.

Let x · y =
∑n

k=1 xkyk denote the inner product in Rn.

Lemma 2.5. Let η, ξ1, ξ2 ∈ Sn−1. Let ϕ(t), t ∈ [0, 1] be the shortest arc on the
great circle connecting ξ1 and ξ2. Then

(2.4)
d

dt

1
|rϕ(t)− η|n =

nrϕ′(t) · η
|rϕ(t)− η|n+2

Proof.
d

dt
|rϕ(t)− η|2 =

d

dt

(
r2 + 1− 2rϕ(t) · η) = −2rφ′(t) · η

d

dt

1
|rϕ(t)− η|n =

d

dt

(|rϕ(t)− η|2)−n/2

= −n
2

(|rϕ(t)− η|2)−
n
2
−1 d

dt
|rϕ(t)− η|2

=
nrϕ′(t) · η

|rϕ(t)− η|n+2

¤

Lemma 2.6. Let u be a positive harmonic function in Bn. ξ1, ξ2 ∈ Sn−1. Let
ϕ(t), t ∈ [0, 1] be the shortest arc on the great circle connecting ξ1 and ξ2. Then∣∣∣∣

d

dt
u(rϕ(t))

∣∣∣∣ ≤
nr|ϕ′(t)|
(1− r)2

u(rϕ(t)), r ∈ [0, 1].

Proof. By (2.4),
∫

Sn−1

∣∣∣∣
d

dt

1
|rϕ(t)− η|n

∣∣∣∣ dµ(η) =
∫

Sn−1

∣∣∣∣
nrϕ′(t) · η

|rϕ(t)− η|n+2

∣∣∣∣ dµ(η)

≤ nr

∫

Sn−1

|ϕ′(t)| |η|
|rϕ(t)− η|n(1− r)2

dµ(η)

=
nr|ϕ′(t)|

(1− r)2(1− r2)

∫

Sn−1

1− r2

|rϕ(t)− η|ndµ(η)

=
nr|ϕ′(t)|

(1− r)2(1− r2)
u(rϕ(t))
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where we applied the inequality

|rϕ(t)− η| = |1− rφ(t) · η| ≥ 1− r.

Therefore by the Lebesgue’s Dominant Convergence Theorem,∣∣∣∣
d

dt
u(rϕ(t))

∣∣∣∣ =
∣∣∣∣
d

dt

∫

Sn−1

1− |rϕ(t)|2
|rϕ(t)− η|ndµ(η)

∣∣∣∣

= (1− r2)
∣∣∣∣
∫

Sn−1

d

dt

1
|rϕ(t)− η|ndµ(η)

∣∣∣∣

≤ nr|ϕ′(t)|
(1− r)2

u(rϕ(t)).

¤

Lemma 2.7. Let ξ1, ξ2 ∈ Sn−1. Then there exists a Möbius transformation T in
Rn such that T (Sn−1) = Sn−1 and for all r ∈ [0, 1],

T (rξi) = (0, · · · , 0, r cos θi, r sin θi), i = 1, 2, |θ2 − θ1| ≤ π

and

(2.5) | detT ′(x)| = 1, |T (rξ2)− T (rξ1)| = |rξ2 − rξ1|,
where T ′(x) denotes the Jacobian matrix of the Möbius transformation T .

Proof. The transformations involves a rotation in Rn with respect to the origin
such that ξ1, ξ2 are in the R2 plane of the last two coordinates. If |θ2 − θ1| ≤ π
is not yet satisfied, it can be achieved by a reflection with respect to the origin.
Both rotation and reflection preserve the Euclidean norm and distance, and the
absolute value of the determinant of the Jacobian matrix | detT ′(x)| = 1. ¤

Lemma 2.8. Let

ξi = (0, · · · , 0, r cos θi, r sin θi) ∈ Sn−1, i = 1, 2, |θ2 − θ1| ≤ π

and
ϕ(t) = (0, · · · , 0, r cos θt, r sin θt), θt = tθ2 + (1− t)θ1, t ∈ [0, 1].

Then

(2.6) |ϕ′(t)| ≤ π

2
|ξ2 − ξ1|.

Proof. It suffices to prove for n = 2. For computation convenience, we use the
complex plane notations in R2. Denote ξi = e1θi .

ξ2 − ξ1 = eiθ2 − eiθ1

= exp
(
i
θ2 + θ1

2

)(
exp

(
i
θ2 − θ1

2

)
− exp

(
−iθ2 − θ1

2

))

= exp
(
i
θ2 + θ1

2

)
(2i) sin

θ2 − θ1
2
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Notice that ∣∣∣sin x
2

∣∣∣ ≥
∣∣∣x
π

∣∣∣ for |x| ≤ π,

so |θ2 − θ1| ≤ π implies
∣∣∣eiθ2 − eiθ1

∣∣∣ = 2
∣∣∣∣sin

(
θ2 − θ1

2

)∣∣∣∣ ≥
2
π
|θ2 − θ2|.

Furthermore,

ϕ′(t) =
d

dt

(
eitθ2+i(1−t)θ1

)
= ϕ(t)i(θ2 − θ1).

Thus
|ϕ′(t)| = |θ2 − θ1| ≤ π

2

∣∣∣eiθ2 − eiθ1

∣∣∣ =
π

2
|ξ2 − ξ1|.

¤

Lemma 2.9. Let u be a positive invariant harmonic function. ξ1, ξ2 ∈ Sn−1.
Then for r ∈ [0, 1),

exp
{
−π

2
|ξ2 − ξ1| nr

(1− r)2

}
≤ u(rξ2)
u(rξ1)

≤ exp
{
π

2
|ξ2 − ξ1| nr

(1− r)2

}
.

Proof. Let T be the Möbius transformation in Rn such that for r ∈ [0, 1],

rζi = T (rξi) = (0, · · · , 0, r cos θi, r sin θi), i = 1, 2, |θ2 − θ1| ≤ π.

By (2.5) in Lemma 2.3 and [11],

U(x) = u(T−1(x))

is still a positive harmonic function in Bn with respect to the measure µ(T−1(x)),
|detT ′(x)| = 1. Furthermore,

U(rζi) = u(T−1(rζi)) = u(rξi), i = 1, 2

and
|ξ2 − ξ1| = |T (ξ2)− T (ξ1)| = |ζ2 − ζ1| =

∣∣∣eiθ2 − eiθ1

∣∣∣ .
Let

ϕ(t) = (0, · · · , 0, r cos θt, r sin θt), θt = tθ2 + (1− t)θ1, t ∈ [0, 1]
be the shortest arc on the great circle connecting ζ1 and ζ2, ϕ(0) = ζ1, ϕ(1) = ζ2.
By (2.6) in Lemma 2.8,

∣∣∣∣∣
∫ 1

0

d
dtU(rϕ(t))
U(rϕ(t))

dt

∣∣∣∣∣ ≤
∫ 1

0

∣∣∣∣∣
d
dtU(rϕ(t))
U(rϕ(t))

∣∣∣∣∣ dt

≤ nr

(1− r)2

∫ 1

0
|ϕ′(t)|dt

≤ π

2
|ζ2 − ζ1| nr

(1− r)2
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Since

ln
u(rξ2)
u(rξ1)

= ln
U(rζ2)
U(rζ1)

= ln
U(rϕ(1))
U(rϕ(0))

=
∫ 1

0

d
dtU(rϕ(t))
U(rϕ(t))

dt,

we have ∣∣∣∣ln
u(rξ2)
u(rξ1)

∣∣∣∣ ≤
π

2
|ζ2 − ζ1| nr

(1− r)2
=
π

2
|ξ2 − ξ1| nr

(1− r)2
.

Therefore

−π
2
|ξ2 − ξ1| nr

(1− r)2
≤ ln

u(rξ2)
u(rξ1)

≤ π

2
|ξ2 − ξ1| nr

(1− r)2
.

This completes the proof of Lemma 2.9. ¤

Now we prove Theorem 2.1.

Proof.
u(r2ξ2)
u(r1ξ1)

=
u(r2ξ2)
u(r1ξ2)

u(r1ξ2)
u(r1ξ1)

Proposition 1.4 implies

1− r2
1− r1

(
1 + r1
1 + r2

)n−1

≤ u(r2ξ2)
u(r1ξ2)

≤ 1 + r2
1 + r1

(
1− r1
1− r2

)n−1

.

Combine the above with the results in Lemma 2.9. Theorem 2.1 follows. ¤

2.3. Proof of Theorem 2.2. We need the following three lemmas for the proof
of Theorem 2.2.

Lemma 2.10. Let η, ξ1, ξ2 ∈ Sn−1. Let ϕ(t), t ∈ [0, 1] be the shortest arc on the
great circle connecting ξ1 and ξ2. Then for λ ∈ R,

(2.7)
d

dt

1
|rϕ(t)− η|n+2λ

=
(n+ 2λ)rϕ′(t) · η
|rϕ(t)− η|n+2λ+2

Proof. The proof is similar to that of Lemma 2.5.
d

dt

1
|rϕ(t)− η|n+2λ

=
d

dt

(|rϕ(t)− η|2)−
n+2λ

2

= −n+ 2λ
2

(|rϕ(t)− η|2)−
n+2λ

2
−1 d

dt
|rϕ(t)− η|2

=
(n+ 2λ)rϕ′(t) · η
|rϕ(t)− η|n+2λ+2

using the result from the proof of (2.4) in Lemma 2.5. ¤
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Lemma 2.11. Let u be a positive invariant harmonic function in Bn defined by a
positive Borel measure µ on Sn−1 with the Poisson kernel Pλ. ξ1, ξ2 ∈ Sn−1. Let
ϕ(t), t ∈ [0, 1] be the shortest arc on the great circle connecting ξ1 and ξ2. Then
for λ ∈ R, λ 6= −n

2 ,

(2.8)
∣∣∣∣
d

dt
u(rϕ(t))

∣∣∣∣ ≤
r|(n+ 2λ)ϕ′(t)|

(1− r)2
u(rϕ(t)), r ∈ [0, 1].

Proof. By (2.7) and |rϕ(t)− η| = |1− rφ(t) · η| ≥ 1− r,∫

Sn−1

∣∣∣∣
d

dt

1
|rϕ(t)− η|n+2λ

∣∣∣∣ dµ(η) =
∫

Sn−1

|(n+ 2λ)rϕ′(t) · η|
|rϕ(t)− η|n+2λ+2

dµ(η)

≤ |n+ 2λ|r
∫

Sn−1

|ϕ′(t)| |η|
|rϕ(t)− η|n+2λ(1− r)2

dµ(η)

=
r|(n+ 2λ)ϕ′(t)|

(1− r)2(1− r2)1+2λ

∫

Sn−1

(1− r2)1+2λ

|rϕ(t)− η|n+2λ
dµ(η)

=
r|(n+ 2λ)ϕ′(t)|

(1− r)2(1− r2)1+2λ
u(rϕ(t)).

By the Lebesgue’s Dominant Convergence Theorem,∣∣∣∣
d

dt
u(rϕ(t))

∣∣∣∣ =
∣∣∣∣
d

dt

∫

Sn−1

(1− |rϕ(t)|2)1+2λ

|rϕ(t)− η|n+2λ
dµ(η)

∣∣∣∣

= (1− r2)1+2λ

∣∣∣∣
∫

Sn−1

d

dt

1
|rϕ(t)− η|n+2λ

dµ(η)
∣∣∣∣

≤ r|(n+ 2λ)ϕ′(t)|
(1− r)2

u(rϕ(t)).

¤

Lemma 2.12. Let u be a positive invariant harmonic function in Bn defined by
a positive Borel measure µ on Sn−1 with the Poisson kernel Pλ. ξ1, ξ2 ∈ Sn−1.
Then for r ∈ [0, 1),

(2.9) exp
{
−π

2
|ξ2 − ξ1| |n+ 2λ|r

(1− r)2

}
≤ u(rξ2)
u(rξ1)

≤ exp
{
π

2
|ξ2 − ξ1| |n+ 2λ|r

(1− r)2

}

Proof. Let T be the Möbius transformation in Rn such that

rζi = T (rξi) = (0, · · · , 0, r cos θi, r sin θi), i = 1, 2, |θ2 − θ1| ≤ π.

By (2.5) in Lemma 2.7 and [11],

U(x) = u(T−1(x))

is also a positive invariant harmonic function in Bn with respect to the measure
µ(T−1(x)), |detT ′(x)| = 1.

U(rζi) = u(T−1(rζi)) = u(rξi), i = 1, 2
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and
|ξ2 − ξ1| = |T (ξ2)− T (ξ1)| = |ζ2 − ζ1| = |eiθ2 − eiθ1 |.

Let
ϕ(t) = (0, · · · , 0, r cos θt, r sin θt), θt = tθ2 + (1− t)θ1, t ∈ [0, 1].

Then ϕ(0) = ζ1, ϕ(1) = ζ2. By (2.8) in Lemma 2.11,∣∣∣∣∣
∫ 1

0

d
dtU(rϕ(t))
U(rϕ(t))

dt

∣∣∣∣∣ ≤
∫ 1

0

∣∣∣∣∣
d
dtU(rϕ(t))
U(rϕ(t))

∣∣∣∣∣ dt

≤ |n+ 2λ|r
(1− r)2

∫ 1

0
|ϕ′(t)|dt

≤ π

2
|ζ2 − ζ1| |n+ 2λ|r

(1− r)2
.

Since

ln
u(rξ2)
u(rξ1)

= ln
U(rζ2)
U(rζ1)

= ln
U(rϕ(1))
U(rϕ(0))

=
∫ 1

0

d
dtU(rϕ(t))
U(rϕ(t))

dt,

we have ∣∣∣∣ln
u(rξ2)
u(rξ1)

∣∣∣∣ ≤
π

2
|ζ2 − ζ1| |n+ 2λ|r

(1− r)2
=
π

2
|ξ2 − ξ1| |n+ 2λ|r

(1− r)2
.

Therefore

−π
2
|ξ2 − ξ1| |n+ 2λ|r

(1− r)2
≤ ln

u(rξ2)
u(rξ1)

≤ π

2
|ξ2 − ξ1| |n+ 2λ|r

(1− r)2
.

This completes the proof of Lemma 2.12. ¤

The proof Theorem 2.2 is similar to that of Theorem 2.1.

Proof.
u(r2ξ2)
u(r1ξ1)

=
u(r2ξ2)
u(r1ξ2)

u(r1ξ2)
u(r1ξ1)

Apply (2.9) in Lemma 2.12 and Proposition 2.4. Theorem 2.2 follows. ¤
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3. On higher order angular derivatives — an application of Faá di
Bruno’s formula

3.1. Statements of results. We study the singular behavior of kth angular
derivatives of analytic functions in the unit disk in the complex plane C and
positive harmonic functions in the unit ball in Rn. Faá di Bruno’s formula plays
an important role in our proofs.

Let D = {z : |z| < 1} ⊂ C and T = ∂D. Let ϕ : D→ D be analytic and ζ ∈ T.
ζ is a fixed point of ϕ if limr→1 ϕ(rζ) = ζ. The angular derivative at ζ is defined
as ϕ′(ζ) = limr→1 ϕ

′(rζ). It is a consequence of the Julia Lemma [16] that the
angular derivative at the fixed point exists and that ϕ′(ζ) ∈ (0,∞]. When the
angular derivative of a fixed point is finite, what could be the limiting behavior of
the higher order angular derivatives? We describe an asymptotic property of the
higher order derivatives of the fixed point in the following theorem.

Theorem 3.1. Let ϕ(z) : D→ D be analytic. Let ζ ∈ T be a fixed point of ϕ with
angular derivative ϕ′(ζ) <∞. Then ∀` ≥ 2, the `-th angular derivative

(3.1) ϕ(`)(rζ) = o

(
1

(1− r)`−1

)
as r → 1.

The above is equivalent to limr→1(1 − r)`−1ϕ(`)(rζ) = 0 by the definition of the
little o notation.

The order `− 1 in Theorem 3.1 is sharp in the sense illustrated in the following
proposition and its proof.

Proposition 3.2. For any ε ∈ (0, 1) and ζ ∈ T, there exists an analytic function
ψ(z) : D→ D such that ζ is a fixed point of ψ, ψ′(ζ) <∞, and

(3.2) lim
r→1

(1− r)`−1−ε|ψ(`)(rζ)| > 0, ∀` ≥ 2.

Furthermore, for any integer m ≥ 1, there exists an analytic function ψ(z) : D→
D such that ζ is a fixed point of ψ,

ψ(m−j)(ζ) <∞, ∀j ≥ 0,

ψ(m+k)(ζ) = ∞, ∀k ≥ 1,

lim
r→1

(1− r)m+k−1ψ(n+k)(rζ) = 0,

lim
r→1

(1− r)m+k−1−ε|ψ(m+k)(rζ)| > 0.

(3.3)

Results analogous to Theorem 3.1 can be obtained for positive harmonic func-
tions, as stated in the following theorem.
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Theorem 3.3. Let u be a positive harmonic function in the unit ball Bn ⊂ Rn, n ≥
2. Let ζ ∈ Sn−1 = ∂Bn. Then for k ≥ 1,

(3.4) lim
r→1

{
(1− r)n+k−1 d

k

drk
u(rζ)

}
= 2

(n+ k − 2)!
(n− 2)!

lim
r→1

(1− r)n−1

1 + r
u(rζ).

Consequently,

(3.5) lim
r→1

{
(1− r)n+k−1 d

k

drk
u(rζ)

}
= 0

except possibly on a countable set of points on the sphere.

From the proof of Theorem 3.3 we can see that the results can be extended to
harmonic functions defined by complex measures. We may restate Theorem 3.3
as the following.

Theorem 3.3′. Let u be a harmonic function in the unit ball Bn, n ≥ 2 defined
by a complex measure µ on Sn−1 (with the Poisson kernel). Let ζ ∈ Sn−1. Then
for k ≥ 1,

lim
r→1

{
(1− r)n+k−1 d

k

drk
u(rζ)

}
= 2

(n+ k − 2)!
(n− 2)!

lim
r→1

(1− r)n−1

1 + r
u(rζ).

3.2. Proof of Theorem 3.1. First we prove a lemma needed for the proof of
Theorem 3.1.

Lemma 3.4. Let f(z) be analytic and Ref(z) > 0 for z ∈ D. Let ζ ∈ T. Then

lim
r→1

(1− r)k+1f (k)(rζ) = ζ
k2k! lim

r→1

1− r

1 + r
f(rζ).

Proof. The proof follows the steps similar to the proof of Theorem 1.3 in [4]. First
consider the case f(0) = 1. Since Ref(z) > 0, there exists a unique positive Borel
measure µ such that (ref. [5])

f(z) =
∫

T

1 + ηz

1− ηz
dµ(η), µ(T) = 1.

Direct calculation yields

f (k)(z) = 2k!
∫

T

ηk

(1− ηz)k+1
dµ(η), k ≥ 1.

Consider z = rζ. Since

lim
r→1

1− r

1− rζη
=

{
1, η = ζ;
0, η 6= ζ;
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we have∫

T
lim
r→1

1− r

1 + r

1 + rζη

1− rζη
dµ(η) = µ({ζ}),

∫

T
lim
r→1

ηk(1− r)k+1

(1− rζη)k+1
dµ(η) = ζ

k
µ({ζ}), k ≥ 1.

By the Lebesgue’s dominated convergence theorem,

lim
r→1

{
1− r

1 + r
f(rζ)

}
= lim

r→1

{
1− r

1 + r

∫

T

1 + rζη

1− rζη
dµ(η)

}

=
∫

T
lim
r→1

{
1− r

1 + r

1 + rζη

1− rζη

}
dµ(η) = µ({ζ}),

and

lim
r→1

{
(1− r)k+1f (k)(rζ)

}
= lim

r→1

{
(1− r)k+12k!

∫

T

ηk

(1− ηz)k+1
dµ(η)

}

= 2k!
∫

T
lim
r→1

ηk(1− r)k+1

(1− rζη)k+1
dµ(η) = ζ

k
µ({ζ}), k ≥ 1.

Therefore,

lim
r→1

(1− r)k+1f (k)(rζ) = ζ
k2k! lim

r→1

1− r

1 + r
f(rζ).

If f(0) 6= 1, consider

g(z) =
f(z)− i Imf(0)

Ref(0)
,

we have

g(k)(z) =
f (k)(z)
Ref(0)

, g(0) = 1, Re(g(z)) =
Ref(z)
Ref(0)

> 0 for z ∈ D.

Thus

lim
r→1

(1− r)k+1 f
(k)(rζ)

Ref(0)
= ζ

k2k! lim
r→1

{
1− r

1 + r

f(rζ)− i Imf(0)
Ref(0)

}

= ζ
k2k! lim

r→1

{
1− r

1 + r

f(rζ)
Ref(0)

}
.

Consequently,

lim
r→1

(1− r)k+1f (k)(rζ) = ζ
k2k! lim

r→1

1− r

1 + r
f(rζ).

¤

The following is the proof of Theorem 3.1.

Proof. By considering the analytic function ζϕ(ζz) : D → D, we only need to
prove Theorem 3.1 for the case ζ = 1 without loss of generality. Let

f(z) =
1 + ϕ(z)
1− ϕ(z)

, z ∈ D.
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Then

Ref(z) > 0 and ϕ(z) =
f(z)− 1
f(z) + 1

, ∀z ∈ D.

Furthermore,

lim
r→1

1− r

1 + r
f(r) = lim

r→1

1− r

1 + r

1 + ϕ(r)
1− ϕ(r)

= lim
r→1

1− r

1− ϕ(r)
1 + ϕ(r)

1 + r
=

1
ϕ′(1)

.

Subsequently,

lim
r→1

(1− r)(f(r) + 1) =
2

ϕ′(1)
.

By Lemma 3.4,

lim
r→1

(1− r)k+1 f
(k)(r)
k!

=
1
k!

lim
r→1

1− r

1 + r
f(r) =

2
ϕ′(1)

for k ≥ 0.

Let h(z) =
z − 1
z + 1

, then ϕ(z) = h(f(z)). By Faà di Bruno’s formula [7],

ϕ(`)(r) =
d`

dz`
h(f(r)) =

∑ `!
m1! m2! · · ·m`!

h(m1+···+m`)(f(r))
∏

j

(
f (j)(r)
j!

)mj

where the sum is over all `-tuples (m1,m2, · · · ,m`) satisfying

1m1 + 2m2 + · · ·+ `m` = `.

Since

h(k)(z) =
2(−1)k+1k!
(z + 1)k+1

, k ≥ 1,

we have

ϕ(`)(r) =
∑ `!

m1! m2! · · ·m`!
2(−1)(m1+···+m`+1)(m1 + · · ·+m`)!

(f(r) + 1)m1+···+m`+1

∏

j

(
f (j)(r)
j!

)mj

= `!
∑ (−1)(m1+···+m`+1)(m1 + · · ·+m`)!

m1! m2! · · ·m`!
2

f(r) + 1

∏

j

(
f (j)(r)

(f(r) + 1)j!

)mj

.

Notice that for each term of the sum, 1m1 + 2m2 + · · ·+ `m` = `, therefore

lim
r→1



(1− r)`−1 2

f(r) + 1

∏

j

(
f (j)(r)

(f(r) + 1)j!

)mj





= lim
r→1





2
(1− r)(f(r) + 1)

∏

j

(
(1− r)j+1f (j)(r)/j!
(1− r)(f(r) + 1)

)mj





=
2

2/ϕ′(1)

∏

j

(
2/ϕ′(1)
2/ϕ′(1)

)mj

= ϕ′(1).
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Consequently,

lim
r→1

{
(1− r)`−1ϕ(`)(r)

}
= ϕ′(1)`!

∑ (−1)(m1+···+m`+1)(m1 + · · ·+m`)!
m1! m2! · · ·m`!

.

To see that the above sum is zero, consider the function

g(x) = x−1, g(k)(x) = k!(−1)kx−(k+1), g(k)(g(x)) = −k!(−x)k+1, x ∈ (0, 1].

Applying Faà di Bruno’s formula to x = g(g(x)), we have

d`

dx`
(x) =

d`

dr`
g(g(x))

=
∑ `!

m1! m2! · · ·m`!
g(m1+···+m`)(g(r))

∏

j

(
g(j)(r)
j!

)mj

= `!
∑ −(m1 + · · ·+m`)!(−x)m1+···+m`+1

m1! m2! · · ·m`!

∏

j

(
(−1)j

xj+1

)mj

= `!
∑ −(m1 + · · ·+m`)!(−1)m1+···+m`+1x

m1! m2! · · ·m`!
(−1)`

x`

=
(−1
x

)`−1

`!
∑ (−1)m1+···+m`+1(m1 + · · ·+m`)!

m1! m2! · · ·m`!
≡ 0, ∀x ∈ (0, 1], ` ≥ 2.

Hence,

lim
r→1

{
(1− r)`−1ϕ(`)(r)

}
= ϕ′(1)`!

∑ (−1)(m1+···+m`+1)(m1 + · · ·+m`)!
m1! m2! · · ·m`!

= ϕ′(1)(−1)`−1

(
d`

dx`
(x)

∣∣∣∣
x=1

)
≡ 0,

therefore

ϕ(`)(r) = o

(
1

(1− r)`−1

)
as r → 1, ∀` ≥ 2.

¤

3.3. Proof of Proposition 3.2. The following lemma is needed for the proof of
Proposition 3.2.
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Lemma 3.5. Let α ∈ (0, 1),

f1(x) =
∞∑

n=0

a2n+1x
2n+1, a2n+1 =

(
α

2n+ 1

)
=
α(α− 1) · · · (α− 2n)

(2n+ 1)!
,

f2(x) =
∞∑

n=0

b2nx
2n, b2n =

(
α

2n

)
=
α(α− 1) · · · (α− 2n+ 1)

(2n)!
,

h(x) =
f1(x)
f2(x)

=
∞∑

n=0

cnx
n.

Then
c2n = 0, c2n+1 > 0, ∀n ≥ 0.

Proof. By the symmetry of f1 and f2,

h(−x) =
f1(−x)
f2(−x) = −f1(x)

f2(x)
= −h(x) =⇒ c2n = 0, ∀n ≥ 0.

Furthermore,

f1(x) = h(x)f2(x) =⇒ a2n+1 = c2n+1b0 + c2n−1b2 + · · ·+ c1b2n, ∀ n ≥ 0.

Since b0 = 1, we have

c2n+1 = a2n+1 − (c2n−1b2 + · · ·+ c1b2n), ∀n ≥ 0.

For n = 0, 1,

c1 = a1 = α > 0,

c3 = a3 − c1b2 =
α(α− 1)(α− 2)

3!
− α

α(α− 1)
2!

= α(α− 1)
(
−1

3

)
(α+ 1) > 0.

Now assume c2j−1 > 0 for j = 1, · · · , k for some k ≥ 1. Notice that for α ∈ (0, 1),

a2k+1 > 0, ∀k ≥ 0 and b2k < 0, ∀k ≥ 1.

Therefore
c2k+1 = a2k+1 − c2k−1b2 − · · · − c1b2k > 0,

because every term is positive. By induction, c2n+1 > 0, ∀n ≥ 0. ¤

The following is the proof of Proposition 3.2.

Proof. We prove (3.2) in Proposition 3.2 by constructing a function ψ such that
ψ (or its rotation) satisfies (3.2). First consider

ϕ(z) =
1− z

1 + z
, Reϕ(z) =

1− |z|2
|1 + z|2 > 0, z ∈ D.

ϕ is its own inverse:

ϕ−1 = ϕ : ϕ(ϕ(z)) =
1− 1− z

1 + z

1 +
1− z

1 + z

= z.
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For α ∈ (0, 1), let g(z) = zα, and define

f = ϕ−1 ◦ g ◦ ϕ =
1−

(
1− z

1 + z

)α

1 +
(

1− z

1 + z

)α , D→ H→ D.

Then
f(0) = 0, f(1) = 1, f ′(z) 6= 0.

Therefore f : D→ D is univalent and z = 1 is a fixed point of f . Considering the
Taylor expansions

(1 + z)α =
∞∑

n=0

(
α

n

)
zn, (1− z)α =

∞∑

n=0

(−1)n

(
α

n

)
zn,

we have

f(z) =
(1 + z)α − (1− z)α

(1 + z)α + (1− z)α
=

∞∑

n=0

(
α

2n+ 1

)
z2n+1

∞∑

n=0

(
α

2n

)
z2n

=
∞∑

n=0

cnz
n =

∞∑

n=0

c2n+1z
2n+1.

Define

F (z) =
∫ z

0
f(w)dw =

∫ z

0

∞∑

n=0

c2n+1w
2n+1dw =

∞∑

n=0

c2n+1

2n+ 2
z2n+2, z ∈ D.

By Lemma 3.5, c2n+1 > 0 for n ≥ 0. Therefore |F (z)| achieves its maximum on
the boundary at z = 1:

|F (z)| ≤
∞∑

n=0

c2n+1

2n+ 2
|z|2n+2 ≤

∞∑

n=0

c2n+1

2n+ 1
|z|2n+1 ≤

∞∑

n=0

c2n+1

2n+ 1
= F (1) = max

|z|≤1
|F (z)|.

By the maximal principle, the function

ψ(z) =
F (z)
F (1)

, z ∈ D

maps D into D. Furthermore, z = 1 is a fixed point of ψ,

ψ(1) = 1, ψ′(1) =
F ′(1)
F (1)

=
f(1)
F (1)

6= ∞, ψ′′(1) =
f ′(1)
F (1)

= ∞,

and

ψ(k)(r) =
f (k−1)(r)
F (1)

, k ≥ 2.

Notice that

d

dz

(
1− z

1 + z

)α

= α

(
1− z

1 + z

)α−1 −2
(1 + z)2

= α

(
1− z

1 + z

)α−1

ϕ′(z),
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and

d2

dz2

(
1− z

1 + z

)α

= α(α− 1)
(

1− z

1 + z

)α−2 (
ϕ′(z)

)2 + α

(
1− z

1 + z

)α−1

ϕ′′(z),

etc. Using the big O notation for z near 1, we may write

dk

dzk

(
1− z

1 + z

)α

= k!
(
α

k

)(
1− z

1 + z

)α−k (
ϕ′(z)

)k +O
(
(1− z)α−k+1

)
.

Applying the little o notation, we have

dk

dzk
g(ϕ(r)) =

dk

dzk

(
1− z

1 + z

)α ∣∣∣
z=r

= k!
(
α

k

)(
1− r

1 + r

)α−k ( −2
(1 + r)2

)k

+O
(
(1− r)α−k+1

)

= k!
(
α

k

)
(1− r)α−k(−1)k 2k

(1 + r)α+k
+ o

(
(1− r)α−k

)

By Faà di Bruno’s formula [7],

f (`)(r)=
d`

dz`
ϕ(g(ϕ(r))) =

∑ `!
m1! m2! · · ·m`!

ϕ(m1+···+m`) (g(ϕ(r))
∏

j




dk

dzk
g(ϕ(r))

j!




mj

where the sum is over all `-tuples (m1,m2, · · · ,m`) satisfying

1m1 + 2m2 + · · ·+ `m` = `.

Notice that

ϕ(k)(z) = 2(−1)kk!(1+z)−(k+1), ϕ(k)(g(ϕ(r)) = 2(−1)kk!
(

1 +
(

1− r

1 + r

)α)−(k+1)

,

and

∏

j




dk

dzk
g(ϕ(r))

j!




mj

=
∏

j

{(
α

j

)
(1− r)α−j(−1)j 2j

(1 + r)α+j
+ o

(
(1− r)α−j

)}mj

= (−1)m1+···+m`(1− r)α−`

(
2

1 + r

)` ∏

j

{(
α

j

)
(−1)j−1

(1 + r)α

}

+ o
(
(1− r)α−`

)
,

where each term in the product
(
α

j

)
(−1)j−1

(1 + r)α
=
α(α− 1) · · · (α− j + 1)(−1)j−1

j! (1 + r)α
=
α(1− α) · · · (j − 1− α)

j! (1 + r)α
> 0
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for α ∈ (0, 1), and the little o term is obtained by the fact that

lim
r→1

∏
j(1− r)α−j

(1− r)α−`
= lim

r→1

(1− r)(m1+···+m`)α−`

(1− r)α−`
= lim

r→1
(1− r)(m1+···+m`−1)α = 0.

Since for given α ∈ (0, 1) and ` ≥ 1,

∑ `! 2(m1 + · · ·+m`)!
m1! m2! · · ·m`!

(
1 +

(
1− r

1 + r

)α)−(m1+···+m`+1)

is bounded and > 0 as r → 1, we have

f (`)(r)=
∑ `!2(m1 + · · ·+m`)!

m1! m2! · · ·m`!

(
1 +

(
1− r

1 + r

)α)−(m1+···+m`+1)

(1− r)α−`

(
2

1 + r

)` ∏

j

(
α

j

)
(−1)j−1

(1 + r)α

+ o
(
(1− r)α−`

)
.

Consequently

lim
r→1

(1− r)`−αf (`)(r) =
∑ `! 2(m1 + · · ·+m`)!

m1! m2! · · ·m`!

∏

j

(
α

j

)
(−1)j−1

2α
= C`,α > 0,

where C`,α is a constant for any given α ∈ (0, 1) and ` ≥ 1. Therefore we have

lim
r→1

(1− r)n−1−αψ(n)(r) = lim
r→1

(1− r)n−1−α f
(n−1)(r)
F (1)

=
Cn−1,α

F (1)
> 0, ∀n ≥ 2.

We have shown that (3.2) in Proposition 3.2 holds for ψ with ζ = 1. For an
arbitrary ζ ∈ T, (3.2) is satisfied by ζ̄ψ(ζz).

To prove (3.3), we show that for any m ≥ 1, there exists a function ψm such
that ψm (or its rotation) satisfies the conditions in (3.3). Let

ψm(z) =
Fm(z)
Fm(1)

, Fj(z) =
∫ z

0

Fj−1(w)
Fj−1(1)

dw, 1 ≤ j ≤ m,

where

F1 = F, F0 = f, ψ1 = ψ



36

are the functions used in the above proof of (3.2). By the construction,

F1(z) =
∞∑

n=0

c2n+1

2n+ 2
z2n+2

|F1(z)| =
∞∑

n=0

c2n+1

2n+ 2
|z|2n+2 ≤

∞∑

n=0

c2n+1

2n+ 2
= F1(1),

F2(z) =
∫ z

0

F1(w)
F1(1)

dw =
1

F1(1)

∞∑

n=0

c2n+1

(2n+ 2)(2n+ 3)
z2n+3,

|F2(z)| =
1

F1(1)

∞∑

n=0

c2n+1

(2n+ 2)(2n+ 3)
|z|2n+3

≤ 1
F1(1)

∞∑

n=0

c2n+1

(2n+ 2)(2n+ 3)
= F2(1),

etc. For j = 1, 2, · · · ,m,

Fj(z) =
∫ z

0

Fj−1(w)
Fj−1(1)

dw =
1

Fj−1(1)

∞∑

n=0

c2n+1

(2n+ 2)(2n+ 3) · · · (2n+ 1 + j)
z2n+1+j ,

|Fj(z)| =
1

Fj−1(1)

∞∑

n=0

c2n+1

(2n+ 2)(2n+ 3) · · · (2n+ 1 + j)
|z|2n+1+j

≤ 1
Fj−1(1)

∞∑

n=0

c2n+1

(2n+ 2)(2n+ 3) · · · (2n+ 1 + j)
= Fj(1).

By the maximal principle, the functions

ψm(z) =
Fm(z)
Fm(1)

, ψm(1) = 1

map D into D. Furthermore,

ψ(k)
m (1) =

F
(k)
m (1)
Fm(1)

=
F

(k−1)
m−1 (1)

Fm(1)Fm−1(1)
=

F
(k−2)
m−2 (1)

Fm(1)Fm−1(1)Fm−2(1)

=
Fm−k(1)∏k

j=0 Fm−j(1)
<∞, k = 1, 2, · · · ,m,

especially,

ψ(m)
m (1) =

f(1)∏m
j=1 Fj(1)

<∞.

Notice that

ψ(m)
m (z) =

ψ(z)∏m
j=1 Fj(1)

<∞.
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Consequently the proven result (3.2) implies (3.3) for ζ = 1. For an arbitrary
ζ ∈ T, (3.3) is satisfied by ζ̄ψm(ζz).

This completes the proof of Proposition 3.2. ¤

3.4. Proof of Theorem 3.3. We need several lemmas to prove Theorem 3.3.

Lemma 3.6. If ϕ(x) = x2 + ax+ b, then for any m ≥ 0,

(3.6)
d`

dx`
h(ϕ(x)) =





m∑

j=0

(2m)!
(2j)!(m− j)!

h(m+j)(ϕ)(ϕ′)2j , ` = 2m;

m∑

j=0

(2m+ 1)!
(2j + 1)!(m− j)!

h(m+j+1)(ϕ)(ϕ′)2j+1, ` = 2m+ 1.

Proof. Again by Faà di Bruno’s formula [7],

d`

dx`
h(ϕ(x)) =

∑ `!
m1! m2! · · ·m`!

h(m1+···+m`)(ϕ(x))
∏

j

(
ϕ(j)(x)
j!

)mj

where the sum is over all `-tuples (m1,m2, · · · ,m`) satisfying

1m1 + 2m2 + · · ·+ `m` = `.

Since ϕ′′ ≡ 2, ϕ(j) = 0 for j ≥ 3, the product in Faà di Bruno’s formula simplifies
to

∏

j

(
ϕ(j)(x)
j!

)mj

= ϕ′(x)m1 (with 00 = 1),

which implies

(3.7)
d`

dx`
h(ϕ(x)) =

∑

m1+2m2=`

`!
m1! m2!

h(m1+m2)(ϕ)(ϕ′)m1 ,

where

m2 =

{
m− m1

2 , ` = 2m;
m− m1−1

2 , ` = 2m+ 1.

Relabeling the summation index by j,

j =

{
m1
2 , ` = 2m;

m1−1
2 , ` = 2m+ 1,

then m1 +m2 =

{
m+ j, ` = 2m;
m+ j + 1, ` = 2m+ 1.

Replacing m1 and m2 by j and m, (3.7) becomes (3.6).
¤
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Lemma 3.7. Let f(r) =
1

|rζ − η|n , r ∈ [0, 1), ζ, η ∈ Sn−1, n ≥ 2. Let θr ∈ [0, π]

denote the angle between the n-vectors ζ and rζ − η for any r ∈ [0, 1]. Then

f (`)(r) =





1
|rζ − η|n+`

m∑

j=0

(cos θr)2j(2m)!
(2j)!(m− j)!

(−1)m+j n(n+ 2) · · · (n+ 2m+ 2j − 2)
2m−j

, ` = 2m;

r − ζ · η
|rζ − η|n+`+1

m∑

j=0

(cos θr)2j(2m+ 1)!
(2j + 1)!(m− j)!

(−1)m+j+1 n(n+ 2) · · · (n+ 2m+ 2j)
2m−j

, ` = 2m+ 1.

Proof. Let h(x) = x−n/2, ϕ(r) = |rζ − η|2. Then

ϕ′(r) =
d

dr

n∑

j=1

(rζj − ηj)2 = 2(r − ζ · η), ϕ′′(r) = 2, ϕ(j)(r) = 0 for j ≥ 3,

h(α)(x) =
(
−n

2

)(
−n

2
− 1

)
· · ·

(
−n

2
− (α− 1)

)
x−

n
2
−α

= (−1)αn(n+ 2) · · · (n+ 2(α− 1))
2α

1
x(n+2α)/2

.

Denote ζ = (ζ1, · · · , ζn), η = (η1, · · · , ηn) and ζ · η =
∑

j ζjηj the Euclidean inner
product of ζ and η. Notice that

(r − ζ · η)2 = |rζ · ζ − ζ · η|2 = |ζ · (rζ − η)|2 = |rζ − η|2 cos2 θr,

therefore

h(m+j)(ϕ(r))(ϕ′(r))2j = (−1)m+j n(n+ 2) · · · (n+ 2(m+ j − 1))
2m+j

22j(r − ζ · η)2j

|rζ − η|n+2m+2j

=
(cos θr)2j

|rζ − η|n+2m
(−1)m+j n(n+ 2) · · · (n+ 2m+ 2j − 2)

2m−j
,

and

h(m+j+1)(ϕ(r))(ϕ′(r))2j+1 = (−1)m+j+1n(n+ 2) · · · (n+ 2(m+ j))
2m+j+1

22j+1(r − ζ · η)2j+1

|rζ − η|n+2m+2j+2

=
(rζ − η)(cos θr)2j

|rζ − η|n+2m+2
(−1)m+j+1n(n+ 2) · · · (n+ 2m+ 2j)

2m−j
.

Applying Lemma 3.6 to f(r) = h(ϕ(r)), the result of Lemma 3.7 follows. ¤

Notation. Denote

Cn,k = (−1)k2 (C(n, k) + kC(n, k − 1)) for k ≥ 1, n ≥ 2,
where
(3.8)

C(n, `)=





m∑

j=0

(2m)!
(2j)!(m− j)!

(−1)m+jn(n+ 2) · · · (n+ 2m+ 2j − 2)
2m−j

, `=2m;

m∑

j=0

(2m+ 1)!
(2j + 1)!(m− j)!

(−1)m+j+1n(n+ 2) · · · (n+ 2m+ 2j)
2m−j

, `=2m+1;
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for m ≥ 0, with C(n, 0) = 1.

Lemma 3.8. Let ζ, η ∈ Sn−1, n ≥ 2. Then for k ≥ 1,

lim
r→1

{
(1− r)n+k−1 d

k

drk

(
1− r2

|rζ − η|n
)}

=

{
0, ζ 6= η;
Cn,k, ζ = η.

Proof. Let g(r) = 1− r2, f(r) = |rζ − η|−n. Then

g′(r) = −2r, g′′(r) = −2 and g(j)(r) ≡ 0, j ≥ 3.

For k ≥ 1,

dk

drk

(
1− r2

|rζ − η|n
)

=
dk

drk
(f(r)g(r)) =

k∑

j=0

(
k

j

)
f (k−j)(r)g(j)(r)

=
(
k

0

)
f (k)(r)g(r) +

(
k

1

)
f (k−1)(r)g′(r) +

(
k

2

)
f (k−2)(r)g′′(r)

= (1− r2)f (k)(r)− 2rkf (k−1)(r)− k(k − 1)f (k−2)(r)

with the convention that f (α)(r) = g(α)(r) ≡ 0 for α < 0. Let

C(n, `, θ)=





m∑

j=0

(cos θ)2j(2m)!
(2j)!(m− j)!

(−1)m+jn(n+ 2) · · · (n+ 2m+ 2j − 2)
2m−j

, `=2m;

m∑

j=0

(cos θ)2j(2m+ 1)!
(2j + 1)!(m− j)!

(−1)m+j+1n(n+ 2) · · · (n+ 2m+ 2j)
2m−j

, `=2m+1;

Then
C(n, `) = C(n, `, 0), ` ≥ 1, n ≥ 2.

From Lemma 3.7,

f (`)(r) =
A(`, r, ζ, η)
|rζ − η|n+`

C(n, `, θr), where A(`, r, ζ, η) =





1, ` even;
r − ζ · η
|rζ − η| , ` odd.

Thus

lim
r→1

{
(1− r)n+k−1 d

k

drk

(
1− r2

|rζ − η|n
)}

= lim
r→1

{
(1− r)n+k−1

[
(1− r2)f (k)(r)− 2rkf (k−1)(r)− k(k − 1)f (k−2)(r)

]}

= lim
r→1

{
(1− r2)(1− r)n+k−1A(k, r, ζ, η)

|rζ − η|n+k
C(n, k, θr)

− 2rk(1− r)n+k−1A(k − 1, r, ζ, η)
|rζ − η|n+k−1

C(n, k − 1, θr)

− k(k − 1)(1− r)n+k−1A(k − 2, r, ζ, η)
|rζ − η|n+k−2

C(n, k − 2, θr)
}
.
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Notice that |A(k, r, ζ, η)| ≤ 1 is bounded, θr → 0 as r → 1, and C(n, `, 0) is
bounded, hence the last term → 0 as r → 1. In addition,

lim
r→1

1− r

|rζ − η| =

{
0, ζ 6= η;
1, ζ = η;

and lim
r→1

(1− r)A(k, r, ζ, η)
|rζ − η| =

{
0, ζ 6= η;
(−1)k, ζ = η;

so we have

lim
r→1

{
(1− r)n+k−1 d

k

drk

(
1− r2

|rζ − η|n
)}

= lim
r→1

{
(1 + r)(1− r)n+kA(k, r, ζ, η)

|rζ − η|n+k
C(n, k, θr)

− 2rk(1− r)n+k−1A(k − 1, r, ζ, η)
|rζ − η|n+k−1

C(n, k − 1, θr)
}

=

{
0, ζ 6= η;
2(−1)kC(n, k, 0)− 2(−1)k−1kC(n, k − 1, 0), ζ = η;

=

{
0, ζ 6= η;
2(−1)kC(n, k)− 2(−1)k−1kC(n, k − 1) = Cn,k, ζ = η.

¤

Lemma 3.9. Cn,k = 2
(n+ k − 2)!

(n− 2)!
for k ≥ 1, n ≥ 2.

We postpone the proof of Lemma 3.9 until after the proof of Theorem 3.3.

Now we prove Theorem 3.3.

Proof. For any x ∈ Bn, x = rζ, ζ ∈ Sn−1, n ≥ 2, we may write

u(rζ) =
∫

Sn−1

1− r2

|rζ − η|ndµ(η).

By Lemma 3.8, for any k ≥ 1,

∫

Sn−1

lim
r→1

{
(1− r)n+k−1 d

k

drk

(
1− r2

|rζ − η|n
)}

dµ(η) =

{
0, µ({ζ}) = 0;
Cn,k µ({ζ}), µ({ζ}) > 0.

By the interchangeability of differentiation and integration when the integral of
the derivative converges and the Lebesgue’s dominated convergence theorem, we
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have

lim
r→1

{
(1− r)n+k−1 d

k

drk
u(rζ)

}
= lim

r→1

{
(1− r)n+k−1 d

k

drk

∫

Sn−1

1− r2

|rζ − η|ndµ(η)
}

= lim
r→1

{
(1− r)n+k−1

∫

Sn−1

dk

drk

(
1− r2

|rζ − η|n
)
dµ(η)

}

=
∫

Sn−1

lim
r→1

{
(1− r)n+k−1 d

k

drk

(
1− r2

|rζ − η|n
)}

dµ(η)

= Cn,k µ({ζ}).
By Theorem 1.1 in [14] (or by going through the proof of Lemma 3.8 with k = 0),

lim
r→1

{
(1− r)n−1u(rζ)

}
= 2µ({ζ}).

Thus

lim
r→1

{
(1− r)n−1

1 + r
u(rζ)

}
= µ({ζ})

and

lim
r→1

{
(1− r)n+k−1 d

k

drk
u(rζ)

}
= Cn,k lim

r→1

{
(1− r)n−1

1 + r
u(rζ)

}
.

So (3.4) holds by Lemma 3.9. Consequently (3.5) holds because each positive
harmonic function in the unit ball corresponds to a positive measure on the sphere
(ref. [1]), and that the set of non-zero point mass of the measure is countable.

This completes the proof of Theorem 3.3. ¤

The following is the proof of Lemma 3.9.

Proof. Lemma 3.9 is proved by induction. By the definition,

C(n, 0) = 1,

C(n, 1) =
(−1)1 n

20
= −n,

C(n, 2) =
2! (−1)1 n

21
+

2! (−1)2n(n+ 2)
2! 20

= −n+ n(n+ 2) = n(n+ 1).

For k = 1 and 2,

Cn,1 = (−1)1 2(C(n, 1) + C(n, 0)) = −2(−n+ 1) = 2
(n+ 1− 2)!

(n− 2)!
,

Cn,2 = (−1)2 2(C(n, 2) + 2C(n, 1)) = 2(n(n+ 1)− 2n) = 2
(n+ 2− 2)!

(n− 2)!
.

For any k, assuming

Cn,k = (−1)k2 (C(n, k) + kC(n, k − 1)) = 2
(n+ k − 2)!

(n− 2)!
,
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we will prove

Cn,k+1 = (−1)k+12 (C(n, k + 1) + (k + 1)C(n, k)) = 2
(n+ k − 1)!

(n− 2)!
.

Using the induction assumption, the above equation can be written as

(−1)k+1 (C(n, k + 1) + (k + 1)C(n, k)) =
(n+ k − 1)(n+ k − 2)!

(n− 2)!
= (n+ k − 1)Cn,k

= (n+ k − 1)(−1)k (C(n, k) + kC(n, k − 1)) ,

so it is sufficient to show

(3.9) − (C(n, k + 1) + (k + 1)C(n, k)) = (n+ k − 1) (C(n, k) + kC(n, k − 1))

Write

C(n, k) =
∑

j

C(n, k, j).

Notice that

C(n, 2m+ 2, j) =
(m+ 1)(2j + 1)
m+ 1− j

C(n, 2m+ 1, j), 0 ≤ j ≤ m;

C(n, 2m+ 2, j + 1) = −(m+ 1)(n+ 2m+ 2j + 2)
j + 1

C(n, 2m+ 1, j), 0 ≤ j ≤ m.

Therefore,

C(n, 2m+ 2) =
m+1∑

j=0

(
m+ 1− j

m+ 1
+

j

m+ 1

)
C(n, 2m+ 2, j)

=
m∑

j=0

m+ 1− j

m+ 1
C(n, 2m+ 2, j) +

m+1∑

j=1

j

m+ 1
C(n, 2m+ 2, j)

=
m∑

j=0

m+ 1− j

m+ 1
C(n, 2m+ 2, j) +

m∑

j=0

j + 1
m+ 1

C(n, 2m+ 2, j + 1)

=
m∑

j=0

(2j + 1)C(n, 2m+ 1, j)−
m∑

j=0

(n+ 2m+ 2j + 2)C(n, 2m+ 1, j)

= −
m∑

j=0

(n+ 2m+ 1)C(n, 2m+ 1, j)

= −(n+ 2m+ 1)C(n, 2m+ 1) for m ≥ 0.
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Similarly,

C(n, 2m+ 1, j) = −(2m+ 1)(n+ 2m+ 2j)
2j + 1

C(n, 2m, j), 0 ≤ j ≤ m;

C(n, 2m+ 1, j) =
(2m+ 1)(2j + 2)

2m− 2j
C(n, 2m, j + 1), 0 ≤ j ≤ m− 1.

Consequently,

C(n, 2m+ 1) =
m∑

j=0

2j + 1
2m+ 1

C(n, 2m+ 1, j) +
m−1∑

j=0

2m− 2j
2m+ 1

C(n, 2m+ 1, j)

= −
m∑

j=0

(n+ 2m+ 2j)C(n, 2m, j) +
m−1∑

j=0

(2j + 2)C(n, 2m, j + 1)

= −
m∑

j=0

(n+ 2m+ 2j)C(n, 2m, j) +
m∑

j=0

(2j)C(n, 2m, j)

= −
m∑

j=0

(n+ 2m)C(n, 2m, j)

= −(n+ 2m)C(n, 2m) for m ≥ 0.

The above relations between the adjacent C(n, `)’s can be summarized as

C(n, `) = −(n+ `− 1)C(n, `− 1) for ` ≥ 1.

Applying the above equation repeatedly, for any k ≥ 1 we have

L.H.S. of (3.9) = −C(n, k + 1)− (k + 1)C(n, k)
= (n+ k)C(n, k)− (k + 1)C(n, k) = (n− 1)C(n, k),

and

R.H.S. of (3.9) = (n+ k − 1) (C(n, k) + kC(n, k − 1))
= (n+ k − 1)C(n, k) + k(n+ k − 1)C(n, k − 1)
= (n+ k − 1)C(n, k)− kC(n, k) = (n− 1)C(n, k).

Therefore (3.9) holds for all k ≥ 1. This completes the proof of Lemma 3.9. ¤

Acknowledgments. We thank Pietro Poggi-Corradini for his valuable idea
for Proposition 3.2.
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4. When is a function not flat?

4.1. Introduction. The function

f(x) =

{
e−

1
x2 , x 6= 0

0, x = 0

is well known for its property

f (k)(0) = 0, ∀k ≥ 0 but f 6≡ 0.

Such a function is called flat at the origin. On the other hand, if f is a real
analytic function with Taylor expansion on an open interval containing 0, then
f (k)(0) = 0, ∀k ≥ 0 implies f ≡ 0. The unique continuation problem in PDE is
to find conditions such that the solutions of PDE enjoy the same property. There
are a large amount of literature in this area originated from the ideas by Carleman
[3], called Carleman’s method. In this paper we consider the simplest case of one
variable.

Theorem 4.1. Let f(x) ∈ C∞([a, b]), 0 ∈ [a, b], and

(4.1) |f (n)(x)| ≤ C

n−1∑

k=0

|f (k)(x)|
|x|n−k

, x ∈ [a, b]

for some constant C and n ≥ 2. Then

f (k)(0) = 0, ∀k ≥ 0 implies f ≡ 0 on [a, b].

From Theorem 4.1 we obtain the following corollary.

Corollary 4.2. Let f(x) ∈ C∞([a, b]), 0 ∈ [a, b], and (4.1) holds for some con-
stant C and n ≥ 2. Then

f 6≡ 0 implies the zero set {f−1(0)} ⊂ [a, b] is finite.

An example.

We use an example in [6] to show that the order of singularity in (4.1) is best
possible, i.e., there exists a function f(x) ∈ C∞([−a, a]), a > 0,

|f (n)(x)| ≤ C

n−1∑

k=0

|f (k)(x)|
|x|n−k+ε

for x ∈ [−a, a] and f (k)(0) = 0, ∀k ≥ 0

for some constant C and ε > 0, but f 6≡ 0 on [−a, a].
For m > 1, ε > 0, the following equation is considered in [6]:

x2u′′(x) +mxu′(x)− cx−εu(x) = 0, x ∈ (0, 1),

or equivalently,

(4.2) u′′(x) +
m

x
u′(x)− c

x2+ε
u(x) = 0, x ∈ (0, 1),
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— a Bessel differential equation. The general Bessel differential equation takes
the form

(4.3) z2u′′(z) + (1− 2α)zu′(z) +
{
β2γ2z2γ + (α2 − ν2γ2)

}
u(z) = 0, z ∈ C.

It is well known that for (non-integer) ν 6∈ Z, the solution for (4.3) is

u(z) = zα [ C1Jν(βzγ) + C2J−ν(βzγ) ] ,

where C1, C2 are arbitrary complex numbers, and Jν is the Bessel function of
order ν, i.e., a solution of equation (4.3) with α = 0, γ = 1. Notice that equation
(4.2) with c > 0 is equation (4.3) with

α = −m− 1
2

, β = i
2
√
c

ε
, γ = −ε

2
, ν =

m− 1
ε

.

By choosing m > 1, ε ∈ (0, 1) such that

C1 = − C2 = − πe−iνπ

2 sin(νπ)
, ν =

m− 1
ε

6∈ Z,

the solution of equation (4.2) can be written as

(4.4) u(x) = |x|−(m−1)/2K(m−1)/ε

(
2
√
c

ε
|x|−ε/2

)
, x ∈ (0, 1)

where

Kν(z) =
π

2
e−iνπ (J−ν(iz)− Jν(iz))

sin(νπ)
, arg z ∈ (−π, π/2)

is the modified Bessel function of the third kind [19], with the asymptotic property

Kν(x) ≈ π

2
x−1/2e−x as x→ +∞.

Therefore in (4.4), the function

u(x) ≈ π

2

(
2
√
c

ε

)−1/2

x
−m−1

2 + ε
4 exp

{
− 2

√
c

ε
x−ε/2

}
as x→ 0

is a nontrivial solution of (4.2) vanishing at x = 0 of infinite order. Hence

f(x) = u(|x|), x ∈ [−a, a], a ∈ (0, 1)

is well defined and f ∈ C∞([−a, a]). Taking derivative of equation (4.2) n − 2
times,

dn−2

dxn−2

{
u′′(x) +

m

x
u′(x)− c

x2+ε
u(x)

}
= 0, x ∈ (0, 1),

we obtain

u(n)(x) + an−1(x)u(n−1)(x) + · · ·+ a0(x)u(x) = 0, x ∈ (0, 1).

For given m, c and ε, the coefficients

|aj(x)| ≤ Co

(
1

|x|n−j+ε

)
, j = 0, 1, · · · , n− 1, x ∈ (0, 1)

for some constant Co > 0. By the property of u(x) near x = 0, we have

f (n)(x) + an−1(x)f (n−1)(x) + · · ·+ a0(x)f(x) = 0, x ∈ [−a, a]
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with

f (k)(0) = 0, ∀k ≥ 0, |aj(x)| ≤ C

(
1

|x|n−j+ε

)
, j = 0, 1, · · · , n− 1.

for some constant C >. Thus

f (k)(0) = 0, ∀k ≥ 0, |f (n)(x)| ≤ C
n−1∑

k=0

|f (k)(x)|
|x|n−k+ε

, x ∈ [−a, a],

and f 6≡ 0 from the non-triviality of u.

Theorem 4.1 leads to applications in ODE as stated in the following two propo-
sitions. Based on the above example, the order of the singularity of the coefficients
in the assumption of the propositions is sharp.

Proposition 4.3. Let f(x) ∈ C∞ be a solution of

y(n) + an−1(x)y(n−1) + · · ·+ a0(x)y = 0, x ∈ [−a, a], a > 0

with

|ak(x)| = O

(
1

|x|n−k

)
as x→ 0, k = 0, 1, · · · , n− 1.

Then
f (k)(0) = 0, ∀k ≥ 0 =⇒ f ≡ 0 on [−a, a].

Proposition 4.4. Let f(x), g(x) ∈ C∞ be solutions of

y(n) + an−1(x)y(n−1) + · · ·+ a0(x)y = b(x), x ∈ [−a, a], a > 0

with

|ak(x)| = O

(
1

|x|n−k

)
as x→ 0, k = 0, 1, · · · , n− 1.

Then
f (k)(0) = g(k)(0), ∀k ≥ 0 =⇒ f ≡ g on [−a, a].

4.2. Proof of Theorem 4.1 and its corollary. Several lemmas are needed for
the proof of Theorem 4.1. The basic idea of the following lemma was considered
in [13].

Lemma 4.5. Let v(x) ∈ C∞([0, b]). Assume v(k)(0) = 0, ∀k ≥ 0. Then for
α ≥ 1,

(4.5)
∫ b

0

[v(x)]2

xα+2
dx ≤ 4

(α+ 1)2

∫ b

0

[v′(x)]2

xα
dx
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Proof. Write v = v(x), v′ = v′(x) and so on.
d

dx

(
x−(α+1)v2

)
= −(α+ 1)x−(α+2)v2 + x−(α+1)2vv′

Since v(k)(0) = 0 for k ≥ [α/2] + 1, we have [v(x)]2 ∼ O(x2(k+1)) = o(xα+1), thus
∫ b

0

d

dx

(
x−(α+1)v2

)
dx =

[v(b)]2

bα+1
− lim

x→0+

[v(x)]2

xα+1
=

[v(b)]2

bα+1
≥ 0.

Therefore,

(α+ 1)
∫ b

0

v2

xα+2
dx ≤

∫ b

0

2vv′

xα+1
dx

=
∫ b

0
2

{(
α+ 1

2

)1/2 v

x(α+2)/2

}{(
2

α+ 1

)1/2 v′

xα/2

}
dx

≤
∫ b

0

α+ 1
2

v2

xα+2
dx+

∫ b

0

2
α+ 1

(v′)2

xα
dx

by applying 2ab ≤ a2 + b2 to the last inequality. Consequently,

α+ 1
2

∫ b

0

v2

xα+2
dx ≤ 2

α+ 1

∫ b

0

(v′)2

xα
dx,

which is equivalent to (4.5). ¤

Lemma 4.6. Let u(x) ∈ C∞([0, b]). Assume u(k)(0) = 0, ∀k ≥ 0. Then for
β ≥ 1, n ≥ 1,

∫ b

0

[
u(k)(x)

]2

xβ+2(n−k)
dx ≤ 4

(β + 1)2

∫ b

0

[u(n)(x)]2

xβ
dx, for k = 0, · · · , n− 1.

Proof. Applying Lemma 4.5 to v = u(n−1−j), α = β+2j, β ≥ 1, j = 0, 1, · · · , n−
1, we obtain

∫ b

0

[
u(n−1−j)(x)

]2

xβ+2j+2
dx ≤ 4

(β + 2j + 1)2

∫ b

0

[u(n−j)(x)]2

xβ+2j
dx, j = 0, 1, · · · , n− 1,

or equivalently,
∫ b

0

[
u(k)(x)

]2

xβ+2(n−k)
dx ≤ 4

(β + 2(n− k − 1) + 1)2

∫ b

0

[u(k+1)(x)]2

xβ+2(n−k−1)
dx, k = 0, 1, · · · , n−1.

Applying the above inequality repeatedly, we have
∫ b

0

[
u(k)(x)

]2

xβ+2(n−k)
dx ≤

{
n−2∏

m=k

4
(β + 2(n− 1−m) + 1)2

}
4

(β + 1)2

∫ b

0

[u(n)(x)]2

xβ
dx

≤ 4
(β + 1)2

∫ b

0

[u(n)(x)]2

xβ
dx,
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because β ≥ 1, β + 2(n−m− 1) + 1 ≥ 2 for m = 0, . . . , n− 1. ¤

Lemma 4.7. Let u(x) ∈ C∞([0, b]). Assume u(k)(0) = 0, ∀k ≥ 0. Then for
β ≥ 1, n ≥ 1,

∫ b

0

1
xβ

n−1∑

k=0

(
u(k)(x)
xn−k

)2

dx ≤ 4n
(β + 1)2

∫ b

0

1
xβ

[u(n)(x)]2dx.

Proof. Apply Lemma 4.6 to k = 0, · · · , n− 1 and sum up both sides. ¤

Lemma 4.8. Let f(x) ∈ C∞([a, b]), 0 ∈ [a, b]. Assume f (k)(0) = 0, ∀k ≥ 0. Then
for β ≥ 1, n ≥ 1,

∫ b

a

1
|x|β

n−1∑

k=0

(
f (k)(x)
xn−k

)2

dx ≤ 4n
(β + 1)2

∫ b

a

1
|x|β [f (n)(x)]2dx.

Proof. The function u(x) = f(−x) satisfies the assumptions for Lemma 4.7 on
[0,−a], so

∫ −a

0

1
xβ

n−1∑

k=0

(
f (k)(−x)
xn−k

)2

dx ≤ 4n
(β + 1)2

∫ −a

0

1
xβ

[f (n)(−x)]2dx.

Substitute the variable x by −x. Since the terms in the sum are of even powers
and both sides have the same xβ term, the above inequality can be written as

∫ 0

a
a

1
|x|β

n−1∑

k=0

(
f (k)(x)
xn−k

)2

dx ≤ 4n
(β + 1)2

∫ 0

a

1
|x|β [f (n)(x)]2dx.

From Lemma 4.7 the desired inequality is already true for f(x) on [0, b]. Combining
the results on [a, 0] and [a, b], Lemma 4.8 follows. ¤

The following is the proof of Theorem 4.1.

Proof. f(x) satisfies the assumptions in Lemma 4.8 on [a, b], so for any β ≥ 1,

(4.6)
(β + 1)2

4n

∫ b

a

1
|x|β

n−1∑

k=0

(
f (k)(x)
xn−k

)2

dx ≤
∫ b

a

1
|x|β [f (n)(x)]2dx.

From (4.1),

|f (n)(x)|2 ≤ C2
n−1∑

k=0

(
|f (k)(x)|
|x|n−k

)2
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thus

(4.7)
∫ b

a

1
|x|β |f

(n)(x)|2dx ≤ C2

∫ b

a

1
|x|β

n−1∑

k=0

(
|f (k)(x)|
|x|n−k

)2

dx.

Combining (4.6) and (4.7) we have
∫ b

a

1
|x|β

n−1∑

k=0

(
f (k)(x)
xn−k

)2

dx ≤ 4nC2

(β + 1)2

∫ b

a

1
|x|β

n−1∑

k=0

(
|f (k)(x)|
|x|n−k

)2

dx.

If f 6≡ 0 on [a, b], we would have |f (k)(x)| > 0 on some sub-interval of [a, b] thus
the integrals > 0, which would imply

1 ≤ 4nC2

(β + 1)2
, ∀β ≥ 1 =⇒ Contradiction.

Therefore f(x) ≡ 0 on [a.b]. This completes the proof of Theorem 4.1. ¤

The proof of Corollary 4.2 follows immediately.

Proof. Under the assumption of Corollary 4.2, f 6≡ 0 implies f (k)(0) = β 6= 0 for
some k ≥ 0 based on the result of Theorem 4.1. If β > 0, then f ∈ C∞ yields
f (k)(x) > β/2 > 0, x ∈ [−δ0, δ0] ⊂ [a, b] for some δ0 > 0. Consequently the k-fold
integral

f(x) =
∫ x

0
· · ·

∫ x

0
f (k)(y)dy · · · dy > xkβ/2 > 0, 0 < |x| < δ0.

The case β < 0 implies f(x) < 0 on an open interval containing 0.
For any x′ ∈ [a, b] such that f(x′) = 0, the condition f 6≡ 0 implies f(x) 6=

0, 0 < |x− x′| < δx′ , x ∈ [a, b] for some δx′ > 0. By the compactness of [a, b], the
zero set {f−1(0)} is at most finite in [a, b]. This completes the proof of Corollary
4.2. ¤
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5. Positive measures on the sphere

5.1. Introduction. For any positive measure on the unit sphere Sn−1 ⊂ Rn,

u(x) = P [µ](x) =
∫

Sn−1

1− |x|2
|x− η|ndµ(η)

defines a positive harmonic function in the unit ball Bn [1]. From [14], we have

lim
r→1

(1 + r)n−1

1− r
u(rζ) = 2n

∫

Sn−1

1
|ζ − η|ndµ(η).

Consider

(5.1) G(ξ) =
∫

Sn−1

1
|ξ − η|ndµ(η), ξ ∈ Sn−1.

G(ξ) may be viewed as radial limits of the potential function∫

Sn−1

1
|x− η|ndµ(η), x ∈ Bn.

We investigate a convergence property of G in Theorem 5.1. Proposition 5.2 and
Proposition 5.4 construct measures that induce examples for extreme cases of
G. Corollaries 5.3 and 5.5 give the corresponding results for positive harmonic
functions.

Theorem 5.1. For a positive measure µ on the unit sphere Sn−1, let

G∞ = {ξ ∈ Sn−1 : G(ξ) = ∞}.
Then G∞ is a dense Gδ-set in the support of µ. In particular, the closure of G∞
(5.2) G∞ = supp(µ).

Proposition 5.2. There exists a discrete measure µ > 0 such that

G(ξ) <∞, ξ ∈ Sn−1

almost everywhere with respect to the Lebesgue measure on Sn−1.

Corollary 5.3. There exists a positive harmonic function u defined by a discrete
measure on Sn−1 such that

lim
r→1

u(rζ) = 0, a. e. ζ ∈ Sn−1

with respect to the Lebesgue measure on Sn−1.

Proposition 5.4. There exists a discrete measure µ > 0 such that

G(ξ) = ∞, ∀ξ ∈ Sn−1.
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Corollary 5.5. There exists a positive harmonic function u defined by a discrete
measure on Sn−1 such that

lim
r→1

u(rζ)
1− r

= ∞, ∀ζ ∈ Sn−1.

5.2. Proof of Theorem 5.1. To prove Theorem 5.1, we need the following three
lemmas. The first two are quoted from [1] and [17] without proofs.

Lemma 5.6. (Corollary 6.44 in [1])
Let µ be a positive Borel measure on Sn−1 and

(5.3) dµ = dµa.c. + dµs = fdσ + dµs

be the Lebesgue decomposition of µ with respect to the Lebesgue measure σ. Then
P [µ] has non-tangential limit f(ζ) at almost every ζ ∈ Sn−1.

Lemma 5.7. If U ⊂ Sn−1 is an open and G(ζ) <∞, ∀ζ ∈ U . Then

lim
r→1

u(rζ) = 0, ∀ζ ∈ U.

Proof. By the definition of G and [14],

(5.4) G(ζ) = lim
r→1

u(rζ)
1− r2

.

Therefore

G(ζ) <∞, ∀ζ ∈ U =⇒ lim
r→1

u(rζ) = 0, ∀ζ ∈ U.
¤

The following is the proof of Theorem 5.1.

Proof. First we show that G∞ is a Gδ set, i.e., a countable intersection of open
sets. For m = 1, 2, · · · , let

Gm(ζ) =
∫

Sn−1

min
{
m,

1
|ζ − η|n

}
dµ(η).

The functions Gm(ζ) ≤ m × µ{Sn−1} and Gm(ζ) is continuous in ζ. By Lemma
5.6 and (5.4),

G(ζ) = sup
m
Gm(ζ) = lim

m→∞Gm(ζ), ζ ∈ Sn−1

is well defined. Therefore G(ζ) is lower semi-continuous in ζ. Consequently {ζ ∈
Sn−1 : G(ζ) > m} is an open set. By the definition,

G∞ = {ξ ∈ Sn−1 : G(ξ) = ∞} =
∞⋂

m=1

{
ζ ∈ Sn−1 : G(ζ) > m

}
,
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therefore G∞ is a Gδ set.

In the following we prove that G∞ = supp(µ). If ζ 6∈ supp(µ), then

D(ζ) = distance {ζ, supp(µ)} > 0,

then

G(ζ) =
∫

Sn−1∩ supp(µ)

dµ(η)
|ζ − η|n ≤

µ{Sn−1}
D(ζ)n

<∞ =⇒ ζ 6∈ G∞.

Hence
G∞ ⊂ supp(µ) and G∞ ⊂ supp(µ) = supp(µ).

To prove G∞ = supp(µ), we show that G∞ is dense in supp(µ). For any open set
U ⊂ Sn−1, U ∩ G∞ = ∅, we have f(ζ) = limr→1 u(rζ) = 0 in (5.3) by applying
Lemma 5.7. Therefore

µa.c.(U) = 0.
From [12] and [14],

lim
r→1

(1− r)n−1u(rζ) = 2nµ({ζ}) = 2µs({ζ}).
Consequently

{ζ ∈ Sn−1 : µs({ζ}) > 0} ⊂ {ζ ∈ Sn−1 : lim
r→1

u(rζ) = ∞}.
we obtain

µs(U) = 0.
Hence

µ(U) = µa.c.(U) + µs(U) = 0.
We have shown that U ∩G∞ = ∅ implies mu(U) = 0, i.e., G∞ is dense in supp(µ),
then (5.2) follows. This concludes the proof of Theorem 5.1.

¤

5.3. Proof of Proposition 5.2. We state in the following lemma (without proof)
a geometric property of Lebesgue measures on the sphere.

Lemma 5.8. Let σ be the Lebesgue measure on Sn−1 with σ(Sn−1) = 1. Given
n ≥ 2, there exist a constant C > 0 such that

σ{ξ ∈ Sn−1 : |ξ − η| < r} ≤ Crn−1, ∀η ∈ Sn−1.

The following is the proof of Proposition 5.2.

Proof. Let {ζj}∞j=1 be a dense countable set ⊂ Sn−1. Let

µ =
∞∑

j=1

1
2j
δ{ζj}
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be the measure on Sn−1. Then

G(ξ) =
∫

Sn−1

1
|ξ − η|ndµ(η) =

∞∑

j=1

1
2j

1
|ξ − ζj |n , ξ ∈ Sn−1.

Let

Am =
{
ξ ∈ Sn−1, |ξ − ζj | > 2−j/3, j ≥ m

}
\

m−1⋃

k=1

ζk.

Then

Am =
∞⋂

j=m

Bj \
m−1⋃

k=1

ζk, where Bj =
{
ξ ∈ Sn−1, |ξ − ζj | > 2−j/3

}
,

and

Sn−1 \ Am =


Sn−1 \

∞⋂

j=m

Bj


⋃

{ζk}m−1
k=1

=
∞⋃

j=m

(
Sn−1 \Bj

)⋃
{ζk}m−1

k=1 .

Let σ be the normalized Lebesgue measure on Sn−1 with σ(Sn−1) = 1. Then
σ({ζj}) = 0, ∀j and by Lemma 5.8,

σ
(
Sn−1 \Am

) ≤
∞∑

j=m

σ
(
Sn−1 \Bj

) ≤
∞∑

j=m

C
(
2−j/3

)n−1
.

Hence

σ

(
Sn−1 \

∞⋃

m=1

Am

)
= σ

( ∞⋂

m=1

{
Sn−1 \Am

}
)

= lim
m→∞σ

(
Sn−1 \Am

)
= 0.

Therefore

σ

( ∞⋃

m=1

Am

)
= 1.

Notice that, for any m > 0,

G(ξ) =
∞∑

j=1

1
2j

1
|ξ − ζj |n ≤

m−1∑

j=1

1
2j

1
|ξ − ζj |n +

∞∑

j=1

1
22j/3

<∞, ∀ξ ∈ Am.

Consequently,
G(ξ) <∞ a. e. in σ.

¤
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5.4. Proof of Proposition 5.4.

Proof. For any N > 1, there exists XN = (xN
1 , · · · , xN

N ) ∈ Sn−1 ⊂ Rn such that

E(N) =
∑

1≤j 6=k≤N

1∣∣∣xN
j − xN

k

∣∣∣
n = min

(x1,··· ,xN )∈Sn−1

1
|xj − xk|n ,

i.e. XN is the s-extremal configuration of N points with s = n [8]. For each
N > 2, define a measure

µN =
1
N

N∑

i=1

δ{xN
i }

and functions

UN (x) = N

∫

Sn−1

1
|x− y|ndµ

N (y) =
N∑

k=1

1∣∣x− xN
k

∣∣n ,

UN
i (x) = UN (x)− 1∣∣x− xN

i

∣∣n , i = 1, · · · , N.

By the minimization property of XN , for any x ∈ Sn−1,

2UN
i (x) +

∑
1≤j 6=k≤N

j,k 6=i

1∣∣∣xN
j − xN

k

∣∣∣
n

=
∑

1≤j≤N
j 6=i

1∣∣∣xN
j − x

∣∣∣
n +

∑
1≤k≤N

k 6=i

1∣∣∣x− xN
k

∣∣∣
n +

∑
1≤j 6=k≤N

j,k 6=i

1∣∣∣xN
j − xN

k

∣∣∣
n

≥ E(N) =
∑

1≤j 6=k≤N

1∣∣∣xN
j − xN

k

∣∣∣
n

= 2UN
i (xi) +

∑
1≤j 6=k≤N

j,k 6=i

1∣∣∣xN
j − xN

k

∣∣∣
n .

Consequently

UN
i (x) ≥ UN

i (xi), i = 1, · · · , N.
By the definition of uN

i (x),

UN (x) = UN
i (x) +

1∣∣x− xN
i

∣∣n =⇒ NUN (x) =
N∑

i=1

UN
i (x) + UN (x).

Therefore for x ∈ Sn−1,

1
N
UN (x) =

1
N(N − 1)

N∑

i=1

UN
i (x) ≥ 1

N(N − 1)

N∑

i=1

UN
i (xi) =

1
N(N − 1)

E(N).
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For ε > 0, define a measure

µ = Cε

∞∑

N=2

1
N1+ε

µN , with Cε =

( ∞∑

N=2

1
N1+ε

)−1

.

Then

G(ξ) =
∫

Sn−1

1
|ξ − η|ndµ(η) =

∞∑

N=2

1
N1+ε

1
N
UN (ξ).

By Theorem 2 in [8],

E(N) ∼ N2+ 1
n−1 as N →∞

and there exist a constant C (depending on n only) such that

E(N) ≥ CN2+ 1
n−1 .

Consequently, for x ∈ Sn−1,

G(ξ) =
∞∑

N=2

1
N1+ε

1
N
UN (ξ)

≥
∞∑

N=2

1
N1+ε

1
N(N − 1)

E(N)

≥
∞∑

N=2

CN2+ 1
n−1

N2+ε(N − 1)

= C
∞∑

N=2

N
1

n−1
−ε

N − 1
= ∞ for ε ∈

(
0,

1
n− 1

)
.

¤
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6. On spherical harmonic expansions of complex Borel measures on
the unit sphere

6.1. Introduction. Let B = {x ∈ Rn : |x| < 1} be the unit ball in Rn. Sn−1 =
∂B. Let Hm(Sn−1) denote the complex vector space of spherical harmonics of de-
gree m. Hm(Sn−1) is the restriction to Sn−1 of the complex vector space Hm(Rn)
of homogeneous harmonic polynomials in Rn. Let Zm(., η) be the zonal harmonic
of Hm(Sn−1) with pole η. If µ is a complex measure on Sn−1, the spherical
harmonic expansion of µ is defined to the series

∞∑

m=0

pm(ζ),

where

pm(ζ) =
∫

Sn−1

Zm(ζ, η)dµ(η) ∈ Hm(Sn−1)

for ζ ∈ Sn−1. It is well-known L2(Sn−1) = ⊕∞0 Hm(Sn−1). Therefore if f ∈
L2(Sn−1), then its spherical harmonic expansion defined as above with dµ = fdσ
converges to f in L2(Sn−1). It is known [4] that if 1 ≤ p < 2 then there is an
φ ∈ Lp(Sn−1) whose spherical harmonic expansion diverges almost everywhere.
In this paper, however, we will prove that the spherical harmonic expansion of a
complex measure enjoys a precise asymptotics. Here is the main result.

Theorem 6.1. Let µ be a complex Borel measure on the unit sphere Sn−1 . Let
∞∑

m=0
pm(ζ) be the spherical harmonic expansion of µ Then

N∑

m=0

pm(ζ) ∼ 2
(n− 1)!

µ({ζ})Nn−1

as N →∞.

We have the following corollary, which gives a sufficient condition for the spher-
ical expansion series to diverge.

Corollary 6.2. Let µ be a complex Borel measure on Sn−1. If µ({ζ}) > 0 for
some ζ ∈ Sn−1 then the series

∞∑

m=0

pm(ζ)

is divergent to +∞. If µ({ζ}) = 0 then
N∑

m=0

pm(ζ) = o(Nn−1).

We will construct a positive measure so that its spherical harmonic expansion
diverges on a countable dense subset of the unit sphere. The special case of
Theorem 6.1 when n = 2 implies the following regarding the Fourier series of a
complex measure on the unit circle.
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Theorem 6.3. Let µ be a complex Borel measure on S1. Let
∞∑

n=−∞
ane

inθ

be the Fourier series of µ where an, the Fourier coefficient, is defined as

an =
∫ π

−π
e−inθdµ(eiθ).

Then
N∑

n=−N

ane
inθ ∼ 2µ({eiθ})N.

In particular, if µ({eiθ}) > 0 then the Fourier series is divergent to +∞, and if
µ({eiθ}) = 0, then

N∑

n=−N

ane
inθ = o(N).

Theorem 6.4. Let µ be a positive measure on Sn−1. Let
∞∑

m=0
pm(ζ) be its spherical

harmonic expansion, and let

Sm(ζ) =
m∑

k=0

pk(ζ).

Then for each ζ ∈ Sn−1, the series
∞∑

m=0

Sm(ζ)

is Abel summable to
b(ζ)
2n−1

, where

b(ζ) =
∫

Sn−1

2n

|η − ζ|ndµ(η)

and Also, one has b(ζ) ≥ µ(Sn−1) for ζ ∈ Sn−1.

Corollary 6.5. Let µ be a positive measure on S1. Let
∞∑

n=−∞
ane

inθ be its Fourier

series. The for each θ ∈ [0, 2π], the series
∞∑

N=0

(
N∑

n=−N

ane
inθ

)

is Abel summable to b(θ), where b(θ) ≥ µ(Sn−1)as given in Theorem 6.4.

Theorem 6.1 can be restated as that the point mass of a complex measure on
the unit sphere can be approximated by spherical harmonics. Here is the result.
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Theorem 6.6. Let µ be a complex Borel measure on the unit sphere Sn−1. Then
there exist (unique) pm(ζ) ∈ Hm(Sn−1) for m = 0, 1, 2, ... such that the point mass
of µ is given by, for each ζ ∈ Sn−1,

µ({ζ}) =
(n− 1)!

2
lim

N→∞

N∑
m=0

pm(ζ)

Nn−1
.

This paper is a continuation of [12].

6.2. proofs. Our proof is an application of a well-known Hardy-Littlewood ’s
Tauberian Theorem (see [10]) through harmonic functions in the unit ball.

Theorem 6.7. Let
∞∑

m=0
amx

m converges for |x| < 1. Suppose that for some number

α ≥ 0,

f(x) =
∞∑

m=0

amx
m ∼ A

(1− x)α
as x↗ 1

(in the sense that (1− x)αf(x) → A), while

mam ≥ −Cmα,m ≥ 1.

Then
N∑

m=0

am ∼ A

Γ(α+ 1)
Nα.

First let us recall that if µ is a complex Borel measure on Sn−1 and

P (x, η) =
1− |x|2
|x− η|2

is the Poisson kernel of B, then P [µ] is defined by

P [µ](x) =
∫

Sn−1

P (x, η)dµ(η).

Of course, P [µ] is harmonic in B. The following is the modification of Corollary
5.34 in [1] adapted to the measure case and is crucial to our method.

Lemma 6.8. Let µ be a complex measure on Sn−1 and u(x) = P [µ]. Then there
exist (unique) pm ∈ H(Rn) such that

u(x) =
∞∑

m=0

pm(x)

for x ∈ B, the series converges absolutely and uniformly on compact subsets of B.
Further

|pm(x)| ≤ C|µ|(Sn−1)mn−2|x|m
for some positive constant C and m = 0, 1, 2, ... If x = |x|ζ, then pm(ζ) is given
by

pm(ζ) =
∫

Sn−1

Zm(ζ, η)dµ(η) ∈ Hm(Sn−1).
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Proof. By Theorem 5.33 of [1], the Poisson kernel can be given by zonal harmonics.

P (x, ζ) =
∞∑

m=0

Zm(x, ζ)

for all x ∈ B, ζ ∈ Sn−1. The series converges absolutely and uniformly onK×Sn−1

for every compact set K ⊂ B. So for any x ∈ B,

u(x) =
∫

Sn−1

P (x, ζ)dµ(ζ) =
∞∑

m=0

∫

Sn−1

P (x, ζ)Zm(x, ζ)dµ(ζ).

Letting

pm(x) =
∫

Sn−1

Zm(x, ζ)dµ(ζ)

for x ∈ B, we notice that pm(x) ∈ Hm(Rn). On the other hand if x = |x|η, then
Zm(x, ζ) = |x|mZm(η, ζ). By [1] (p.95),

|Zm(η, ζ)| ≤ dimHm(Rn)

Here

dimHm(Rn) =
(
n+m− 1
n− 1

)
−

(
n+m− 3
n− 1

)
.

By Pascal’s triangle, it is equal to

dimHm(Rn) =
(
n+m− 2
n− 2

)
+

(
n+m− 3
n− 2

)
.

Applying Stirling’s formula, one can get dimHm(Rn) ∼ Cmn−2 as m → ∞ for a
fixed n. Therefore

|pm(x)| ≤
∫

Sn−1

|Zm(x, ζ)|d|µ|(ζ) ≤ C|µ|(Sn−1)mn−2|x|m.

¤

Here, according to Lemma 6.8, we observe that the spherical expansion of µ is
related the harmonic homogeneous polynomial expansion of the harmonic function
P [µ]. Therefore, Theorem 6.1 is equivalent to the following

Theorem 6.9. Let µ be a complex measure on the unit sphere Sn−1 and u(x) =
P [µ]. Write u for x = rζ, ζ ∈ Sn−1

u(x) =
∞∑

m=0

pm(ζ)rm

where pm(ζ) ∈ Hm(Sn−1). Then

N∑

m=0

pm(ζ) ∼ 2
(n− 1)!

µ({ζ})Nn−1

as N →∞.



60

Proof. Let u(x) = P [µ] be the harmonic function defined by the Poisson integral
of µ. By [14],

lim
r→1

(1−r)n−1u(rζ) =
∫

Sn−1

lim
r→1

(1−r)n−1P (rζ, η)dµ(η) = 2
∫

Sn−1

δζ(η)dµ(η) = 2µ({ζ}).
Now we are ready to apply Hardy-Littlewood’s Tauberian theorem. First we
observe the series ∞∑

m=0

pm(ζ)rm

is also convergent for |r| < 1, by Lemma 6.8. Also by above
∞∑

m=0

pm(ζ)rm ∼ 2µ({ζ})
(1− r)n−1

as r ↗ 1

Taking real and imaginary parts, we have
∞∑

m=0

<pm(ζ)rm ∼ 2<{µ({ζ})}
(1− r)n−1

as r ↗ 1

∞∑

m=0

=pm(ζ)rm ∼ 2={µ({ζ})}
(1− r)n−1

as r ↗ 1.

By Lemma 6.8, there exist a positive constant C so that

|pm(ζ)| ≤ Cmn−2

It follows that
m<pm(ζ) ≥ −Cmn−1,

m=pm(ζ) ≥ −Cmn−1.

Applying Hardy-Littlewood’ theorem with α = n− 1 we complete the proof. ¤
Here is the proof of Theorem 6.3.

Proof. In R2 the zonal functions are given by

Zm(eiθ, eiφ) = eim(θ−φ) + e−im(θ−φ)

for m > 0, and Z0(eiθ, eiφ) = 1. So it follows from Theorem 6.1. ¤
In order to prove Theorem 6.4. We need the following theorem proved in [12].

Theorem 6.10. Let u be a positive harmonic function in B. If 0 ≤ r1 ≤ r2 < 1,
ω ∈ Sn−1, then

(1− r2)n−1

1 + r2
u(r2ω) ≤ (1− r1)n−1

1 + r1
u(r1ω),

(1 + r2)n−1

1− r2
u(r2ω) ≥ (1 + r1)n−1

1− r1
u(r1ω).

In particular, if let
a(ω) = lim

r→1
I(r, ω),

b(ω) = lim
r→1

J(r, ω).
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Then for each ω ∈ Sn−1,
a(ω) = µ({ω})

b(ω) =
∫

Sn−1

f(η, ω)dµ(η)

where f(η, ω) is as defined in Theorem 6.4.

A series
∞∑

n=0
an is said to be Abel summable to A if

∞∑

n=0

anx
n → A, as x↗ 1.

Now we prove Theorem 6.4.

Proof. Let u(x) = P [µ], Then u is a positive harmonic function in B. By Theorem
6.10, we see

1
1− r

u(rζ) → b(ζ)
2n−1

as r ↗ 1, where b(ζ) is as in Theorem 6.4. But

1
1− r

u(rζ) =
1

1− r

∞∑

m=0

pm(ζ)rm

=
∞∑

N=0

(
N∑

n=0

pm(ζ)

)
rN .

This finishes the proof. ¤
The following function will produce a positive measure so that its point mass

is positive on a countable dense set of Sn−1. The function is

u(x) =
∞∑

k=0

ai
1− |x|2
|x− ωi|2

where
∞∑

k=0

ai < ∞ (ai > 0) and {ωi}∞0 is a countable dense set of Sn−1. We note

u(0) =
∞∑

k=0

ai and by the Harnack principle, u is a positive harmonic function. It is

easy to verify that a(ωi) = ai for i = 0, 1, 2... and otherwise a(ω) = 0. Its measure
is given by

µ =
∞∑

k=0

akδωk

where δζ is the point measure at ζ.
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