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A NOTE ON HARNACK INEQUALITY IN THE UNIT BALL

Y. PAN AND M. WANG

ABSTRACT. A refined estimate of Harnack inequality is proved for positive
invariant harmonic functions.

1. INTRODUCTION

Let B" = {z € R" : |z| < 1}, n > 2 be the unit ball in R?, $"~! = 9B". In
this paper, we prove a refined estimate of Harnack inequality for positive invariant
harmonic functions defined by positive Borel measures on the sphere with respect
to the Poisson kernel Py (defined below).

First we consider positive harmonic functions, and the more general case follows.

Theorem 1.1. Let u be a positive harmonic function in B™. &1,& € S"1, 0 <

1 <ro<1l. Then
(1) fmm)ep{—gln)) < U2

u(r1&1)

. 1+7ry 1—r n—l
flrira) = <1+r1> (1—r2>

or) =g(n,6.6) = Fle-&lgT

< f(r1,m2) exp{g(r1)}.

where

Remark. When ry = r = |z|,71 = 0, (1.1) becomes
1—7r < u(z) < 1+r
(I+7r)»=t = w0) = (1—rnt

— the classical Harnack inequality in B"™.

Denote the differential operator

1— |z

av=(-laf){ =

0? 0 n

— + A — 4+ AM=—1=X)p, NeR.
ax? * zj:xj Ox; * (2 )

Invariant harmonic functions are solutions of Ayu = 0 and are of certain invari-

ant property with respect to Mdbius transformations. Let p be a positive Borel
2
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measure on S and Py be the Poisson kernel

(1— Ja2)+
P,\ - m 5 )\ € R
It is known that
u(z) = - Py(x,m)dp(n)

is an invariant harmonic function in B™ ([1], p. 119).

Theorem 1.2. Let u be a positive invariant harmonic function in B™ defined by
a positive Borel measure 1 on S?~' with the Poisson kernel Py. Let &,& € S™1
and 0 <r; <rg <1.

IfA> -3,

(12 fa(=ry,—ra)exp{-ga(r)} < jjgjg < falrir2) exploa(r)}-
If A< -3,

(1.3) Ia(r, ro) exp{—gr(r1)} < ZE:?Z; < fa(=r1, —r2) exp{gr(r1)}
where

L\ P 71—\
farym) = <1+r1> <1—r2>
gx(r1) = ga(r1,61,62) = g\& - flfm

Case A = 5§ — 1 corresponds to the Laplace-Beltrami operator A%_l and the
Poincaré metric. It is known ([2]) that, for positive u, A%_lu = 0, there exists a
positive Borel measure p on S”~! such that

ww) = [ Pyslemidutn).
In this case, Theorem 1.2 has the following form.

Corollary 1.3. Letu be a positive solution ofA%,lu =01inB". Let&, & € S™1
and 0 <ry <ry <1. Then

1 _ uré)
C = u(rn&)

<C,

where

. n—1 _
C=C(ry,79,61,82) = (11: ' 1_2> P {W’&_&'m}'
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The proofs will need a result in [4] on the monotonicity of positive invariant
harmonic functions. Here we state the result as a proposition. The proof is
provided in [4].

Proposition 1.4. (Theorem 1.2 in [4])
Let u be a positive invariant harmonic function defined in B™ by a positive Borel
measure 1 on S™~ with the Poisson kernel Py. Let ( € S" Y and 0 <r' <r < 1.

IfX> -3,

1o\ A et 1 221 4 _ -l
(1—2) (14—:-) u(r'€) < u(rQ) < <14J—r :’> <1—7;> u(r'¢).

If A< -3,

Lo ML A el 1 ML A L]
(112) (1—7;) u(r'¢) < u(r) < <1—:/) <1J—:~> u(r¢).

2. PROOF OF THEOREM 1

We need five lemmas before proving Theorem 1.1.

Let x -y = > _; zxy) denote the inner product in R".
Lemma 2.1. Let n,&1,6 € S™7L. Let p(t), t € [0,1] be the shortest arc on the
great circle connecting €1 and &. Then

2.1) d 1 o onrg(t) -
' dt [rp(t) =™ |re(t) —nlnt?

Proof.

d o_d o o o) — o (4 -
S —nl® = — (r*+1—2rp(t)-n) = —2r¢'(t) - n

[
dt [ro(t) —nl™

= (et —nP)

_n
2

= 2 et )T Shrett) P

nre'(t) - n
[ro(t) — n|nt?
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Lemma 2.2. Let u be a positive harmonic function in B". &,& € S™ 1. Let
o(t), t €[0,1] be the shortest arc on the great circle connecting & and &. Then

’ ‘ < U o). el

(1—1r)?
) = [ i = e
" @)] [n]

S o T e )
_ o) 1
= T o T

— o)

Proof. By (2.1),

/ d 1
Sn—1

dt [ro(t) —n

ik AURE/ P

where we applied the inequality
[ro(t) —nl =1 —ro(t) - n| =1 —r.
Therefore by the Lebesgue’s Dominant Convergence Theorem,

—|r 2
Ry e

dt Jgn-1 |ro(t) —nl"

d 1
) }incﬁ|wpa>—-mnd““”'

< T oo,

‘U 7"()0

= (1-72

O

Lemma 2.3. Let &,& € S" L. Then there exists a Mdbius transformation T in
R™ such that T(S" 1) = S"~1 and for all r € [0,1],
T(r&) = (0,-+-,0,rcosb;,rsinb;), i =1,2, |6 — 61| <
and
(2.2) et T (@)| =1, |T(r&2) — T(rE1)| = rés — ],

where T'(x) denotes the Jacobian matriz of the Mébius transformation T .

Proof. The transformations involves a rotation in R™ with respect to the origin
such that &;,& are in the R? plane of the last two coordinates. If |0 — 01| <7
is not yet satisfied, it can be achieved by a reflection with respect to the origin.
Both rotation and reflection preserve the Euclidean norm and distance, and the
absolute value of the determinant of the Jacobian matrix |det T"(x)| = 1. O
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Lemma 2.4. Let
& =(0,---,0,rcos;,rsin;) € S" i =12 |#g— 01| <7

and
o(t) =(0,---,0,7cosb,rsinby), 0y =ths + (1 —t)61, t €[0,1].
Then
T
(2.3) ()] < 51— &l

Proof. It suffices to prove for n = 2. For computation convenience, we use the
complex plane notations in R2. Denote & = el?:.

f—& = ¢

= ex i02+01 ex i92_91 —ex —i92_01
I S P\ P 2

. 02 + 61 N =6
= exp <z 5 >(22)S1n 5

Notice that
. x
‘smf‘ > ‘—‘ for |x| <m,
2 ™

o |2 — 61| < 7 implies

- < 0y — 0 2
ef2 _ oif1| — 9 sin( 2 1>‘Z|¢92—92.
2 s
Furthermore,
d [ oo .
P(t) = 4 (M) = o(1)i(0 — ).
Thus

(D] =16 — 1] < 5 |ei* —

= Jle—al.
O

Lemma 2.5. Let u be a positive invariant harmonic function. &1,& € S™1,
Then for r € [0,1),

™ nr u(réa) ™ nr
o { -Gl -l < g <ev{Fe el

Proof. Let T be the Mébius transformation in R"™ such that for r € [0, 1],
r¢;=T(r&) = (0,---,0,7rcosb;,rsinb;), i = 1,2, |03 — 01] < .
By (2.2) in Lemma 2.3 and [3],
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is still a positive harmonic function in B™ with respect to the measure pu(T~!(x)),
|det T"(z)| = 1. Furthermore,

U(rg) = u(Tﬁl(rQ)) =u(rg), i=1,2

and

67,92 o 6191 )

€2 = &1| = [T(§2) = T'(&1)| = [C2 — G1| =

Let
o(t) =(0,---,0,7cosb,rsinb;), O, =ty + (1 — )0y, t € [0,1]

be the shortest arc on the great circle connecting ¢; and (2, ¢(0) = (1, 9(1) = (.
By (2.3) in Lemma 2.4,

L AU (re(t)) L EU(re(t))
dt d dt d
| oo =, [Ty |
1
nr ,
< i [ e
7r nr
< 5\42 - C1|m
Since
u(rés) _ U(rG) . Ulre(l)) 1 GU(re(t))
6] = T = T =y o)
we have
! u(ré2) o7 nro T nr
S| < e -l = e 6l
Therefore
™ nr u(ré2) <7 nr
B e T R L (o)
This completes the proof of Lemma 2.5. (]

Now we prove Theorem 1.1.

Proof.
u(r2é2)  u(raba) u(riéa)

u(rié)  u(rié2) w(riéa)

Proposition 1.4 implies
1—rg <1 +7“1>n_1 < u(raéa) - 1+ <1 — r1>"_1
1—r1 \1+1mr _’U,(T1§2)_1+7”1 1—1r9

Combine the above with the results in Lemma 2.5. Theorem 1.1 follows. O




8 Y. PAN AND M. WANG

3. PROOF OF THEOREM 1.2

We need the following three lemmas to Theorem 1.2.

Lemma 3.1. Let 1,&1,6 € S™7L. Let p(t), t € [0,1] be the shortest arc on the
great circle connecting &1 and &. Then for A € R,

(3.1) d 1 _(n20)r¢'(t) -
' dt [ro(t) — n|"t2A T [re(t) — nnt2A+2

Proof. The proof is similar to that of Lemma 2.1.

d 1 d 27n+2)\
s -
n—+ 2\
= 5 (Ire(®) - )" Zlre(t) - nl?

(n+2))r¢'(t) -
|T‘g0(t) _ n‘n+2)\+2

using the result from the proof of (2.1) in Lemma 2.1. O

Lemma 3.2. Let u be a positive invariant harmonic function in B™ defined by a
positive Borel measure ji on S~ with the Poisson kernel Py. &1,& € S™ 1. Let
©(t), t €[0,1] be the shortest arc on the great circle connecting & and &. Then
for \e R, A # -3,

(3.2) ’u ro(t ' |(n(—1i_i););g/(t)|u(rcp(t)), r € [0,1].

Proof. By (3.1) and |re(t) —n| =11 —r¢(t) -n| >1—r,

TN O
o ) =, sty
0 o
< |n+2>\!r/5n el — B _T)Qdu(n)

rl(n 4+ 2X)¢'(t)] (1 — r2)1+2A
(1 —7)2(1 —r2)i+2x /Sn1 Wd'u(n)
t)|

rl(n+2X)¢
(1 —|(7“)+(1 )fz T ulre(t))-

d 1
dt [r(t) — n|nt2A

v/'\\_//‘\
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By the Lebesgue’s Dominant Convergence Theorem,

d (1= |ro()2) 1+
dtjénl |r¢@>—-nw+2X‘”“”ﬂ

d
Sulre(®)

_ (1 o 7“2)1+2>\

d 1
— T o d
/Snl dt |re(t) — mn+2,\ N(U)’

< 2o,

O

Lemma 3.3. Let u be a positive invariant harmonic function in B™ defined by
a positive Borel measure pu on S™ ' with the Poisson kernel Py. &,& € S™L.
Then for r € [0,1),

(33) exp {—’52 — §1|

|n + 2)\|r}

u(rés) [n + 2A|r
(e }

ré
< e < eXp{\fz &l =12

Proof. Let T be the Mobius transformation in R™ such that

r¢; =T(r&) = (0,---,0,rcosb;,rsinb;), i = 1,2, |03 — 01| < .
By (2.2) in Lemma 2.3 and [3],

U(z) = w(T™(x))
is also a positive invariant harmonic function in B™ with respect to the measure
u(T1(=)), |det T'(z)] = 1.
U(rG) = w(T™H(r¢)) = u(ré;), i =1,2
and ' '
62— &1| = |T(&) = T(&1)| = G2 — 1] = €72 — ™).

Let

o(t) =(0,---,0,7cosb,rsinby), O, =ty + (1 —1t)01, t € [0, 1].
Then ¢(0) = (1,¢(1) = (2. By (3.2) in Lemma 3.2,

L4y (rp(t)) AU (re(t))
QA Ulro() " = A Ulro(@) |
n T 1
< B2 [l
< Jla-alttiy
Since
In u(ré2) n U(r¢a) I U(re(1)) _ /1 %U(rgo(t))al257
0

U(re(t))
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we have
u(réa ) In + 2\|r |n 4+ 2\|r
In |C2 — Gl = |52 — &l
’ u(re)| = (1—r)? (1-r)?
Therefore
[n+ 2\|r u(ré2) [n + 2\|r
— g — <1 < —|&9 — .
2l Gl <iey <96 —alG
This completes the proof of Lemma 3.3. U

The proof Theorem 1.2 is similar to that of Theorem 1.1.

Proof.
u(r282)  u(r2b2) u(riéa)
u(rié) — u(rié&e) u(riér)
Apply (3.3) in Lemma 3.3 and Proposition 1.4. Theorem 1.2 follows. O
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