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1. Introduction

Let T = R/Z be the one-dimensional torus. The space of complex measure on
T will be denoted by M(T). Any µ ∈M(T) has associated with it a Fourier series

µ ∼
∞∑

n=−∞
µ̂(n)e−2πinx

where

µ̂(n) =
∫ 1

0
e−2πinxdµ(x).

The symmetric partial sum is defined as follows

SN (µ)(x) =
N∑

n=−N

µ̂(n)e2πinx.

The Cesaro mean is defined to be

σN (µ)(x) =
1
N

N−1∑
n=0

Sn(µ)(x).

In this note we prove some basic results about Fourier series of a complex measure.
It seems that they are not covered in any textbooks on Fourier series.

Theorem 1.1. Let µ be a complex measure on T. Then for each x ∈ T
SN (µ)(x) ∼ 2µ({x})N,

σN (µ)(x) ∼ µ({x})N
as N →∞.

The following gives a formula for point mass of a complex measure.

Corollary 1.2. Let µ be a complex measure on T. Then for each x ∈ T

µ({x}) = lim
N→∞

SN (µ)(x)
2N

= lim
N→∞

σN (µ)(x)
N

.

In particular, if µ({x}) 6= 0 for some x, then the Fourier series is divergent at x.

It is well-known that there are at most countably many points for which µ({x}) 6=
0. We have
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Corollary 1.3. Let µ be a complex measure on T. Then except at most countably
many points on T, one has

lim
N→∞

SN (µ)(x)
N

= lim
N→∞

σN (µ)(x)
N

= 0.

We remark if dµ = fdx where f ∈ L1(dµ), The corollary follows immediately
from the Riemann-Lebesgue lemma, since in this case µ̂(n) → 0 as n →∞ already!
Now we give the Fourier series on n-dimensional torus Tn. Let µ be a complex
measure on Tn. Define, for κ = (κ1, ..., κn) ∈ Zn

µ̂(κ) =
∫

Tn

e−2πiκ·xdµ(x).

The “cubical partial sums” ([1])

Sc
N (µ)(x) =

∑
||κ||≤m

µ̂(κ)e2πiκ·x

where ||κ|| ≤ m = max(|κ1|, ..., |κn|).

Theorem 1.4. Let µ be a complex measure on Tn. Then for each x ∈ Tn, one
has

Sc
N (µ)(x) ∼ µ({x})(2N)n

as N →∞.

Corollary 1.5. Let µ be a complex measure on Tn. Then for each x ∈ Tn

µ({x}) = lim
N→∞

Sc
N (µ)(x)
(2N)n

.

Now let us give a version of Fourier transforms. Let µ be a complex measure
so that |µ|(R) < ∞. Define for ξ ∈ R

µ̂(ξ) =
∫

e−2πiξxdµ(x).

We have the following

Theorem 1.6. Let µ be a complex measure on R so that |µ|(R) < ∞. Then

µ({x}) = lim
R→∞

1
2R

∫ R

−R
µ̂(ξ)e2πiξxdξ.

Below is the version for Rn. Let µ be a complex measure so that |µ|(Rn) < ∞.
Define for ξ ∈ Rn

µ̂(ξ) =
∫

e−2πiξ·xdµ(x).

Theorem 1.7. Let µ be a complex measure on Rn so that |µ|(Rn) < ∞. Then

µ({x}) = lim
R→∞

1
(2R)n

∫ R

−R
· · ·

∫ R

−R
µ̂(ξ)e2πiξ·xdξ
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2. proof

Here i s a proof of Theorem 1.1.

Proof. The proof is standard. we have

SN (µ)(x) =
N∑

n=−N

µ̂(n)e2πinx

=
N∑

n=−N

∫ 1

0
e−2πinydµ(y)e2πinx

=
N∑

n=−N

∫ 1

0
e2πin(x−y))dµ(y)

=
∫ 1

0
DN (x− y)dµ(y),

where DN (x) =
N∑

n=−N

e2πinx is the Dirichlet kernel and is given as

DN (x) =
sin((2N + 1)πx)

sin(πx)
.

Define

D̂N (x) =

{
DN (x) x 6= 0, 1
2N + 1 x = 0, 1.

Then it is easy to see that D̂N (x) is continuous on [0, 1]. It is also true that there
exists a positive constant such that

|D̂N (x)| ≤ CN.

and We also observe
D̂N (x− y)

N
→ 2δ{x=y}

as N →∞. we have

SN (µ)(x)
N

=
∫ 1

0

1
N

D̂N (x− y)dµ(y).

Applying the dominated convergence theorem, we get

lim
N→∞

SN (µ)(x)
N

=
∫ 1

0
lim

N→∞

1
N

D̂N (x− y)dµ(y) =
∫ 1

0
2δ{x=y}dµ(y) = µ({x}).

Now we prove the second result. It is well-known ([1])

σN (µ)(x) =
∫ 1

0
KN (x− y)dµ(y)
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where

KN (x) =
1
N

N−1∑
n=0

DN (x) =
1
N

(
sin(Nπx)
sin(πx)

)2

.

Thus the same argument as above applies.

Here is a proof of Theorem 1.3.

Proof.

Sc
N (µ)(x) =

∑
||κ||≤N

µ̂(κ)e2πiκ·x

=
∑

|κ1|≤N

µ̂(κ)e2πiκ·x

=
∑

||κ||≤N

∫
Tn

e−2πiκ·ydµ(y)e2πiκ·x

=
∑

||κ||≤N

∫
Tn

e2πiκ·(x−y)dµ(y)

=
∫

Tn

∑
||κ||≤N

e2πiκ·(x−y)dµ(y)

=
∫

Tn

n∏
j=1

DN (xj − yj)dµ(y),

where DN (x) is the Dirichlet kernel. The same arguments as in the one-dimensional
case now apply.

Here is a proof of Theorem 1.5.

Proof. By Fubini’s theorem,

1
2R

∫ R

−R
µ̂(ξ)e2πiξxdξ =

1
2R

∫ R

−R

∫ ∞

−∞
e−2πiξydµ(y)e2πiξxdξ

=
∫ ∞

−∞

(
1

2R

∫ R

−R
e2πiξ(x−y)dξ

)
dµ(y).

Consider the function

F (R, x, y) =
1

2R

∫ R

−R
e2πiξ(x−y)dξ.
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We see |F (R, x, y)| ≤ 1 and F (R, x, y) → 0 as R →∞ if x 6= y, and F (R, x, y) = 1
if x = y. So applying the dominated convergence theorem, we have

lim
R→∞

1
2R

∫ R

−R
µ̂(ξ)e2πiξxdξ =

∫ ∞

−∞
lim

R→∞

(
1

2R

∫ R

−R
e2πiξ(x−y)dξ

)
dµ(y)

=
∫ ∞

−∞
δ{x=y}dµ(y)

= µ({x}).

Theorem 1.6 can be equally proved as above.
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