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1. INTRODUCTION

Let B = {x € R": |z| < 1} be the unit ball in R". S"~! = 9B. Let H,,(S" 1)
denote the complex vector space of spherical harmonics of degree m. H,, (S 1)
is the restriction to S~ ! of the complex vector space H(R™) of homogeneous
harmonic polynomials in R™. Let Z,,(.,n) be the zonal harmonic of H,,(S"!)
with pole n. If 41 is a complex measure on S”~!, the spherical harmonic expansion

of p is defined to the series
> pm(Q),
m=0

where
PO = [ ZulCndun) € M)

for ¢ € S"7L It is well-known L?(S"!) = @©5°H,,(S" ). Therefore if f €
L?(S™1), then its spherical harmonic expansion defiend as above with du = fdo
converges to f in L?(S™1). It is known [4] that if 1 < p < 2 then there is an
¢ € LP(S" 1) whose spherical harmonic expansion diverges almost everywhere.
In this paper, however, we will prove that the spherical harmonic expansion of a
complex measure enjoys a precise asymptotics. Here is the main result.

Theorem 1.1. Let j1 be a complex Borel measure on the unit sphere S~ . Let

o0
>~ pm(C) be the spherical harmonic expansion of y Then
m=0

N P
> l0) ~ g {HN™
m=0 :

as N — oo.

We have the following corollary, which gives a sufficent condition for the spher-
ical expansion series to diverge.

Corollary 1.2. Let u be a complex Borel measure on S" 1. If u({¢}) > 0 for
some ¢ € S then the series

> pm(C)

m=0
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is divergent to +oo. If u({C}) =0 then

me Nn 1)

We will construct a positive measure so that its spherical harmonic expansion
diverges on a countable dense subset of the unit sphere. The special case of
Theorem 1. 1 when n = 2 implies the following regarding the Fourier series of a
complex measure on the unit circle.

Theorem 1.3. Let p be a complex Borel measure on S'. Let
oo
Z a ein@
n
n=—00
be the Fourier series of u where ay, the Fourier coefficient, is defined as

an = / e_med,u(eio).

—T

Then
S ane™ ~ (PN,

n=—N

In particular, if 1({e}) > 0 then the Fourier series is divergent to 400, and if
p({e”}) = 0, then

N .
Z ane™® = o(N).
n=—N

o0
Theorem 1.4. Let j1 be a positive measure on S"~ 1. Let > pm(C) be its spherical
m=0
harmonic expansion, and let

Sm($) =D _pr(C)-

Then for each ¢ € S™71, the series

b(<)

is Abel summable to , where
on—1

and

_J>® n=¢

Also, one has b(¢) > u(S"1) for ¢ € S"7L.
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S .
Corollary 1.5. Let y1 be a positive measure on S*. Let > a,e™ be its Fourier
n=—00

series. The for each 6 € [0, 2], the series

00 N
§ anezne
N=0 \n=—N

is Abel summable to b(0), where b(0) > u(S™1).

Theorem 1.1 can be restated as that the point mass of a complex measure on
the unit sphere can be approximated by spherical harmonics. Here is the result.

Theorem 1.6. Let i be a complex Borel measure on the unit sphere S"~1. Then
there exist (unique) pm(C) € Hpm(S™Y) form = 0,1,2, ... such that the point mass
of 1 is given by, for each ¢ € S" 71,

n—1! . =
piicn = o g =0
This paper is a continuation of [3].

2. PROOFS

Our proof is an application of a well-known Hardy-Littlewood ’s Tauberian
Theorem (see [2]) through harmonic functions in the unit ball.

o0
Theorem 2.1. Let Y apz™ converges for |x| < 1. Suppose that for some number

m=0
a >0,

(1 —a)e
(in the sense that (1 —x)*f(x) — A), while

ma,;, > —Cm%,m > 1.

f(z) = Zamxm LA asx /1
m=0

Then
A
~— - N*
2~ Tt D
First let us recall that if 4 is a complex Borel measure on S”~! and

1— |z
P(x,n) = |CC—77‘2

is the Poisson kernel of B, then P|u] is defiend by

Plal(z) = [ Ple.n)du(n).

Of course, P[u] is harmonic in B. The following is the modification of Corollary
5.34 in [1] adapted to the measure case and is crucial to our method.
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Lemma 2.2. Let u be a compler measure on S~ ' and u(x) = P[u]. Then there
exist (unique) py, € H(R™) such that

u(@) =3 pule)
m=0

for x € B, the series converges absolutely and uniformly on compact subsets of B.
Further
[pm ()] < Clp|(S™ym"2|z|™

for some positive constant C and m = 0,1,2, ... If x = |z|(, then py,(C) is given
by

PO = [ ZulCmdntm € (5™

Proof. By Theorem 5.33 of [1], the Poisson kernel can be given by zonal harmonics.
P(z,¢) =Y Zm(z,¢)
m=0

for all x € B,{ € S"!. The series converges absolutely and uniformaly on
K x 8" ! for every compact set K C B. So for any = € B,

o) = [ P =3 [ Pz )

Letting
po@) = [ Zul (0

for x € B, we notice that p,,(z) € H,,(R™). On the other hand if x = |z|n, then
Zm(x,¢) =[x Zm(n,¢). By [1] (p.95),
|Zm(n, Q)] < dim Hp, (R™)

dim M, (R") = <n—|—m—1> B <n+m—3)'

n—1 n—1

Here

By Pascal’s triangle, it is equal to

9 —3
dimHm(Rn):<nZTf2 >+<nj~f2 )

Applying Stirling’s formula, one can get dim H,,,(R") ~ Cm™ 2 as m — oo for a
fixed n. Threrefore

[pm ()] < /Sn_l | Zun (2, )|l (€) < Clul (S~ )im" =2 |r|™.
i

Here, according to Lemma 2.2, we observe that the spherical exapansion of y is
related the harmonic homogeneous polynomial expansion of the harmonic function
P[p]. Therefore, Theorem 1.1 is equivalent to the following
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Theorem 2.3. Let ju be a complex measure on the unit sphere S"~' and u(x) =
Plu]. Write u for x =r(, ( € S*!

(@) = 3 pm(Qr™
m=0

where pm(¢) € Hm (S Y). Then

N P
> p(O) ~ N

m=0

as N — oo.

Proof. Let u(xz) = P[u] be the harmonic function defined by the Poisson integral
of p. We first observe as in [1] and[3] that

(1 =) u(r¢) — 2u({¢})
as r — 1. Indeed, for 0 <r < 1
(=0t = [ (1= P ndut)
gn—1
But it is easy to see
(1 =r)"" P (r¢,m)| < 2,
and
lim (1 — )" " P(r¢, n) = 20¢(n),

1 -
5<(n)={0 Z#g

By the Dominated Convergence Theorem, it follows

iy (1= ur0) = [ (" PCdntn =2 [ delmdntn = 2u((ch.

r—1 n—1r—1

where

Now we are ready to apply Hardy-Littlewood’s Tauberian theorem. First we
observe the series

me(g)rm
m=0

is also convergent for |r| < 1, by Lemma 2.2. Also by above

> pn(Q)r™ ~ (12 £ (fﬁ)l asr /1
m=0

Taking real and imagary parts, we have

mz::()%pm(f )~ 2(?{_%“{)5})1} asr /1
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mZ:O%pm(C )r™ e~ 2(??5022)1} asr /1.

By Lemma 2.2, there exist a positve constat C' so that
pm(¢)] < Cm™™?

It follows that
mRpm, (¢) > —Cm" 1,

mSp,(¢) > —Cm™ 1,
Applying Hardy-Littlewood’ theorem with o« = n — 1 we complete the proof. [l

Here is the proof of Theorem 1.3.
Proof. In R? the zonal functions are given by
Zm(eie7 ei¢) =m0 4 gmimd
for m > 0, and Zy(e?, ') = 1. So it follows from Theorem 1.1. i
In order to prove Theorem 1.4. We need the following theorem proved in [3].

Theorem 2.4. Let u be a positive harmonic function in B. If 0 < r; < ry <1,
we S, then
(1 — 7.2)71,71
e
(1 + T’Q)n_l
1— T9

(1 — 7“1)”71
14+r

(1 +T1)n_1
1-— 1

u(row) < u(riw),

u(row) > u(riw).

In particular, if let

a(w) = linril(r, w),

b(w) = limJ(r,w).

7"—)1
Then for each w € S™ 1,

a(w) = p({w})
b(w) = /Snl [ (0, w)dp(n)

where f(n,w) is as defined in Theorem 1.4.

A series > a, is said to be Abel summable to A if
n=0

o0
E apr” — A, asx 1.
n=0

Now we prove Theorem 1.4.
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Proof. Let u(x) = P[u], Then u is a positive harmonic function in B. By Theorem

2.4, we see
1 b(<)
Q) — 5.
as r /' 1, where b(() is as in Theorem 1.4. But
1 - .
o) N
=D ([ Dopa(O) ) ™.
N=0 \n=0
This finishes the proof. i

The following function will produce a positive measure so that its point mass
is positive on a countable dense set of S”~!'. The function is

1z
u(z) = Zai i
k=0
o0
where > a; < 00 (a; > 0) and {w;}&° is a countable dense set of S"~1. We note
k=0

o0

u(0) = > a; and by the Harnack principle, u is a positive harmonic function. It is
k=0

easy to verify that a(w;) = a; for i = 0,1, 2... and otherwise a(w) = 0. Its measure

is given by
[e.e]
n= Zak(swk
k=0

where ¢ is the point measure at (.
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