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ON THE MONOTONICITY OF POSITIVE INVARIANT
HARMONIC FUNCTIONS IN THE UNIT BALL

Y. PAN AND M. WANG

ABSTRACT. A monotonicity property of Harnack inequality is proved for pos-
itive invariant harmonic functions in the unit ball.

1. INTRODUCTION
Let B" = {x € R" : |z| < 1}, n > 2 be the open unit ball in R". S"~! = 9B".

Consider the differential operator

1— |22« 02 0 n
1 %:%?+Azj:xjag:j+A(2—l—)\) , AER.

Ay = (1)

In this paper, we prove a monotonicity property of invariant harmonic functions
that are solutions of Ayu = 0 and are defined by positive Borel measures on the
sphere with respect to the Poisson kernel Py (see below).

This section describes the theorems and their corollaries. The proofs are pro-
vided in the next two sections.

Theorem 1.1. Let u be a positive invariant harmonic function defined in B™ by
a positive Borel measure 1 on S"~' with the Poisson kernel Py. For ( € S, if
A> =3 (if X< =5), the function

(1 _ T)n_l
1+ r>1+2)\u('r§)
is decreasing (increasing) for 0 <r < 1, and the function

14+ 7)1t
((ljr,))l_i_Q)\U/(’rC)

is increasing (decreasing) for 0 <r < 1. Also

2P, N> 5
lim (1= )" u(r¢) = { oo, A<= n({¢)) > 0
UG, A< =5, u{c}) =0

and

. U(TC) 21+2)\
11m A

Pl (L= )T fgaon ¢ — €2
2

dp(§).
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Remarks.

(1)

(3)

(4)

The

Invariant harmonic functions are the solutions of Ayu = 0. These solutions
also satisfy certain invariance property with respect to Mobius transforma-
tion. Invariant harmonic functions generally do not possess good boundary
regularity, as shown in Liu and Peng [3].

Let 1 be a positive Borel measure on S"~! and Py be the Poisson kernel

1 [g[2)1422
Py(z,¢) = (|x _’agn)w,\ :

It is known that the integral
ww) = [ P00
defines an invariant harmonic function in B™ ([1], p. 119).

On the completion of the current work, we learned that the limit cases for
n =2,A =0 in Theorem 1.1 were obtained by Simon and Wolff ([7], ref.
Chapter 10, p. 546 in [6]).

The critical value A = —% yields the degenerate case with the constant
Poisson kernel.

following theorem characterizes the behavior of invariant harmonic func-

tions on the rays.

Theorem 1.2. Let u be a positive invariant harmonic function defined in B™ by
a positive Borel measure p on S~ ! with the Poisson kernel Py. Let ¢ € S™! and

0<r <r<l1.
If x> -3,
1— 7 22+1 1"—7“/ n—1 1+ 7 22+1 1 —y! n—1
— <u(r() < ; u(r'¢)
1—7r 147 14+7r 1—7r
If A< -3,
1+7r 22+1 1_7,/ n—1 . 1— r 22+1 1—|—7’/ n—1 .
< <
(1) () woswos(=5) () o
For r' =0, the above becomes
(1 _ 7“)1+2)‘ (1 + 74)1+2>\
WU(O) <u(r¢) < WU(O)
for X\> -5, and
(1 + T‘)1+2)‘ (1 _ 7“)1+2)‘

for A < —3.
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Remark. Case A = 0 is the classical Harnack Inequality in B".

Corollary 1.3. Let U be the potential function defined in B™ by a positive Borel
measure ji on St as follows:

1
U(x) = —d .
@ = [ e

For ¢ € ™1, if A > -5 (if A < =7%), the function
(1= 7)™ AU (r¢)

is decreasing (increasing) for 0 <r < 1.

In Theorem 1.1, A = § —1 corresponds to the Laplace-Beltrami operator A,, 5_;
and the Poincaré metric. It is known([2]) that given a positive invariant harmonic
function (solutions of A,,/,_ju = 0), there exists a positive Borel measure p on
S"~1 such that

w@) = [ Pojpal@)du()

In this case the monotonicity property in Theorem 1.1 implies the following corol-
lary.

Corollary 1.4. Let u be a positive solution of A, 5_yu =0 in B". Then

1—r\""
<1 n > u(r¢) decreasing in r,
,

1+7\"! . o
1 u(r¢) increasing in r.
—r

Corollary 1.5. Let u be a positive harmonic function with respect to the Laplace
operator (A = 0) defined in B™ by a positive Borel measure i on S™! with the
Poisson Kernel Py. For ( € S"™1, 0 <r <1, the function

(1 _ T)”_l
147 u(r¢)

s decreasing and the function

r n—1
)

is increasing. In addition,

lim (1 — )" u(r¢) = 2u({C}),

r—

_u(rg) 2
hm = /Snl c—gp O
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Corollary 1.5 is the same as a result in [4].

Corollary 1.6. Let B™(R) be the open ball of radius R. Let u(z) be an invariant
harmonic function in B™"(R) (a.k.a u(Rz) is invariant harmonic in B"™) defined by
the Poisson kernel Py\(%,(). For ¢ € Sl gf A > -5 (if A < —%), the function
1 (R— 7‘)”_1
Rn—2-2X (R + 7“)1+2>‘
is decreasing (increasing) and the function

1 (R+r)!
Rn—2-2x ((R _ :))1+2)\ u(r¢)

u(r¢)

is increasing (decreasing) in r for 0 < r < R. The case A\ = 0 gives the mono-
tonicity of functions

n—2 n—2
(R};r) R_Tu(rg) and <R;—r> R+ru(r(),

R+r R—r
which implies that, Yo € B™(r),0 <r < R,
R \"?R—r R \"?R+r
< <
<R+T> R+ru(0)_u(:c)_ <R—r> R—ru(o)

— the classical Harnack Inequality.

Corollary 1.7. Let u be a positive invariant harmonic function defined in B™ by a
positive Borel measure jn on S"~' with the Poisson kernel Py. Let 0 <1’ <r < 1.

If A\ > -3,

(-7 (1= py
VCERSET)N P
() s o) < (s s ()
(1 "’T)n_l . (1 —{—r’)”‘l )
VRS ET)N >~ 7

(1 —r)tt22 gflzr; u() = (1 — r/)I+2x |£r‘llrrl/u(x)

Ifa<-1,

(1) (1+ 7)1

(1 —r)t+22 Ellifu(x) < 1= Igllii{’ u(z)
(- (= ry

Similar results are obtained in complex space C". Let

— |z 2\n+2«
%@&%—“ |2]%)

1=z (22’ a€R
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be the Poisson-Szego kernel for the operator

L 0 22
Aa,5:4(1_‘z|2) Z(di’j—ziZj)m‘Fazzjaizj"i‘ﬁZZjaigj_aﬁ
g J

i?j
with o = 3, where z - { = >_I'_| 2;(;. Define

u(z) = - Po(z,Q)du(¢), a€R.

Theorem 1.8. Let u be a positive invariant harmonic function defined in the unit
ball B C C" by a positive Borel measure i on S*~1 = OB™ with the Poisson-Szego
kernel. Given ¢ € S, ifa > —n (if a < —n), the function

1—r)"
MXU(TC)

is decreasing (increasing) for 0 < r < 1, and the function

1+7r)"
(1(1:)2%(“(7“0

is increasing (decreasing) for 0 <r < 1. Also
22 u({¢}), a>-n
Lim (1 —r)"u(r¢) = 4 oo, a < —n, p({¢}9) >0
202u({¢)), a<-n, p({¢}9) =0

and

}Lni (1 —r)nt2a

U(T‘C) 2n+2a
= ————d .
/snl ¢ — nf?rt2e #)

The following theorem describes invariant harmonic functions on the rays.

Theorem 1.9. Let u be a positive invariant harmonic function defined in the
unit ball B® C C" by a positive Borel measure i on S™~ with the Poisson-Szegd
kernel. Let ( € S" Y and 0<7r' <r < 1.

if > —n,
1— r n+2a 1—|—7“/ n , 1+r n+2a 1! n .
(1—7“’) (1+T) u(r'e) s ulr¢) < <1+ r’) <l—r> u(r'c)

If o < —n,

1 —2n—2« 1— 2\ N+2a 1— n+2a 1 INT
(1_—::/> (1_:,2> u(r'¢) <wu(r¢) < (1_ :,) <1—:_7;> u(r'¢)
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For ' =0, the above becomes
1— n+2a
(I+7) (1—r7)

for a > —n, and

for a < —n.

2. PROOFS OF THEOREM 1.1 AND ITS COROLLARIES
We need the following two lemmas for the proof of Theorem 1.1.

Lemma 2.1. Let z € R", |z|=7r, ( € S L.
If X\ > —% then

(2.1) _ (A== 22 D)(A-r 0 (=) (04 22+ (n =22~ 2)r)(1-

pocP Sare - EENEE
If A < —35, then

(2.2) (422 +(n—=22=2)r)(1=r*)* _ 9 (1=r*)'">* _ (n42\—(n-2A-2)r)(1-r*f*

|z — 2 = or|x — ¢t |z — ¢[nt2A

Proof. Write z = |zln=rn, n-¢ =11 0.

0 0
ol = =5 (2l = 2 - C+ 1) =2(r =0 - Q),
then
0 n 0 n422
o= (P = (e - ()™
= 2B - ) P e -
= (n+2A) |z = "2 (r —n - ¢),
and
o (1— T2)1+2)\
or |z — ¢t
(L4201 = 1) (=2r)|x — ¢ — (1 = r?) AR | — (72
23) = |z — C[2(nF2%)

91+ 20) (1 r2)P a2 — (121242 (04 2 — (2 Q)
|z — C[2(n+2%)

=204 2)(1 = 2P rle = (P~ (1= ) P 4 20)(r =9 Q)

‘LE _ C|n+2)\+2
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To prove the right side inequality in (2.1), it suffices to show
212Nz = > = (1 =) (n+2X)(r —n-¢) < (n42X + (n —2X = 2)7) |z — ¢|?,
which is equivalent to
—(n4+20) (1 =r*)(r=n-¢) < (n+ 2201 +7r)|z — ¢

For A > —%, the above becomes

—(L =) (r—n-¢) < L+ — (P
or

—(L=r)(r=n-¢) <r*=2m-C+1,
which, after a simple simplification, is equivalent to

n-¢<1

The inequality is true since ¢, € S"~1. To prove the left side inequality in (2.1),
it suffices to show (using the result of (2.3))

—2(14+20)r|z —¢[* = (L=r®)(n+2X)(r =1 -¢) = —(n+2A = (n—=2A = 2)r)[z — ([,
which is equivalent to
(n+20) 1 =) (r—n-) < (n+20) (1 —7)|z — ¢
For A > —7%, the inequality is equivalent to
A=) —n-0) <1 -z~
which is, after a simplification,
-n-¢<1,
true since ¢,n € S"~!. The proof of (2.2) for A < —% is parallel. This completes

2
the proof of Lemma 2.1. [

Lemma 2.2. Let u be a positive invariant harmonic function in B™ defined by a
positive Borel measure on S"~1 with the Poisson kernel.

If x> -3,
(2.4) - (n+2X —1(? ;22/\ — Q)T)u(m) < azé(rx) < (n+2X —1—1(? ;22/\ — Q)T)u(:v)
If A< -3,
(25) (n 42X\ —l—l(ﬁ ;22)\ - Q)T)u(:v) < 815(::) <_ (n+2A —1(7 ;22/\ — Z)T)u(m)
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Proof. By the Poisson integral representation of v in B",

1— 2\14+2A
o) = [ S @

for a positive Borel measure p. By (2.1) in Lemma 2.1 and p being a positive
measure,

d ((1— |z (n 42X+ (n — 2A — 2)r)(1 — r2)2A
/Sn—l or (’J;_C|n+2/\) du(Q) < /Sn—1 |z — ([n+2A du(¢)

_ (n+2X+ (n —2XA —2)r) / (1— |zf?)1+2A
gn—1

1— 12 T ¢ )
_(n+2x+(n —22)\ =291 ()
1—r
when A\ > —3. It follows that
ou(x) o (1 —|z2)t+2x (042X + (n— 2\ — 2)r)
or /Snl or < |z — [+ dp(¢) < 1—,2 u(z)

The left side inequality in (2.4) can be proved in the same manner. For the equality
(1 _ ‘$|2>1+2)\
R™ \ {y} for y € S"1. A simple calculation shows that the equalities hold for
uy(x) when x = |z|y and x = —|z|y respectively. The proof of (2.5) is similar.
This completes the proof of Lemma 2.2.

case, consider uy(z) = u(z,y) = which is invariant harmonic in

Now we prove Theorem 1.1.

. (1—r)nt (14 7)1

Proof. Consider o(r) = m and Y(r) = m for 0 <r < 1.

¥ (n+22+(n—-2A-2)r)

0 1—r2 ’

Y (22— (n =2\ —2)r)

o 1—1r2 ’
Given w € S"!, consider

I(r,w) = o(ru(rw),

J(r,w) = Yr)u(rw).

To show Theorem 1.1, it suffices to show that I(r,w) is decreasing (increasing)

and J(r,w) is increasing (decreasing) in r for 0 < r < 1 when A > —% (when
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A< —%). By (2.4) in Lemma 2.2, for A > —%,

/

d !/
(log I(r,w)) = = + ==

dr %) U
:_(n+2)\—|—(n—2)\—2)7‘)+u7;
1—1r2 u
m+2X X+ (n—=2\=2)r)  (n+2\+(n —2X—2)r)
- +
1—1r2 1—1r2
=0.

Therefore log I(r,w) is decreasing in r, and so is I(r,w). Similarly,

/ /
i(logJ(r,w))zii%—lZ
m+22 —(n—=2Xx-2)r) u,
B 1—r2 u
- (M+22 - —-2A-2)r) (n+22—(n—2X\=2)r)
- 1—1r2 1—1r2
=0.

Hence, J(r,w) is increasing in r. For A > —% and y € Sl

o = Bl e ¢ B
i Gy DY) = lim s e
. (]‘ — r)n+2)\ 17 C =Y
= lim N 6(Cy) =
r=1 ¢ =yt (€.9) 0, ¢#vy

by applying the monotonicity properties in Theorem 1.1 to uw = P,. By Lebesgue’s
dominated convergence theorem,

r—1 r—1

(1 =" ur¢) = T =)™ [ PG

1— n—1
~ 4 [ WH(TC&)W(S)

S
= 27 u({ch).
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(1+r)" (14 r)n+2A

W PA(r¢,y) = W is increasing in r for A > —%. By

Similarly,

Lebesgue’s monotone convergence theorem,

: ¢ . 1
;qu(lﬁ(:)l)%\ = }EW/Q,LlpA(TC’g)d”(S)
o 1 . (T4t
= }Lﬂmm_l/gn_l}lﬂ mﬂ(%i)du(@
1 . (T4t
= gt [ g n(©

21+2/\
= o g ©

For A < —%, the monotonicity of I(r,w) and J(r,w) is proved similarly to the case
A > —3 using (2.5) instead of (2.4) in Lemma 2.2.

(1—r)"! g P myT0Y L =y
SaLE Y R M
when A\ < —Z. Therefore,
fim(1 -1 tu) =t [ B e
r—1 r—1 gn—11—1 (]- + T)1+2/\ * ’ 8
22 u({Ch), if n({C}) =
00, if p({¢3) >0
n— n+2\
Similarly, d+7) (1+7) is decreasing in r for A < —3. By

(om0 = (s

Lebesgue’s monotone convergence theorem,

TGS R TR S / Py(rC, €)dpu(€)

r—1 (1 — 7")1+2>‘ r—1 (1 — 7“ 1+2)‘

1 1
— by e L mmrc,@dms)

_ 1 ) (1 +T)n+2)\
- on-l /Snl }1—{% |r¢ — &|nt2A dp(&)

142X
— [ dul)
S

e [C— g

This completes the proof of Theorem 1.1. [

The proof of Corollary 1.2 is straightforward and is omitted. The proof of
Corollary 1.3 follows.
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Proof.
(1 _ T’)n+2)‘

(1=r)"2U(r¢) = /Sn_1 mdu(n)

(1 _ 7n)n—l (1 2)1-1—2)\
= G s
(1 — )t

1+ )1+2/\ u(r¢)

which is decreasing (increasing) in r for A > —% (A < —%) by Theorem 1.1. This
completes the proof of Corollary 1.3. i

Corollaries 1.4 and 1.5 are special cases of Theorem 1.1. Corollary 1.6 is a
straightforward generalization from B"™ to B"(R). The following is the proof of
Corollary 1.7.

P(roo{. 0<r < 7“(<)1. By the maximum principle, there is ¢ € S~ ! such that
u(r¢) = max|g|—, u(x).
fx>—-5, T fleorrem 1.1 implies
Wﬁaxu(@ = WU(M)
= G S (i

Similarly, there is & € S™~! such that u(rf) = min,—, u(z). When A > —3,
Theorem 1.1 yields

14 7)1 1+ 7)1
((1:“))1”)‘ Ilgﬂm u(z) = m\u(rf)
(1 _’_T/)nfl (1 _i_rl)nf

(=8 2 e il v

The proof for A < —3 is parallel. This completes the proof of Corollary 1.7.

3. PROOF OF THEOREM 1.8

In the following, B™ denotes the unit ball in C"* and S"~! = 9B" the sphere.
We need the following three lemmas for the proof of Theorem 1.8.

Lemma 3.1. Ifa € C,|a| <1, then for 0 <r <1,
(3.1) 1+7lal®> > (14 r)Re(a)

(3.2) 1 —rlal* > (=14 r)Re(a)
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Proof. |a| <1, s0 —1 < —|a| < Re(a) < |a|] < 1 and Re(a)? < |al?.
If |a|? > Re(a), then 1+ r|al? > Re(a) + rRe(a) so (3.1) holds.
If |a|> < Re(a), consider f(r) = 1+7|a|?>—(1+7)Re(a), f'(r) = |a|*~Re(a) < 0.

So f(r) decreases in r € [0,1]. f(1) =1+ |a|> — 2Re(a) > 1 + Re(a)? — 2Re(a)
(1 — Re(a))? > 0. So f(r) >0 and (3.1) holds.

For the second inequality, 1+Re(a) > |a|?*+Re(a) > r|a|*+rRe(a), so 1—r|a|? >
(=14 r)Re(a) and (3.2) holds.

Lemma 3.2. Let z € B", |z| =7, (€ S" L.

If a > —n then

(2n+20‘+20““)7(1_r2)n+2a_1 <90 (1_7”i)n+2a < (2n+2a—2ar)£1—r2)"+20‘_1
[1—z - ([n+2e = Or|l— ¢t = I1—z-C[nt2e

If a < —n, then

(2n+2a—2ar)(1—r?)nt2et
1=z

(3.3) —

(3.4)

<g (1 _ r2)n+2a < (2n+2a+2ar)(1_r2)n+2a—l
=~ 87' ]_ — Z|2n+2a - |1 — . Z|n+2a

1=z

Proof. Let z = |z|n = rn.

D122 = L arRetn - €+l T = 20rln TP ~ Rel - Q).

T

and
) y ) _
1—2- n+20¢:71_ _F12\nta
L= TP = S (-2 TP)
— (TL—FO()’(I — 2 .4’2)71-&-04—1;4’1 — Z,Q
=2(n+a)[l —z-¢[*"*272(r]n - {|* = Re(n - ).
We have
2 (1 _ T2)n+20¢ _ (77, + 20&)(1 _ T2)n+2a—1(_2T)|1 — . Z‘2n+2(x
or ‘1 — . Z|2n+2a |]_ — . Z|4n+4a
(1 _ r2)n+2a%|1 — . Z|2n+2a
|1 — . Z|4n+4a
B —2(7’L + 204)(1 _ ,r2)n+2a—1,,,|1 — . Z|2n+2a
(35) |]_ — . Z‘4n+4a

_(=r)"2n + )1 — 2 (P2 (rfn - (P —Re(n - )
|1 — . C|4n+4a
—2(n +2a)(1 — r2)nt2e=1p]1 — 2. (|2
|1 — . Z‘Zn+2o¢+2

(1= 7r?)"+222(n + a)(rln - {|* = Re(n - ¢))
|1 — . Z‘2n+2o¢+2
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To prove the right side inequality of (3.3), it suffices to prove
—2(n+2a)r|1—z-C|*— (1—r?)(2n+2a)(r|n-C|*~Re(n-¢)) < (2n+2a—2ar)[1—2-C|?
which is equivalent to

—(1 = r2)2(n+ a)(rly - T2 — Re(n - 0) < 2(n +a)(1+ 1)1 — 2 T2
For a@ > —n, the above inequality is equivalent to
~(L=7)((rln- ¢ = Re(n- Q) <1 -2z ¢
which is, after a simple simplification,
(1+7)Re(n-C) < 1+ 7ln- TP

The inequality is true by (3.1) in Lemma 3.1. To prove the left side inequality of
(3.3), it suffices to show

—2(n42a)r[1—2-C|*—(1—7?)(2n+20) (r|n-{|*~Re(n-C)) > —(2n+2a+2ar)|1—2-C|?
which is equivalent to
—(1=r)2(n+a)(rln-¢[* = Re(n- () = —2(n+a)(l —r)[l — 2 (%
For a > —n, the above inequality becomes
(L+7)((rln-CI> =Re(n-¢)) <1 —=- (P
which is, after a simple simplification,
(—L+7)Re(n-) < 1—rln-¢*

The inequality is true by (3.2) in Lemma 3.1. The proof of (3.4) is parallel to that
of (3.3), using the same inequalities in Lemma 3.1. This completes the proof of
Lemma 3.2. [ |

Lemma 3.3. Let u(z) be a positive invariant harmonic function in B"™ defined by
a positive Borel measure on S™~1 with the Poisson-Szegi kernel, |z| = r.
If « > —n,

(2n + 2a + 2ar) < ou(z) _ (2n+2a —2ar)

(3.6) - 2 u(z) < o < 2 u(z).
If a < —n,

2n 4+ 20 — 2 0 2n + 2a 4+ 2
(3.7) (2 1—067'2 ar)u(z) < giz) = i 1 _arz OW)U(Z)-

Proof. By the Poisson-Szego integral representation of u in B™,

- (1 o |z’2)n+2a
wo)= [ @

1— 2. Z|2n+2a
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for a positive Borel measure p on S~ !. By (3.3) in Lemma 3.2 and p being a
positive measure,

/Sn1 % ((1—1212)"““> au() < /Sn1 (n 4 20 — 2ar)(1 — r2)n+2a*1dﬂ(o

yl_z.a2n+2o¢ ll_z‘an—i_%‘

_ (n+2a —2ar) (1 — |z|?)nH2e
=Tioe oo i g )
(n+ 20 — 2ar)

= u(2)

1—1r2

when a > —n. It follows that
ou(z) 9 [ (1 —|z?)nt2e (n +2a — 2ar)
== P — - = d < .
ar /Snl ar (11 — . (Pt ne) s 7w
The left side inequality in (3.6) is proved similarly. For the equality case, consider

(1 _ \Z|2)"+20‘
Uy(2) = Po(z,w) = Tz = wprEa

in C"\ {w} for w € S"~1. A simple calculation shows that the equalities in (3.6)

. It is known that wu,(z) is invariant harmonic

hold for w,(z) when z = |z|w and z = —|z|w respectively. The proof of (3.7) is
parallel to that of (3.6), using (3.4) instead of (3.3) in Lemma 3.2. This completes
the proof of Lemma 3.3. [

Now we prove Theorem 1.8.

. 1—r)" 1+7r)"
Proof. Consider o(r) = (1(+T)n)+2a, U(r) = (1(_T)n)+2a for 0 <r < 1.
¢ _ 22020
© 1—1r? ’
¥ _ 2n 4204201
v 1—7r2

Given w € S™!, consider
I(r,w) = ¢(r)u(rw),
J(r,w) = P(r)u(rw).
To show Theorem 1.8, it suffices to show that I(r,w) is decreasing (increasing)
and J(r,w) is increasing (decreasing) in r when o« > —n (when oo < —n). By (3.6)
in Lemma 3.3, when o > —n,
0 ol
—logI ==+ -L
S log (i) = £ 4 1
2n + 2o — 2ar
1—1r2
2n+2a—2ar  2n 4 2a —2ar
< _
- 1—1r2 1—1r2

/
Uy
u

=0.
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Therefore log I(r,w) is decreasing in r, and so is I(r,w). Similarly,

0 vl
—logJ =4+ =L
B og J(r,w) 1/1+U
_ 2n4 20+ 2ar ui,
- 1—1r2 i
2n + 20+ 2ar 2n 4+ 20+ 2ar
> _
1—r2 1—1r2
=0.

Hence, J(r,w) is increasing in r. For a > —n and {,w € S"1,

lim (1-r

S €t SN € ot () i
r—1 (1 4 r)nt2e Po(r(w) = lim

r—1 (]_ + T)n+2a ’1 _ 7’( . @|2n+2a

) (1 _ T.)2n+2a
- 71~1—>Hi |1 —r¢ - w|?nt2e N 06 w)

by applying the monotonicity results in Theorem 1.8 to u = P,. By Lebesgue’s
dominated convergence theorem,

lim (1= 7)"u(r¢) = lim(1—7)" /S  ParC.§)du(g)

r—1
_ : n+2a : (1 — T)n
=t [ i e PG )
= 2" u({¢h).
1 n 1 2n+2a
Similarly, MPQ(TC, w) = I (_ :—CT.)w‘QnHa is increasing in r for o > —n.
By Lebesgue’s monotone convergence theorem,
. u(r¢) L 1
P—»I% (1 —r)nt2a }l—{q (1 —r)nt2a /Sn—l Fa(r¢, &)du(&)
. 1 . (1+m)"
= ALH% m /Sn—1 EI_)H% mpa(TC7f)dﬂ(§)
1 1 2n+2a
- i —EED

2 o roL L= gt

2n+2a
B /Sn—1 Wdu(f)-

For a« < —n, the monotonicity of I(r,w) and J(r,w) is proved similarly by applying
(3.7) in Lemma 3.3.

. (I—r)" e |
ll—% WPQ(TC, w) = P_)H% (1— T)_(2n+20‘)

1—7¢ -@|_(2”+20‘) 1, (=w
00, (F#w



POSITIVE INVARIANT HARMONIC FUNCTION IN THE UNIT BALL 17

when a < —n. Therefore,

1 _ n
ti(1—r)are) = T+ [ SO )
_ o J2rPeudc)), if w({cr) =05
00, if n({¢}9) > 0.
1 n 1 2n+2a
Similarly, (1(_—:)712041304 (r¢,w) = I (_ :Cr-)w%”a is decreasing in r for a < —n.
By Lebesgue’s monotone convergence theorem,
_ u(rQ) L 1
}LH% (1 —p)nt2e 11"13% (1 —r)nt2a /Snl Fa(ré, &)du(®)
: 1 . (L)
= lim —— lim —————P,(r(,&)d
P21 (14 r)n /Sn1 limt 7 = jnrza FalrG dul®)
1 1 2n+2a
= L g DT
2m Jgn-rr=1 |1 — (- §[Pnt2e
/ 2n+2a ( )
= — du(¢
go1 [C—gprza
This completes the proof of Theorem 1.8. [

Remark. Notice that the monotonicity of the auxiliary functions ¢ and ) in the
proofs of Theorem 1.1 and Theorem 1.8 may vary depending on the values of the
parameter A (or a) and the dimension n. When A > —% (or a > —n), we have
¢’ <0and v’ > 0,ie. ¢ increases and ¢ decreases in 7 for 0 < r < 1. For A < —%
(or @ < —n), the monotonicity does not necessarily hold. For example, in the real

case in Theorem 1.1, for A < -3,

0 reflo__=2=n

_ (=t : ’ "0+ (n—2)
SO(T)_(1+T)1+2)\7 SO(T) 0 -22—n

DRI s Sy e Y

i.e. the monotonicity may change for certain combinations of n and A. However,
the monotonicity of ¢(r)u(r¢) and ¥ (r)u(r¢) holds.

4. PROOFS OF THEOREM 1.2 AND THEOREM 1.9
The proofs for the two theorems are based on the following lemma.
Lemma 4.1. Let f(r) be a positive function on r € [0,1). If for a,b € R,

a+ br a—br
ST S50 < S ),

(4.1)




18 Y. PAN AND M. WANG

then for 0 <r' <r <1,

r\ ¢ —szTa r\ ¢ —r2b_7a
an () (ER) s (B () T e

Proof.

1—1r2
Thus for 0 <" <7r" <1, by (4.1),

— 1
/abrdr =aln(l+7r)+ §(b_ a)ln(l1 —r*) +C

b—

/ r! br 1+ 71\ @ 1—r"2\ 2

1 // _1 f / a — d <1
nf(r flr A e " 1+ 7/ 1—r'2

i.e. the right side 1nequahty in (4.2) holds. Similarly, by the left side of (4.1),

" bta
” , ™ a4br 14+ 7"\ "% 1—1r"2\ 2
In f(r )—lnf(r)z/rl —1_T2dr21n <1+r/ T2

i.e. the left side inequality in (4.2) holds. |

Now we prove Theorem 1.2.

Proof. If X > =%, u(r() satisfies (2.4) in Lemma 2.2. Therefore (4.1) holds with
fr)y=u(¢), a=n+2\, b=-n+2\A+2. Let 0 < <r < 1. (4.2) in Lemma
4.1 implies

1+ T2A 2\ 2MH , 14+ 7\ /142 —ntl ;
_— < < P —— .
(rh) () woswos(ifh)  (Ta) «wo

If A < =%, u(r() satisfies (2.5) in Lemma 2.2, thus (4.1) holds with f(r) =

u(r¢), a=—-n—2\ b= —n-+2\+2. Applying (4.2),

1+ 7 n+2A 1—p2 —n+1 , 1+ —n—2\ 172 22+1 /
<].+T/> 1—’["/2 U(T C) S U(TC) S 1+T/ m ’LL(T‘ C)

This completes the proof of Theorem 1.2. [

The proof of Theorem 1.9 is similar to that of Theorem 1.2.

Proof. If o > —n, u(r() satisfies (3.6) in Lemma 3.3. Therefore (4.1) holds with
f(r) =u(r¢), a=2n+2a, b =2a. Let 0 <7 <r < 1. (4.2) in Lemma 4.1
implies

1+ 7 —2n—2« 12 n+2a ) 1+ 7 2n+2a 1—r2\"" )
- < < e .
G= T5) w0 s (4n) (125) wero
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If @ < —n, u(r¢) satisfies (3.7) in Lemma 3.3, thus (4.1) holds with f(r) =
u(r¢), a =—2n —2a, b= 2a. From (4.2),

147 2n+2a 1—r2\"" , 1+ 7 —2n—2a 12 n+2a ,
—_— —_— < < —_— .
(1+ r’) 11— w(r¢) <ulrd) < 1+ 7/ 1—r2 u(r¢)

This completes the proof of Theorem 1.9. [

Most results in this paper are on the function values at two points in B™ on the
same ray. Similar results can be obtained for any two points in B™ ([5]).
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